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Abstract

In this paper we show how string rewriting methads be applied to give a new method of computing
double cosets. Previous methods for double cosets were enumerative and thus restricted to finite examples
Our rewriting methods do not sufferighrestriction and we present some examples of infinite double coset
systems which can now easily be solved using our approach. Even when both enumerative and rewriting
techniques are present, our rewriting methods willcoenpetitive because the§) do not require the
preliminary calculéion of cosets; and (ii) as with single cosebplems, there are many examples for which
rewriting is more effective than enumeration.

Automata provide the means forantifying expressions for normal forms in infinite situations and we
show how they may be constructed in this setting. lrentrelated results on logged string rewriting for
monoid presentations are exploited to show how witnesses for the computations can be provided and how
information about the subgroups and the relations between them can be extracted. Finally, we discuss how
the double coset problem is a special case of the problem of computing induced actions of categories which
demonstrates that our rewriting rhetls are applicable to a much widgass of problems than just the
double coset problem.

(© 2005 Elsevier Ltd. All rights reserved.
PACS:16S15; 19B37; 20F10; 68Q45

Keywods: Double cosets; String rewriting; Knuth—Berginduced actions; Left Kan extensions

* Corresponding address: University of Wales Bangohd8tof Informatics, Dean Street, Bangor, Gwynedd, LL57
1UT, United Kingdom. Tel.: +44 0 1248 382495; fax: +44 0 1248 361429.
E-mail addresses.brown@bangor.ac.uk (R. Brown), n.ghani@mcs.le.ac.uk (N. Ghani), a.heyworth@mcs.le.ac.uk
(A. Heyworth), c.d.wensley@bangor.ac.uk (C.D. Wensley).
1iNnTAS Project 94-436 ext ‘Algebraic K-theory, groups atategories’. Brown was supported for part of this research
by a Leverhulme Emeritus Fellowship 2002—2004.

2 EPSRC GR/R29604/01 ‘Kan—A Categoricapproach to Computer Algebra’.

0747-7171/$ - see front matt@ 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jsc.2005.10.004


http://www.elsevier.com/locate/jsc

574 R.Brown et al. / Journal of Symbolic Computation 41 (2006) 573-590

1. Introduction

Given agroupG and two subgroupkl andK, the double cosets are the equivalence classes
of the rehtion~ whereg ~ g’ <& hgk = ¢’ for someh € H, k € K. The set of double cosets
is writtenH\G /K. Combinatorially, the double cosets are the orbits of the left actidth of the
right cosetss/K, and also theits of the right action oK on the left cosetbl\G. Double coset
techniques give examples of deep and wide applications of group theoretic methods in chemistry
and physicsRuchand Klein 1983. For example, there are applications through Polya’s theory
of counting, to considerations of deuterons colliding in scattering the®igtgch 2001). Real
samisimple symmetric spaces are often charaster by a pair of commuting involutions of a
reductive group and many of their properties are studied in this setting—in this case double
cosets are of importance for representation theorp-afdic synmetic K-varieties (Helmink
and Brion 2000. Double coset computation can be seen as a way of constructing finite quotients
of HNN-extensions of known groups or as a way of constructing groups given by symmetric
presentationsurtis, 1992).

There are a number of different questions which arise if we want to compute with double
cosets, for example: the enumeration of the double cosets; finding a set of representatives for
them; deciding questions such as whether a pair of group elements lie within the same double
coset or not; and proving either case. There are number of algorithms for computing such double
coset problems but these are regarded asmptete. Indeed, in Séon 4.6.8 of the recently
published survey book on computational group theblgi( et al, 2005 we find“U nfortunately,
no really satisfactory algorithm for solving this problem has been found to datd’981 the first
algorithmic methods for computing double cosets were publisBatd, 1981), and apped to
groups of ordex 10*. The gproach was a variation on Dimino’s algorithm, describeBirler
(1992, for computing a list of elements of a small group. In 1982 Laue described a stepwise
method, calculating successive double coset reptesives and stabilisers, using a series of
subgroupsG = Hp € H; € --- € Hy = H. This gpears to be most successful in the special
cases where known structural properties of the groups involved can be used to speed up the
computationiCaue 1982. In Holt et al. (2005, the basic approach for permutation groups is to
use orbit methods to compute left or right cosets, and then orbits of these cosets to obtain double
cosets. As pointed out iHolt et al. (2009, this may involve the calculation of a large number of
cosets in order to determine a small numbeatadible cosets. More recent methods for computing
double cosets of finitely presented groups use Todd—Coxeter procedlimes(1991). All
of these methods have been implemented in the commonly used programs for computational
discrete algebra&G AP (GAP, 20049 andMAGMA (MAGMA , 2005.

The primary alternative to Todd—Coxeter procedures for ordinary coset enumeration and
computation of groups given by m@atations is string rewritinggrown andHeyworth, 200Q
Sims 1994. In finite settings the two approaches are comparable: certain problems being
more effectively addressed by the enumigmimehod and others benefiting more from a
rewriting approach. However, for cases involving infinitely many elements, rewriting rather than
enumeration is the natural choice.

This paper demonstrates how string rewriting can be applied to the problems of computing
double cosets, giving a new alternative to the Todd—Coxeter methods and one which can further
be applied to infinite groups. In particular, this paper makes the following contributions.

e The introduction of the notion of a double cosetvriting system and associated Knuth—
Bendix completion algorithm as a mechanism &tempting to decide whether two elements
of a group lie in the same double coset.
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e The specification, irSection 4 of a process which takes a finite complete double coset
rewriting system and constructs a finite statitomaton whose teguage is a set of unique
normal forms for the double cosets.

e The specification of a higher dimensional version of the Knuth—-Bendix algorithm and logged
double coset rewriting. This gives, for examppeesentations for the subgroups defining the
double cosets.

e A discussionof the imgementation of these algorithms as a deposited padkagér GAP.

e In Section 7we put our algorithm in context by showing how it arises as a special case of
rewriting for an induced action of categories, using a categbsy K constructed from the
two subgroups.

2. Rewriting for double cosets

If we consider using rewriting to solve double coset problems we have a choice: to develop
a specialised type of rewriting for this situation, or to rephrase the problem in a way that
allows existing techniques to be applied. The former method has the advantage of specialty—
the “double coset rewriting systems” can be examined in isolation as though they were in some
way an alvance on existing methods rather than a useful application. This is certainly of some
value if one is wishing to write a very specialised program, designed to compute only double
coset problems and investigate the particular properties of rewriting systems of this type, but it
can obscure the simplicity and the best features of the result. Therefore, we choose to adopt the
most straightforward method—simulating the required computations by embedding the group
G in a particular free monoid and then applying standard procedesk and Ottg 1993.
We then have to show that the structure we wish to compute coincides with the rewriting model
used.

Definition 2.1 (Presentation of a Double Coset Sysjeiret G be a group with monoid
presentdon monXg, Rg) and letd : Xz — G be the natural monoid homomorphism. Let
Xu, Xk © Xg be such thatyy = 6(Xy) andYx = 6(Xk) are sets of generators for the
subgroupsH andK respectively. Then we shall say that the quadruMe, R, Xy, Xk) is

a presentation of the system of double cod¢t$& /K.

If Rgenerates an equivalence relation or congruence on a free ndthad the class af € S
is denoted[s]r. Similarly, we write H\G/K = {[g]~ | g € G}, where~ is the relation defined at
the beginnig of Secton 1 If mon(Xg, Rg) is a monoid presentation fa® then the free monoid
T, in which we compute is generated By together with two extra (tag) variablés andK.
A string HwK represents the double cogéiv]~, and we require a congruenééR suchthat
HwK S Hw/K if and only if bw’ ~ fw. Clearly T, contains many elements that are not
of the formHwK, but these dmot arise in the computations performed when completing the
rewriting system which determines the doubleatssThis is the key observation which allows
us to use standard methods.

Theorem 1 (Double Coset Rewritinlg Let (Xg, Rg, XH, Xk) be the data for the double coset
systenH\G/K, let H and K be symbols, and l8tbe the subset of terms of the formu of
the free monoid T4 = ({H, K} U Xg)* wherew € Xg. Define

R=RgU{(Hh, H):he Xyl U{(kK, K):ke Xg}.
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Let — R be the reduction relation generated by R on the free mofigidand Iet<f>R be the
reflexive, symmetric, transitive closure ef g, which is the congruence generated by R. Then
there is a bijection of sets

* ~

Proof. We firstshow that there is a well-defined map

T G
¢ 5— > — where¢p ([HwK]R) = [fw]~.
<R ~
If [HwK]r = [Hw'K]Rg, there elsts a squencew = w1, w2, ..., wn = w' in Xg suchthat
fori =1,...,n—1dther (wj, wj+1) or (wj+1, wi) has one of the following forms:

() (ulv, urv) forsome(l,r) € Rg,u,v € X%,
(ii) (hv,v) for someh € Xy, v € Xg,
(iii) (uk, u) for somek € Xk, u € Xg.

Sinced is a monoid homomorphism, in the first caséw;) = 6(wi+1), in the £cond case
6(hv) ~ 6(v) and in the third casé(uk) ~ 6(u). Thus in all case$d (wj)]~ = [0(wj+1)]~ as
required.

Secondly, letr : G — X be a setion of § so that(é o 7)g = g and(z o 6)g <iRG g for all

g € G. Further,t(g102) i>RG 7(01)7(g2) sinced maps bothr (g1)7(g2) andz(g1092) to g102.
Define

/ G T /
i whereg¢’([g]~) = [H(rg)K]R.
<R
To verfify that ¢’ is well-defined, supposggl~ = [d']~ for someg, g € G. Then, by the
definition of ~, we haveh € X}, andk e X§ suchthatg’ = (6h)g(6k), so that

H(rg)K SR H(z6h)(19) (10K K Sr, Hh(zgkK SR H(Tg)K.

Finally, we observe that(¢'([g]~)) = ¢((H((g)K)Ir) = [6(z9)]l~ = [g]~, and that
¢ (p([HwK]IR) = ¢([((Bw)]~) = [H(z(0w))K]r = [HwK]r sinceRg S R. Thus¢ is a
bijection with inversep’. 0O

Note the use of the tagkl and K. They praide a particularly shple way of eleting
elements ofXy from a word providing they occur at the far left of the word and similarly for
delding elements oKk providing they occur at the far right of the word. Given the double coset
presemation (Xg, Rg, XH, Xk) as in the theorem above, we may referRas adouble coset
rewriting systenfor H\G /K. Of courseR may not be complete (confluent and noetherian) and so
the natural net step would be to use Knuth—Bendix completion to try and obtain an equivalent,
but complete, rewriting system. As justified @, we choose to perform this completion by
considering rewriting over the free monadid. ratherthan the seT. However, we mst then be
sure that if—> g is complete o ;, andits closureim/ coincides with<> g, then he restriction
of - to T is also complete. Fortunately, this is obviously true-ag is closed orthe sibset
T, thatis, ifwy —r w2 thenwy € T if andonly if wy € T. To see tis, note that<r never
removes or adds tags. Thus, we can immetiyattate the following corollaries.
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Corollary 2. If the double coset rewriting system R can be completed othen wehave a
solution to theproblem of deciding whether two elementggof G lie within the same double
coset.

Corollary 3. If the double coset rewriting system R can be completefi,othen we can find a
unigue normal form for each double coset.

Remark 4 (Implementations Besides the fact that the string rewriting methods we have
presented enable us to tackle problems involving infinite groups, they also allow us to
immediately use existing string rewriting programs such as tho&&in and inKBMAG (Holt,

1996 to compute double cosets.

An alternative approach is to complete a rewriting systen3@nd then construct a double
coset rewriting system on the elements@®f Such a sgtemobeys more subtle laws than a
standard rewriting system on a free monoid. For examplg ~f g’ in the termination order used
by the completion process, we may not deduce ¢fuat! is greater thamy’'g—1. Consequently,
we believe the approach we have chosen is cleaner than if we were to have worked with multiple
rewriting systems at different levels to describe the one structure.

While it is straightforward to try to use aastdard Knuth—Bendix completion program to
calculate the completion of a double ebgewriting relation on the free monoifl,, it will
necessarily be less efficient than a specialised Knuth—Bendix program which, for example,
restricts itself to the non-free monoill For exanple there will be tests for more overlaps
between wordsevK andzK than can possibly ariseve know (but the program does not) that the
only way in which an overlap can occur is whee- uw or w = uz, sincethe tagsynbol K will
not occur vithin the stringsw or z. A specialised program would also allow different types of
ordering, treating symbold, K in a way different from those iXXg, yielding results that could
not be obtained with a standard ordering. If one wishes to do many calculations of this type, it
would be worth refining the system to recognise tags and deal with tagged rules sensibly, and
to separate rules into subsystems which are detag separately. Such an approach would not
be designed specifically for double cosets and could have many other applic8tions @nd
Heyworth, 2000.

3. Completion of rewriting systems for double cosets

As we have seen, if the double coset rewriting systeia complete, we can solve problems
sich as whether two elements of the group belong to the same double coset. UBuiglly,
incomplete, and so we attempt to convert it to an equivalent complete system. We can apply
the Knuth—Bendix completion procedurérjuth and Bendix1970 to R on T in the standard
way, as d&iled below. IfR completes o, we arerequired to prove thahe restriction of> g
to T is preserved throughout the algorithm.

Algorithm 1 (Completion). K1 (Input) Start with a set of pairk = Rg U {(Hh,H) : h €
Xp} U{(kK, K) : k € Xk} C T4+ and a compatible well-ordering dn, .

K2 (Search) Find all overlag: pairs drules(l1,r1), (I2,r2) which may beapplied to the same
word and whe¢h coincide on some subword. There are essentially two cakes—= |, or
uly = Ipv for someu, v € T. Add each paicuryv, r) or (ury, rov) to a list of critical pairs.

K3 (Resolve) Attempt to resolve each critical pair by reducing both terms with respect to the
rules inR. If the reduced terms are equal then the pair has resolved, otherwise the reduced
pair is orientated according to the welld@ring and added to a set of new rules an&to
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Table 1

Five types 6 overlap inG

Type Overlap case New rule to add Picture
Prefix liv =1p (riv,r2) —
Suffix uly =1p (urq,ro) —
Internal subword uliv =1lp (urqv,rp)  —

Left offset l{v = uly (r1v, urp) —_—
Right offset uly =lyv (urq, rpv) —

K4 (Loop) If no new rules were added then go to the next step. Otherwise, repeat the last two
steps with the new set of ruley&cking pairs that arise bieéen the new rules and between
the new rules and the old rules, but not pairstjbetween old rules (as these have already
been checked).

K5 (Output) Return the resultindR®, acomplete rewriting system of, with respect to the
given well-ordering.

We now prove that if the input for the algorithm is a double coset rewriting system of the form
specified earlier, then the algorithm will attempt to produce an equivalent complete system.

Theorem 5 (Completeness of Double Coset Rewriting Sysjeiret the input for the above
algorithm be a double coset rewriting system R as giverhieoreml, such hat the algorithm
terminates, @ing output F°. Then he restiction of — gc to T is a complete rewriting system
equivalent to the restriction 6b>g to T.

Proof. We prove the result dectly, by showing that no step in the completion procedure alters
the restriction ok>g to T. The argument holds because of the form of the input and the way in
which new pairs ge generated.

Itis convenient (at each stage of the algorithm) to partition a rewrite syRterto four subsets
Ry, Rk, Rg andRyk, depending on whether the rule involvés, K, ndther orboth. The subset
Ruk is initially empty. Formally:

Re = {(,r) e R|I,r e Xg},

Ry := {(HI,Hr) e R|I,r € X%},

R := {(IK,rK) e R|l,r € X§},
Ruk := {(HIK, HrK) e R| 1,1 € X%}.

We observe that in step K3 of thégarithm a new rule is generated from an overlap of the left
hand sides of two existing rules (foll@d by theirsubsequent reductions).

Overlapsof rules(l1,r1) and(l2, r2) in Rg may be separated into five types.Table 1 11 is
either a prefix ofy; a suffix ofl,; an intenal subword of; or theoverlap is ofset tothe left or
the right. Neither ofi, v may equal the empty worid.

Using the same termology for the other types of rule, we see that the overlaps which may
occur are of the types shown Trable 2 In each case we observe that the new pair adddgl to
will not change the definition of;R when it is restricted td since he new pair is an element
of &g and also an element af x T.

The reduction of the new rules with respect to the existing rules also gives a pair which is
already an element obr when it is restricted td. This is because replacement of a substring
li inawordinT4 byr; will preserve thepositions of the tags. O
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Table 2

Overlap types for all pairs of rules

Overlap words Prefix Suffix Internal Left offset Right offset
I1,12 v v v v v
I1, Hlp v v v
I1, 12K v v v

Hlq, Hlp v

Hlq, IbK v

1K, 12K v

I1, HIoK v

Hlq, HIoK v

1K, HI2K v

4. Automatafor double coset rewriting systems

When the number of double cosets is infinite, it is not possible to list all their normal forms, so
a regular expression giving an impression of the shape or pattern of these forms may be useful.
In simpler string rewriting systems, for example with left or right cosets, we can build up a
catalogue of the normal forms. In finite cases where we have a length non-increasing order this is
extremely effective, and even in infinite cases it can serve to show up patterns. The cataloguing
procedure relies heavily on the fact that, if a term is reducible and generators are appended onto
a dhosen end, then the term remains reducible.

In the case of double cosets and doubly tagged strings we cannot use these methods. If a ternr
HIK is reduciblethenone ofl — r or HI — Hr orlK — rK or HIK — HrK is true, but
we cannot assume that eithellx K or HxIK are reducible. For example, ]l — Hr, then
we areunable to deduce thati xI — Hxr. Snce we cannot use cataloguing, we turn to the
alternative: in string rewriting we use automata when we wish to find an expression for the set
of normal forms and cataloguing is insufficient. Here, we describe techniques for constructing
automata whose languages are the sets of ndiomas for our double cosets. First we recall the
construction of an automaton for accepting normal formS.n

We will use the following notation. For any set of ruld8we setl(R) = {l | (I,r) € R}, the
set ofleft-hand side®f these rules. Thepl(R) is the set of alprefixesof the rules angpl(R)
is the set of alproper prefixes

pl(R) = {u| (uv,r) € R, u+#id}, ppl(R) = {u | (uv,r) € R, u,v #id}.

Similarly, sl(R) andpsI(R) denote the sets dufficesand proper sufficesA non-deterministic
automatorN, with state se§; alphabetY; initial statesy € S; transtion functions : Sx % — 2S;
and accepting state& C S, is written N = (S, Y, 5, 8, A). A determnistic automaton has
§:Sx XY — S

Definition 4.1 (Ward Acceptor forG). Theword acceptorof a groupG = mon{Xg, Rg) with
a finite complete rewrite systerﬁg is constructed as follows. First form a non-deterministic
automaton

Ng = (ppI(RS) U {id, sink}, Xg, id, g, {sink})

whose statesansist of all proper prefixep from Rg; the identity word as initial state; and a
sink statesink which is the only accepting state.
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HK-tree
H-tree

Fig. 1. Sketch of a double coset automaton.

The transition function is given by

3 (sink, x) = {sink} forall x € Xg,
55(p. X) = {sink}  if px=ul forsomel €(Rg), else
6{P.2) = {pi € ppl(Rg) | px =uipi forsomeu; € Xg }.

Standard results of automata theoBofien 1991, Lawson 2004 alow us to determinizeéNg
(using the accessible subset constructicaRetthe complement (accepting states become non-
accepting, and converselyé minimize, giving a defrministic automato which accepts
only the normal forms of elements 6.

Theorem 6 (Ward Acceptor fortH\G/K). Let R° be a finite, complete, double coset rewriting
system for subgroupsi generated by ¥ = 6 X andK generated by ¥ = 6 Xk of the group
G which is gven by the monoid presentationon(Xg, Rg). Let T and T be defined as in
Theoreml. Then there is a regular expression representing a regular langlageer T, such
thatL = {[g]~ : g € G}.

Proof. We define a non-deterministic automatdrwith input alphabet’ = XgU{H, K} which
accepts exactly the sgtgc (T) of irreducibleelements off with respect to— gc.

As before, we partition the rules RC into RS U RG U RE U RS, , whereRS is the complete
rewrte system foiG. The automaton has four main components:

the non-deterministic fornlN of the word acceptor fdB, with statesSs, as inDefinition 4.1,
anH-tree, whose stees areS; = {Hid} U ppl(RS);

aK-treg whose sttes areS¢ = {idK} U psl(R$);

anH K -tree, whose stees areSyk = {Hid-K} U (ppl(RS,)-K).

There are two additional states, an initial stetié and a normal form stateorm which is
the only non-accepting state. An informal skettlowing how these components and states are
connected by transitions is shownkig. L
The formal definition of the noxleterministic automatoN is
N = (S, ¥ = XgU{H, K}, init, §, S\ {norm}), where
S={init,norm} U S U 4 U & U Sk
The transition functiors is defined inTable 3 wheres € S x € Xg, a € X, p €
pPI(RS). Hp € ppl(RY). qK € psl(RY) andHp-K € ppl(Ryk)-K.
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Table 3
Transition functiors for double cosets automaton
L ocation Transition
from init §(init, H) = {id, Hid, Hid-K}

8(init, a) = {sink} whena # H
by H 8(s, H) = {sink} whens # init
by K 3(p, K) = {norm}

8(idK, K) = {sink}

S(Hp-K, K) = {sink} if HpK € I[(Ryk)

{Hpx} if Hpx € ppl(Ry)

H-tree S(Hp.) = {sinpk} if H r?x e |?SH) !
K-tree 3(XgK, x) = {qgK} if xqK € psl(Rg)
HK-tree S(Hp-K,x) = {Hpx-K} if Hpx e ppl(Ryk)
. _ [ {sink} if px=ul for somel € I(Rg), else
nRo p.x)= {{Pi € ppI(Rg) | px = Ui pi} U {xqK | XqK € I(RQ)]
otherwise s(s,a) =0

The extended state transition functitin: Sx X* — 2Sis such that, fot € T, the irtersection
of §*(init, t) with S\ {norm} is non-empty if and only it is a word in2* which is not inT or
is reducible.

Just as we awverted\ to A, we makeN deterninistic; take its complement; and minimize.
The languagé recognised by the resulting automat@imis T4 — (T4 — irrge (T)) = irrge (T).
Hence, by Kleene’s Theorerh,is regular. SinceRC is a complete rewriting system dn there
exists a unique irreducible word in each clasafith respect tod> g. Therdore the setrrgc (T)
is bijective withT/ <gr= L.

The automatorA gives rise to a system of right linear language equations with a unique
sdution, which is a regular expression for the langubgecepted by the automaton. The regular
expression can be obtained by applying Ardeffheorem to solve the language equations.

Thus an automatof can be constructed from the complete double coset rewriting system and
a regular expression for the set of double codeitsobtained from solving the language equations
of the determinized and minimized complemenfofection Gncludes some examples of these
automata.

5. Logged double coset rewriting

It is often useful to label the original rewrite rules and record how they are used during Knuth—
Bendix completion, and then during the reduction of words. One instance is when we require
precise proof of a particular equivalence in terms of the original data.

Suppose thatis : s — t is a rewrite rule. Then we know that the rewritev — utv can be
performed, and a reasonable label for thigdgv. Similarly if ot : t — q then we mg perform
as followed by oy, rewriting s — g, which we choose to labels e «;. Thus any sequence of
rewrites may be recorded by a combination of labels of the form:

U]_aslvl [ ] UZOZSQUZ ®---0 Un()[snl)n.

The algebra of recorded rewrites is formalised by observing the sesquicategorical or 2-categorical
structue. Briefly, a 2-category consists of 0-cells (objegts 1-cells (arrows between objects

(wij : &j — ej)) and2-cells (arrows between arrows : wij = w{j )), with a category
structure on tte 1-cells (arrow composition) and two compatible (by the interchange law)
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category structures (horizontal and vertical composition) on the 2-cells, which preserve sources
and targetsilac Lang 1998.

In particularloggeddouble coset rewritingis formdised in terms of a Zategory whose 0-
cells (vertices) and 1-cells (paths along arrows) are illustrated in the following graph.

o o [
H K

The generating 2-cells are
: Hhj — H, foreachh; € Xy,
o, li —ri, for each(lj,ri) € Rg,
and ok : kK — K, foreachk e Xk.

Oh;

The vertical composition of 2-cells, writtene y, is thecomposition of the two rewrites when
the ©urce of the second coincides with the target of the first. We may also “whisker” the 2-cells
with suitable 1-cells. For example, the 2-ag|lmay be whiskered b u on the left and on the
right to obtain a 2-cel{Huw; v : Huljv — Hurjv). Findly, we require thenterchange law, so
that it does not matter in which order we combine a pair of 2-cells which rewrite non-overlapping
parts of a string. This defines the horizontal composition,

aof = asrc(f)etgt(a)B = src(w)p e o tgt(B),

and corresponds to the fact that if rewrite rules do not overlap on a string then it does not matter
which one we apply first. Note that whiskering is equivalent to composing with identity 2-cells,
Uaxv = 1y oa o 1, where(l, : u = u) foru € X, and thatxv o 8 = o o V8.

Logged rewriting for monoid preseaations is explained in detail inleyworth and Johnson
(2005 and we shall only recall the key ideas here.

The essential difference between the logged version and the standard Knuth—Bendix algorithm
is the level of detail it records. If we have an ol which introduces a new rule, we require an
expression for the new rule in terms of the original labels. Often we will be in the situation where
w reduces tav; by one sequencg; of 2-cells and taw, by another sequeng®. Assumingw:
is the larger string, we add in the ruk® — w1, andnote that this relation can be achieved by
“un-reducing”w; to w and then reducing to w. This “un-reducing” is more formally known
as aninverse derivatiorand gives the vertical composition ofc2lls a groupoid structure. In this
situation we add the 2-ced12‘1 e 31 at the same time as the rule — wjs.

Assume that, using these methods, we obtain a complete, logged, rewrite system for the double
cosets, which means that we have a 2-cell associated with each of the rules. Suppose now that
we have two group elemends andgy, represergd by stringsv; andwg in the free monoid, so
thatd (w1) = g1 andd (w2) = g2. Wecan determine whether or ngt andgz lie within the same
double coset by rewritingd w1 K andH w2K. If they both reduce to the same striktz K, then

we can examine thkegs of the reductions to finldy, ..., hym € Xy andky, ..., kn € Xk such
that
O(hTh) -+ 0(hi) g1 O (K™ -0 (Kei™™) = Q2. 1)

The following section includes examples of this computation.
In the case of left or right cosets, the logs of the complete rewriting system may
be used to derive a presentation for the subgroup itself. In other situations the logs and
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particularly the logs of circular rewrites (endorewrites) have more interesting interpretations and
applicationseyworth and Wensley2003. In the double coset case we can make the following
observations. We usk(w) to denote the set of endorewrites of the stringthe set 62-cells
associated to rewrites af back toitself.

() The setsE(H w) are bijective with each other for all in X*. These give information about
the goupH in the form of a presentatioshani andHeyworth, 2003.

(i) Similarly, the setsE(wK) give a presentation df.

(iif) The setskE(w) are all bijective, and these give geators for the mod@ o i dentities among
relations for the grou (Heyworth and Johnsqr2005 Heyworth and Wensley2003.

(iv) The setsE(HwK) are not all bijective in general. However, in the case fitat;) = 6 (w>),
there is a bijection between the s&6H w1K) andE(H w2K). In general each endorewrite
of this type gives us information regarding the relationship between the subdtcampdk
within G. Generators for the subgrodipn K can certainly be obtained in this way.

6. Examples

The examples given below were cdigted using a prototype packaden, avalable
from Heyworth and Wensley2009. Thisis a collection ofGAP functions which are designed
to tackle rewriting problems by translating them to a categorical framework; using a generalised
Knuth—Bendix type algorithm to solve the problem; and then translating back into the format
appropriate for the structure in question. The double coset functidkamimake use of functions
from the GAP packageautomata (Delgado et al.2005. The main purpose of these examples
is to demonstrate the methods we have presented and the fact that they can be applied to a widel
class of problems than could previously be computed, rather than to be technically impressive.

Example 7 (A Finite Double Coset Rewriting Systenhet G be the free group on generators
{a, b} and letH = (a®), K = (a%). (Varying the powers of gives a family of examples of this
type.) The double cosétK containsa? = a%4%4 and it is clear that one set of double coset
representatives is

{HK, HaK, Ha'ba/K, Halbubad K | 0<i <5, 0< j <3, uce{a b}*}.
The initial set of rules is
{(Aa, id), (@A, id), (Bb, id), (bB, id), (Ha®, H), (@*K, K)}.
After completion, the last two rules are replaced by
{(Ha* HA?), (HA3 Had), (a3K, AK), (A%K, a’K), (Ha?K, HK), (HAK, HaK)}.

Note that twoH K -rules appear, reflecting the fact thétv K = (a2). The non-deterministic
automatorN has 22 tates,

{init, norm, sink} U {id, a, A,b, B} U {H, Ha, HaZ, Ha3, HA, H A2}
U{K,aK,a?K, AK} U {H-K, Ha-K, Ha2-K, HA-K}.

Determinizing N gives an automaton with 24 states which, after complementation and
minimization, reduces to a detemistic automaton with 15 states and transitions shown in
Table 4(whereN, S, I correspond tmorm, sink, init).
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Table 4
Minimal double coset automaton f&xample 7

i1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

N S B I a id a® b BA & bad ba? ba A BA
H 2 2 2 6 2 2 2 2 2 2 2 2 2 2 2
K 2 2 1 2 1 1 2 1 1 2 2 1 1 2 2
a 2 2 13 2 10 5 2 13 2 7 1 1 12 2 2
A 2 2 9 2 2 14 2 9 15 2 2 2 2 7 15
b 2 2 2 2 8 8 8 8 8 8 8 8 8 8 8
B 2 2 3 2 3 3 3 2 3 3 3 3 3 3 3
Table 5
Logged rewrite rules for the trefoil monoid
Rule Label
(Yy.id) o3
(yY,id) o4
x3,y?) a5
(y?x, xy?) g = (g 1X) @ (Xar)
(X, X2Y?2) a7 = (xoql) . (Xyoqlv) o (Xa571Y2) o (1x2Y?2)
(Y X, yxY2) ag = (Yxaz ) o (Yxyr 1Y) o (Y xag 1Y2) @ (YasxY?) e (agyxY?)

Oy
¥ Y

©) 7 Ok

Fig. 2. Sketch of the word acceptéy- for 7.

Example 8 (The Trefoil Group. This is an example in which the group has a finite rewriting
system, but the double coset system is infinite.riig with an initial monoid presentation with
rules

[a1 = (XX, id), a2 = (XX, id), ag = (Yy,id), ag = (YY,id), a5 = (<, y))],

the fundamental grouf” = (x, y | x3 = y?) of the trefoil knot has a complete rewriting system
with six logged rules shown ifiable 5

The ordering used here is the wreath product order %ith x > Y > y. A group version of
these logged rules is given keyworth and Wensley2003.

The non-deterministic automatdd, has seven states, and there are 12 states in the
determinized automaton, reducing to seven states on minimization. The autofeatds
pictured inFig. 2. (For claity, the sink state and transitions itchave been exalded. All states
are accepting, so double circles have been omitted.)
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— (it H x @

Fig. 3. Double coset automaton for the trefoil group.
A regular expression for the language acceptedbyis
L4+ YX(YX+XYR* A+ x)(y* + YD) + (y*+ Y.

We consider subgroupgd = (x) andK = (y). This is an example which apparently cannot
be computed using algorithms previously iéafale. The double coset rewriting system initially
requires the additional rules

{Br=HX,H), p2=(Hx, H), B3= (YK, K), 4= (YK, K)}.

The kan package includes Amited version of the Kuth—Bendix functions which stop the
calculation after a specified numbkeof rules have been added to the system. Subsets of rules
which involve eitheH, or K, or both may then be extracted. Adopting the wreath product order
with K > H > X > x > Y > y we find thats; reduces, and there are no additioRafules

or HK-rules. Asi increases we obtain an increasing ogmnof rules from the following infinite

set:

{(Hwy?, Hw), (HwY, Hwy)|w is any word in {yx, yx?}*}.

Note that the wordgx andy x? label directed cycles iRig. 2 Itis strmightforward to verify that,

if we add all these rules, the system is complete, despite the fact that it is infinitie: #uting

as a tag on the left restricts the possible cugslseverely and only a few cases need be checked.
Also asa increases, the left-hand sides of the rutesy be usé to form he three tees in the

double coset automaton Bfg. 1. Applying the construction oFheorem §we obtain a sequence

of minimized automat§A, } which rapidly converges to the automaton depictefign 3. Indeed,

with & = 10, we obtain a sufficient set of thré¢-rules and two K -rules,namely{S2, B3, B4}

together with

Rule Label

Bs=(HY% H) | Hag'epox?e fox e fo
Be=(HY,Hy) | 'Y e Hyas

The normal forms can be read straight off the automaton:

{HwK |w is any word in {yx, yx?}*}.
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For an example of logged reduction, consider the double cbbéK, whereY is anormal form
for Ar. Applying H B3 we obtain immediately thatl Y K — H K. Alternatively, we may apply

BeK @ HBa = B 1Y Ko B 1xY Ko S22V K @ HasK e HyasK e Hfa,
which gives successive rewrites
HYK > HxYK—> Hx?YK - Hx3YK - Hy?Y K - HyK — HK.
Applying Eq. @) to these tw reductions (wherev; = Y andw; = id) gives
OwDO(Y) ™t =y ly =1 =6(w2),
OOy = 00C3Y?) = 1 = 6 (w2),
and so we have obtained an endorev\Htegl e BcK e HBs € E(HK).

Example9 (A Groupwith an Infinite Rewriting SystémWhen the groupG has an infinite
rewriting system the double coset rewriting system will also be infinite. In this case it may be
possible ¢ use the pckageKBMAG to compute a word acceptor f@. In the kan package
the finite state aoimaton provided byKBMAG is converted to a deterministic automaton in
the format sed by theautomata package, and then included as tNg part of the double
coset automaton shown Fig. 1 It is dill necessary to find appropriate sets of ruRs, Rg
andRyk and, sinceRg is infinite, the limited Knuth—Bendix functions should again be used. An
interactive use of the package is required: experimenting with different limits gives partial results
from which we may be able to deduce exact answers.

In the fdlowing exanple we takeG to be the goup with generatorga, b} and relators
[a3, b3, (ab)3]. The normal forms of the monoid elements are strings alternatiaginA with
b or B. Not all such strings are irreducible, for examgiab — AB AandabaB— BAb. The
automatic structure computed BBMAG has a word acceptor with 17 states.

If we takeH to begenerated byab] andK to begenerated byba], we find thatall three
additional sets of rules are infinite:

Ry = {(Hab, H), (HaB, Hb), (H(bA"B, H(Ab)"a), n
Rk = {(baK, K), (BaK, bK), (B(Ab)"K, a(bA"K), n
Ruk = {(Hb(Ab)"K, H(Ab)"AK), n > 0}.

The sequenc@A, } of minimized automata exhibits an iresing number of states, reaching 48
at A = 200. On inspection, we find that these automata have a common set of states (the right-
hand half inFig. 4), and two chains which gradually increase in length. Talding lim;_, . A, ,
these chains shrink to two-state loops, and we obtain the 19-state automaton sHeigin4in
where thenorm andsink states have been omitted, and states shown with a double circle are
those having & -trangtion to norm.

The language recognised Byis

H (a+ (id + A)(bA)* + AB@B)*A+b@B)TAbA* + A(bA*(Ba)*b) K.

0},

>
> 0},

7. Induced actions and left Kan extensions

The algorithms we have presented arose as part of a programme of applying categorical
constructions in computer algebra so as to allow increased flexibility and a wider range of
applications. It is worth recallingiac Lane 1998 in nating thatour goalis not the reduction of
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—~® H @
b A
LAYy @M
A b

Fig. 4. Automatom for Example 9

the familiar to the unfamiliar, but the extension of the familiar to cover many more claskss
section, we shall demonstrate this by showing how the double coset problem is an instance of
the much noere general construction a@iduced actions of monoids and categori@sr aim also
is to advertise this construction, which has masegs apart from those given here (for examples
seeBrown andHeyworth (2000).

LetF : M — N be a morphism of monoids, and Mt N act on setsX, Y respectively. These
are right actions, and we use the notatidh y". An F-mormhismes : X — Y is a function
of setssuchthate(x™) = (ex)F™ for all m € M, x € X. InthecaseF = 1y we calle an
N-morphism. The=-morphisme is said to bauniversalif, for any action ofN on a setZ and any
F-morphismg : X — Z, there isauniqueN-morphismys : Y — Z suchthatyr o e = ¢. When
¢ isuniversal we say that the actionfon Y isinducedrom X by F, and wewrite Y = F, (X).

It is easy to construct thi¥ from the actionX x M — X and the morphisn¥. We let
Y’ = X x N with N-action (x, n)" := (x, nn'), anddefineY to beY’ factored by the equivalence
relaion ~ generated by

x™ n) =~ (x, F(mn), neN, meM, xelX, 2

with ¢ : X — Y mappingx to the equivalence class ¢f, 1y).

A common example is whend is a uubgroup of a groupl, F is the inclusiormorphism, and
X is a singkton. ThenF, (X) can easily be identified witM\N, the set of lef cosets ofM in
N, and the usuaN-action. Note also that we immediately have an extension of the problem of
determining cosets to that of extending an action of the subdvbap a setX to an action oN
on a new sef, (X).

This notion of induced action is easily extended to the case wMekeare small categories,
F : M — Nis a functor, and the action M is given by afunctor X : M — Sets (see below).
In Heyworth (1999 andBrown andHeyworth (2000 string rewriting for a monoid presentation
of a monoidN was generalised to string rewriting for an induced action of categories, given a
presentation of the data for this. Our string ri¢timg procedure for double cosets is a special case
of this general form of string rewriting for induced actions of categories.

Note that induced actions are also well knowrtategory theory as left Kan extensions, and
have many applications under thatrinology. In that setting, it is often convenient to describe
a choice of left Kan extensions for all actions as giving a functor of functor categories

F. : (Sets)M — (Sets)N
which is left adpint to the standard functor

F* . (Sets)N — (Sets)M
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Y(N)

M\
Ged

X(M)

i)
Gy T

Fig. 5. Action induced fronX by F.

given by compostion with F. An implication of this is thatF, preserves colimits of actions, but
we donot pursue this theme.

The construction of the functof = F,(X) : N — Sets in the category case is an easy
generalisation of that for monoids, but with appriate attention to the objects of the categories
concerned. Fob € Ob(N) let Y'(b) be the dsjoint union of the setX(c) x N(F(c), b) for all
c € Ob(M). On Y’(b) we impose the equivalence relation generated by 89.t¢ give Y (b)
as the quotient. Note that nowe X(c), x™ € X(¢'), m € M(c, ¢) andn € N(c, b), as in
Fig. 5. The ation of N is induced by(x, n)”/ = (X, nn') as before. This construction is known
in category lheory as that of a coend.

We now apply this construction to the double coset problem.ILée a set withcommuting
right H- andK-actions, so thatyMk = (y*)" forall y € I", h € H, k € K. Intuitively we prefer
to think of theH-adion as a left action, definin'@_ly := y". We define aategoryM = H-e> K
with objects{1, 2} and the following elements:

M(1,1) =H, M(2,2) =K, M(1,2) =H x K, M(2,1) = 4.
Composition inM is given by the usual multiplication iH, K and by
ha(hy, k1)ko = (hahq, kiko), so that(h, k) = h(1, 1)k.

For theM-adion X we takeX (1) = I' x {1} and X(2) = I' x {2} to be opies ofI". For the
morphisms we define

—1 -1
Xy D=""r.D, X®@.2=%2, Xhe.D=>" 2,
so X(1, 1) is the isomorphisnbetween copies af' mapping(y, 1) to (y, 2).
Proposition 10. If N is the trivial caegory withone objecD and 1y theonly morphism, X is the

M-action given above, and F is the unique fundtbr— N, then F.(X) may be identified with
the set obrbits H\ I"/K.
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Proof. An N-adion is just a set (0) and the identity functiolY (1) onY (0). The @nstruction
above givesY’(0) = (I" x {1} x {1o}) U (I" x {2} x {1o}). Applying the equivalence rul@( with
m=heH, m=(1,1) andm =k € K, weobtain

-1
"y L~ (.11, @2~ @ Ll N2 1)~ (.2 ),
identifying the two @pies ofI" and modelling théd, K actions onl". O

WhenI" = G and the actions amg" := h—1g, g*:= gk, thenF,(X) may be idetified with
the st of double cosetd\G/K.

To sunmarise, as with cosets and other problems in computational algebra, double cosets are
an instance of the general problem of computing Kan extensions or induced actions of categories.
By developing string rewriting for computing such Kan extensions, we therefore have a generic
algorithm applicable to all of these problems.

8. Conclusions

One of the nice outcomes of our results is that existing powerful string rewriting software
can immediately be applied to double coset problems, provided that we have a presentation for
the goup and generating sets for the subgroups. Of course the algorithm may not terminate, but
it will in all cases where there are a finite number of codt¢tsand gK, (where theexiging
enumerative methods could be used), and also in some cases where there are an infinite numbe
of double cosets and enumerative methods are likely to fail.

We have developed procedures for logged stringitévg, which via a 2-categorical structure,
records all computations made from the original presentations. This enables us to compute not
only whether two elements lie within the same double coset but also, using logged rewriting, to
produce a proof of this in the case that they do. We expect to releasgARdunctions to do
both determining and pwing via logged string rewriting as a share package.

In this paper we apply our results only to group theory, but as we showed above, they hold
much more generally. It might be interesting to see whether there are analogues to the double
coset problem in other structures such as monoids or algebras—structures where we also already
have Kan extension rewriting methods available to us.
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