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Abstract

We use presentations and identities among relations to give a generalisation of the
Schreier theory of nonabelian extensions of groups. This replaces the usual multiplication
table for the extension group by more efficient, and often geometric, data. The methods
utilise crossed modules and crossed resolutions.

Introduction

The classification of nonabelian extensions

1 → A
i−→ E

π−→ G → 1 (1)

of a group A by a group G may be found in many texts. Nicholson explains in [18] that the
original impetus was work on many examples by Hölder, and that the now standard exposition
goes back to Schreier’s 1926 paper [20].

The standard exposition in essence assumes given the multiplication table of G and then
describes in terms of a ‘factor system’ a multiplication on the set E = G× A. The 2-cocycle
condition imposed on a factor system is related to the associativity law. However, this approach
does not lend itself to computation, particularly if G is infinite, nor to the use of combinatorial
information on the group G. In any case, the multiplication table of a group is rarely used in
group theory as a means of defining or describing a group.

There are other well-known approaches to the case when A is abelian. Our emphasis is on
the nonabelian case.

Descriptions of E in terms of presentations of the groups A,G are given by several authors.
Marshall Hall Jr. in [13, section 15.4], ends by saying it may be difficult to determine the
identities leading to conditions for an extension. Cockcroft [11] gives a presentation of an
extension, and this may also be found in Johnson [16]. A full account is given in Turing’s not
so well known paper [21], using Reidemeister’s account in 1932 of identities among relations.

Our approach was developed prior to a reading of Turing’s paper, but can be seen as giving
a modern version and a generalisation of the results of Turing, using the notions of crossed
module, the module of identities among relations (which are recalled in section 1: see the
expositions in [5, 19]), and of crossed resolution (see section 3). Further, we examine in detail
the construction that results when the transcription to this situation of the usual 2-cocycle
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condition fails. This leads not to an extension as in (1), in which A is a normal subgroup of
E, but to a crossed sequence

1 → K → A → E → G → 1 (2)

in which the part A → E is a crossed module. We give results on the classification of crossed
sequences which arise in this way. This construction also yields many finite crossed modules.
Since any crossed module represents a homotopy 2-type, this also gives a construction relevant
to homotopy theory. Other constructions of finite crossed modules relevant to homotopy theory
are given by Brown and Wensley in [8].

Our results imply the following. Given a presentation 〈X; R〉 of G, the data for an extension
may be given by elements γx ∈ Aut A for x ∈ X, ar ∈ A for r ∈ R, such that
(i) inner automorphism by ar may be written in terms of the γx in the same form as the relator
r is written in terms of the generators x ∈ X,
(ii) in a similar spirit, the elements ar ∈ A satisfy further identities corresponding to generators
of the G-module π2 of identities among the relations R.
Condition (i) is standard. Condition (ii) replaces the usual 2-cocycle condition, and is closely
related to conditions given by Turing. Note that if G is FP3, then this extension data is
finite. The extension E is obtained from this data as follows. The elements γx ∈ AutA, x ∈
X, determine an action of the free group F (X) on A and so the semidirect product group
C = F (X) n A is defined. Then E is the quotient of C by the elements (r, a−1

r ), r ∈ R.
The condition (ii) on identities among the ar is required to make the composite morphism
A → C → E injective. Equivalences of such data corresponding to equivalences of extensions
are also described.

We give a generalisation and clarification of the above data for an extension, as follows.
We recall below that the G-module π2 of identities among the relations R is the kernel of

the morphism ∂ : FC(R) → F (X) of the free crossed F (X)-module on the relators R [5, 14].
We first replace this free crossed module by a general crossed module µ : M → P.

Second, the automorphism crossed module A → Aut A is also replaced by a general crossed
module, say α : A → Q, so that, following Dedecker [12], we consider extensions of A by G ‘of
the type of the crossed module α : A → Q’. Dedecker’s motivation came from the consideration
of the formalism of nonabelian cohomology, and in particular, coefficient morphisms. Brown
and Mucuk [6] give a geometric situation in which such extensions arise. The interest in
extensions of this more general type is increased by the constructions of many finite crossed
modules in [8].

Our main result is Theorem 1.2.

1 Crossed modules and extensions

We recall the elements of the theory of crossed modules and of extensions of the type of a
crossed module.

A crossed module µ : M → P is a morphism µ of groups together with an action of P on
M , here written (m, p) 7→ mp, such that

• CM1) µ(mp) = p−1(µm)p,

• CM2) m−1m1m = mµm
1 ,

for all m, m1 ∈ M,p ∈ P . A morphism (f, g) of crossed modules µ : M → P, α : A → Q is a
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commutative diagram of morphisms of groups

M
µ //

f

²²

P

g

²²
A α

// Q

such that f(mp) = (fm)gp for all m ∈ M, p ∈ P .
If A is a group, its automorphism crossed module is χA : A → AutA, where χA(a) is

conjugation by a, i.e. b 7→ a−1ba.

Definition 1.1 [12] An extension of A by G of the type of the crossed module α : A → Q is
given by a diagram of morphisms of groups

1 // A
i //

1
²²

E
p //

ω
²²

G // 1

A q
// Q

where the top row is exact, and the square is a morphism of crossed modules, with the operation
of E on A given essentially by conjugation. Note that if A

q−→ Q is the automorphism crossed
module χA of A then conjugation within E defines the morphism ω for an arbitrary extension.

An equivalence of such extensions

1 // A
i // E

p // G // 1, ω : E // Q

1 // A
i′ // E′ p′ // G // 1, ω′ : E′ // Q

of type α : A → Q is an isomorphism h : E → E′ such that hi = i′, p′h = p, ω′h = ω. The set
of equivalence classes of such extensions is written ExtA→Q(G,A). Again, if A

q−→ Q is χA,
then this reduces to the standard form of equivalence.

Let µ : M → P, α : A → Q be crossed modules. Let k = (k2, k1), l = (l2, l1) be morphisms
(M → P ) → (A → Q) of crossed modules. A homotopy h : k ' l is a function h : P → A such
that for all p1, p ∈ P, m ∈ M,

• CMH1) h(p1p) = (hp1)l1p (hp),

• CMH2) (k1p) = (l1p)(αhp),

• CMH3) k2m = (l2m)(hµm).

The condition CMH1) is also described by saying h is an l1-derivation. These conditions are
consistent with k1, k2 being morphisms of groups, given that k, l are morphisms of crossed
modules. These homotopies define an equivalence relation on morphisms (M → P ) → (A →
Q) of crossed modules. This definition of homotopy is more special than that given in [22, 3].
See [2] for a discussion of the use of the more general homotopies in the classification of
extensions.

Our main theorem is the following.

Theorem 1.2 Let µ : M → P, α : A → Q be crossed modules. Let [M → P,A → Q]0 denote
the set of homotopy classes of morphisms k = (k2, k1) : (M → P ) → (A → Q) of crossed
modules, such that k2(Ker µ) = 1. Then there is a natural injection

E : [M → P, A → Q]0 → ExtA→Q(G, A)
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sending the class of a morphism k to the extension

1 → A → E(k) → G → 1

where E(k) is the quotient of the semidirect product group P n A, in which P acts on A via
Q, by the elements (µm, (k2m)−1), m ∈ M . The function E is surjective if P is a free group.

2 Relation with the classical Schreier theory

In order to explain the use of Theorem 1.2, we shall require J.H.C. Whitehead’s notion of the
free crossed module on a function w : R → P , where R is a set and P is a group [22]. This is
a crossed module ∂ : FC(R) → P together with a function w̄ : R → FC(R) such that ∂w̄ = w,
and which is universal for this property. That is, if γ : C → P is a crossed module and
v : R → C is a function such that γv = w, then there is a unique morphism (v′, 1P ) of crossed
modules, where v′ : FC(R) → C, such that v′w̄ = v. The group FC(R) may be constructed as
the quotient of F (R × P ), the free group on the set R × P , by the so called Peiffer relations
(r, p)−1(s, p1)−1(r, p)(s, p1p

−1(wr)p) for all r, s ∈ R, p, p1 ∈ P , and where ∂(r, p) = p−1(wr)p.
The module of identities for w : R → P is the G-module π2(w) = Ker ∂, where G = Coker ∂.
In the case P = F (X), the free group on X, there is considerable work on π2(w), see for
example [5, 14, 7].

Theorem 1.2 does not require that M be a free crossed P -module. However, the advantage
of having P and M free is that a morphism k : (M → P ) → (A → Q) can be specified
by arbitrary values k1(x), x ∈ X, k2(r), r ∈ R, where X, R are the free basis sets for P, M
respectively, provided only that αk2(r) = k1(µr), for all r ∈ R. In particular, if X, R are finite,
then the required data for a morphism k is finite. Further, if there is a finite set of generators
for the module of identities π2 = Ker µ, then the data for the extra identities among the
elements k2(r), r ∈ R, for k2(Ker µ) to be 0, is also finite. For example, the presentation
might be aspherical, that is the module of identities is trivial, in which case there need be no
identities among the k2(r), r ∈ R. This occurs for example with certain presentations of knot
groups, and with one relator presentations where the relator is not a proper power [17].

The Schreier theory of factor systems has been expressed in terms of the standard crossed
resolution C(G) of a group G by Brown and Higgins [2], following ideas of Huebschmann [15].
Here C(G) is defined in [15] and is shown in [2] to be the fundamental crossed complex of
the classifying space of the group G, with its skeletal filtration. Thus C1(G) is the free group
on G, with generators written, say, [g], g ∈ G;C2(G) is the free crossed C1(G)-module on the
function δ2 : G ×G → C1(G), (g, h) 7→ [g][h][gh]−1; for n > 3, Cn(G) is the free G-module on
G(n), the n-fold product of the set G with itself, with generators written [g1, g2, . . . , gn], gi ∈ G.
The elements of the C1(G)-basis for C2(G) are similarly written [g1, g2], gi ∈ G.

The boundary δ3 : C3(G) → C2(G) is given by

δ3[g, h, k] = [h, k][g]−1
[g, hk][gh, k]−1[g, h]−1,

and there are formulae for δn, n > 4, which do not concern us. Since C(G) is a free crossed
resolution of G, we have Im δ3 = Ker δ2. Thus the elements δ3[g, h, k], g, h, k ∈ G, give a set of
C1(G)-generators of Ker δ2. A morphism of groups k1 : C1(G) → Q is determined by its values
on the free generators [g], g ∈ G, and so is equivalent to a function k1 : G → Q. The morphism
k2 : C2(G) → A over k1 is determined by its values on the free generators [g, h] ∈ C2(G), and so
is equivalent to a function k2 : G×G → A such that αk2(g, h) = k1(g)k1(h)k1(gh)−1, g, h ∈ G.
The condition k2δ3[g, h, k] = 1 for all g, h, k ∈ G is equivalent to the usual factor set condition
on the function k2. It is equivalent to k2δ3 = 0, since the [g, h, k] generate C3(G) as a G-
module. Since C(G) is a resolution, the condition k2δ3 = 0 is equivalent to the condition
k2( Ker δ2) = 0, and Ker δ2 is the module of identities for the presentation of G given by its
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multiplication table. The fact that C(G) is a free crossed resolution, and C3(G) has a known
set of generators, thus gives a convenient set of generators of this module of identities.

Later, we shall give other examples of this procedure for obtaining generators of the module
of identities among relations, and so for specifying conveniently the 2-cocycles. Yet other
examples, involving 3-cocycles and a third cohomology group (with twisted coefficients), are
given in [8, 9]. These examples illustrate the computational utility of free crossed resolutions.

The extension E(k) corresponding to k has elements written [[p, a]], p ∈ C1(G), a ∈ A and
is the quotient of C1(G)nA by the elements

(δ2[g, h], (k2[g, h])−1), g, h ∈ G.

There is a bijection
G×A → E(k)

(g, a) 7→ [[[g], a]]

Then

[[[g], a]][[[h], b]] = [[[g][h], a[h]b]]
= [[δ2[g, h][gh], a[h]b]]
= [[[gh], k2[g, h]a[h]b]].

This is the usual multiplication on the extension determined by a factor system.
However our methods allow for the calculation of extensions using any free crossed resolu-

tion of G. In cohomological terms, this is not surprising. The cohomology set H2(G,A → Q)
of [12] is shown in [2] to be expressable in terms of homotopy classes of morphisms from C(G),
and so is bijective with the homotopy classes of morphisms from any free crossed resolution of
G, since any two such are homotopy equivalent, by standard methods of homological algebra
adapted to the crossed context.

3 Examples

In this section we give three examples which illustrate different aspects of the use of these
results.

The first recovers a classical description of extensions, in this case the classification of
extensions by a cyclic group, see for example [23].

The second example gives the classification of extensions by the trefoil group, illustrat-
ing the fact that no cocycle condition whatsoever is required in the case of an aspherical
presentation.

The third example shows how to describe extensions by a product of groups, using the
tensor product of crossed complexes defined by Brown and Higgins in [3]. This is another
illustration of the use of the non abelian methods of crossed complexes.

Example 3.1 Extensions by a cyclic group Let Cn denote the cyclic group of order n,
written multiplicatively, and generated by an element t, so that the infinite cyclic group is
C∞. The presentation 〈t : tn〉 for Cn gives rise to the free crossed module δ : (C∞)n → C∞
where (C∞)n is generated as a group by t0, t1, . . . , tn−1 and as a crossed C∞-module by t0; here
t ∈ C∞ operates on (C∞)n by (ti)t = ti+1, i = 0, . . . , n − 1 (mod n); and for all i, δ(ti) = tn.
This description of this free crossed module is given in [8]. A morphism

(C∞)n δ //

k2

²²

C∞

k1

²²
A α

// Q
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of crossed modules is thus specified by elements q = k1(t) ∈ Q, a = k2(t0) ∈ A such that αa =
qn. Further, Ker δ, the module of identities for the presentation, is the submodule generated by
the element t0t

−1
1 . Hence the condition k2(Ker δ) = 0 is equivalent to k2(t0t−1

1 ) = a(aq)−1 = 1,
that is a = aq. An equivalence (a′ : q′) ' (a : q) of such data is given by a derivation
h : C∞ → A, and so by an element b = h(t) ∈ A, such that q′ = q(αb) and

a′ = ah(tn) = abqn−1
bqn−2

. . . b2b.

This result is given in [23] ChIII, section 7. The extension group E determined by the data
(a : q) is the quotient of C∞ nA by the element (tn, a−1).

Example 3.2 The trefoil group Let G be the trefoil group with presentation 〈x, y : x2 =
y3〉. This is a 1-relator presentation whose relator is not a proper power, and so there are
no identities among the relations, as proved by Lyndon in [17] (see [5] for more information).
Therefore the extension data of A by G of type α : A → Q is given by elements qx, qy ∈ Q, ar ∈
A, such that αar = (qx)2(qy)−3. An equivalence (a′r : q′x, q′y) ' (ar : qx, qy) of such data is
given by elements b, c ∈ A such that q′x = qx(αb), q′y = (qy)(αc) and a′r = arh(x2y−3) where h
is the derivation F{x, y} → A given by hx = b, hy = c. Thus

h(x2y−3) = h(x2)q−3
y h(y−3)

= (bqxb)q−3
y (c−1)q−3

y (c−1)q−2
y (c−1)q−1

y .

The group E determined by the extension data (ar : qy, qy) is the quotient of the semidirect
product F{x, y} n A by the element (x2y−3, a−1

r ). Here F{x, y} acts on A by ax = aqx , ay =
aqy , a ∈ A.

Example 3.3 Extensions by a product The tensor product of crossed complexes as defined
in [3] may be used to describe extensions by a product G ×H of groups. Let F∗(G), F∗(H)
be free crossed resolutions of groups G,H respectively. The tensor product F∗(G)⊗ F∗(H) is
then a free crossed resolution of G×H. A proof of asphericity will be given in [7]. It is proved
in [4] that the tensor product of free crossed complexes is free on the tensor product of the
free generators, so that in particular F∗(G)⊗ F∗(H) is freely generated as a crossed complex
by ai⊗ bj , where the ai, bj run over sets of free generators of F∗(G), F∗(H) respectively. Thus
it is easy to specify morphisms from F∗(G)⊗ F∗(H) to a crossed module or crossed complex.
Further, generators for the module of identities for a presentation of the product G×H are the
images under δ3 of free generators of (F∗(G) ⊗ F∗(H))3, by asphericity. Such free generators
are of the form a3⊗∗, ∗⊗b3, a2⊗b1, a1⊗b2 where ai, bj run over free generators of Fi(G), Fj(H)
respectively.

This implies the following. Let 〈X; R〉, 〈Y, S〉 be presentations of G,H respectively, and
let I, J be generating sets for the modules of identities for these presentations. Then a free
crossed resolution F∗(G) corresponding to X,R, I is in dimensions 6 3 of the form

C3(I) δ3−→ FC(R) δ2−→ F (X)

where C3(I) is the free G-module on I, and similarly for F∗(H). Thus in dimensions 6
3, F∗(G) ⊗ F∗(H) has generators as follows, where for Z any set, Z̄ denotes a set of formal
generators z̄, z ∈ Z:

• dimension 1: X,Y ,

• dimension 2: R̄, S̄, {x⊗ y : x ∈ X, y ∈ Y },
• dimension 3: Ī , J̄ , {x⊗ s̄, r̄ ⊗ y : x ∈ X, y ∈ Y, r ∈ R, s ∈ S}.
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The boundaries are given by:

δ2r̄ = r, δ2s̄ = s, δ2(x⊗ y) = y−1x−1yx,

δ3ī = i, δ3j̄ = j, δ3(x⊗ s̄) = s̄−1s̄x(x⊗ s)−1,

δ3(r̄ ⊗ y) = (r ⊗ y)r̄−1r̄y.

Now the elements x ⊗ s, r ⊗ y have to be expressed in terms of the free generators in
dimension 2. This is done by using the biderivation rules

x⊗ uv = (x⊗ u)v (x⊗ v),

ωz ⊗ y = (z ⊗ y)(ω ⊗ y)z,

which are part of the crossed complex structure of the tensor product.
Note that in this example, we obtain nice generators of the module of identities for the

product, by applying the boundary to free generators in dimension 3 of a crossed resolution.
The above description explains the determination of extensions by a product of cyclic

groups given in [23]. Different conventions for the tensor product have been adopted by Baues
in [1].

4 The construction and classification of extensions

The main point of this section is the proof of Theorem 1.2, the classification of extensions of
A by G of a given type α : A → Q. A major feature of the proof is the construction, from a
morphism of crossed modules

M
µ //

k2

²²

P

k1

²²
A α

// Q

such that k2(Ker µ) = 1, of a “crossed pushout”

M
µ //

k2

²²

P

k1

²²
A

ik //

1

²²

E(k)

ωk

²²
A α

// Q

where ik is a crossed normal inclusion. We present this construction in greater generality,
by dropping the condition k2(Ker µ) = 1. Then ik becomes a crossed module with kernel
k2(Ker µ). This generality is not necessary for the extension problem, but it does reveal more
clearly the properties of the construction, and could be useful elsewhere. For example, when
M,P, A are finite, this gives, in the spirit of [8], another method for constructing finite crossed
modules.

Proposition 4.1 Let k = (k2, k1) be a morphism of crossed modules

M
µ //

k2

²²

P

k1

²²
A α

// Q
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and let K = k2(Ker µ). Let G = Coker µ, and let φ : P → G be the quotient morphism. Then
there is a commutative diagram

1 // Ker µ //

²²

M
µ //

k2

²²

P
φ //

k1

²²

G //

²²

1

1 // K // A
ik //

1

²²

E(k)
πk //

ωk

²²

G // 1

A α
// Q

such that
(i) the rows are exact,
(ii) E(k) acts on A so that ik is a crossed module,
(iii) (k2, k1), (1, ωk) are morphisms of crossed modules and ωkk1 = k1.
(iv) Given any other commutative diagram in which i : A → E is a crossed module and
(k2, f), (1, ω) are morphisms of crossed modules,

M
µ //

k2

²²

P
φ //

f
²²

G //

1
²²

1

A
i //

²²

E
π //

ω
²²

G // 1

A α
// Q

with exact second row, and such that ωf = k1, then there is a unique morphism fk : E(k) → E
such that fkk1 = f, fkik = i. Further fk is an epimorphism, ωfk = ωk, and Ker fk

∼=
(Ker i)/K.

Proof The group P acts on A via k1 : P → Q and the given action of Q on A. Form
the semidirect product group C(k) = P n A, and let ξ : M → C(k) be the function m 7→
(µm, (k2m)−1). Let C(k) act on M by m(p,a) = mp. Then ξ is a crossed module. Let
E(k) = Coker ξ, and write [[p, a]] for the image of (p, a) ∈ C(k) in E(k). Thus if m ∈ M ,
then in E(k), [[µm, 1]] = [[1, k2m]]. Let ik : A → E(k), πk : E(k) → G be defined by a 7→
[[1, a]], [[p, a]] 7→ φp respectively. These are well defined morphisms, and Ker ik = K. Clearly
πk is surjective, and πkik is trivial. Suppose πk[[p, a]] = 1. Then p = µm for some m ∈ M ,
and so [[p, a]] = [[µm, a]] = [[1, (k2m)a]] ∈ Im ik. This proves exactness.

Let E(k) act on A by
a[[p,b]] = b−1apb.

This action is well defined since

a[[µm,(k2m)−1]] = (k2m)aµm(k2m)−1

= (k2m)aαk2m(k2m)−1

= a.

This action makes ik : A → E(k) a crossed module.
Let k1(p) = [[p, 1]], p ∈ P . Then k1µ(m) = [[µm, 1]] = [[1, k2m]] = ikk2(m),m ∈ M . Clearly

k2(mp) = (k2m)k1p.
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Lemma 4.2 Suppose given a diagram of morphisms of crossed modules

M
µ //

k2

²²

P

f ′
²²

A
i′ //

1

²²

E′

ω′
²²

A α
// Q

such that ω′f ′ = k′. Then there is a unique morphism f ′k : E(k) → E′ of groups such that
f ′kk1 = f ′, f ′kik = i′ and (1, f ′k) : (A → E(k)) → (A → E′) is a morphism of crossed modules.

Proof If f ′k is a morphism satisfying f ′kk1 = f ′, f ′kik = i′, then

f ′k[[p, a]] = f ′k([[p, 1]][[1, a]])
= (f ′p)(i′a).

Note also that i′ap = i′ak1p = i′aω′f ′p = i′af ′p = (f ′p)−1(i′a)(f ′p). Hence this definition of
f ′k gives a morphism, since if p1, p ∈ P, a1, a ∈ A then

f ′(p1p)i′(ap
1a1) = (f ′p1)(f ′p)(f ′p)−1(i′a1)(f ′p)(i′a)

= f ′k[[p1, a1]]f ′k[[p, a]].

2

The lemma can be applied with i′ : A → E′, f ′, ω′ replaced by α : A → Q, k′, 1Q respec-
tively. This yields a morphism of crossed modules (1, ωk) : (A → E(k)) → (A → Q) such that
ωkk1 = k′, and ωk : [[p, a]] 7→ (k1p)(αa). In the circumstances of the Lemma, we now have
ω′f ′k = ωk.

The Lemma can be further applied to the situation of (iv) of the Proposition. This yields
a morphism fk : E(k) → E such that fkk1 = f1fkik = i, ωfk = ωk.

That fk is an epimorphism follows from the 4-lemma. Suppose [[p, a]] ∈ Ker fk. Then
(fp)(ia) = 1. Hence φp = πfp = 1, and so p = µm for some m ∈ M . Hence [[p, a]] =
[[1, (k2m)a]] = ik((k2m)a), and i((k2m)a) = 1. Hence ik induces an isomorphism (Ker i)/K ∼=
Ker fk. 2

Next we introduce homotopies

Ker µ // M
µ //

²²h2||yy
yy

yy
yy

y
P

²²h1~~}}
}}

}}
}}

K
i

// A α
// Q.

Definition 4.3 Let k = (k2, k1), l = (l2, l1) be morphisms (M → P ) → (A → Q) such that k2(
Ker µ) = l2( Ker µ) = K. A homotopy h : k ' l is a pair of functions h1 : P → A, h2 : M → K
such that
CSH1) h1 is an l1-derivation, and h2 is an l1-operator morphism, i.e. if p1, p ∈ P,m, m1 ∈ M

h1(p1p) = (h1p1)l1p(h1p)1

h2(mpm1) = (h2m)l1p(h2m).
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CSH2) if p ∈ P , then
k1p = (l1p)(α1p),

CSH3) if m ∈ M , then
k2m = (l2m)(h1µm)(ih2m).

Proposition 4.4 A homotopy h : k ' l of morphisms as above induces an isomorphism
θh : E(k) → E(l) such that θhik = il, πlθh = πk, ωlθh = ωk.

Proof Consider the diagram

Ker µ //

²²

M
µ //

k2

²²

P
φ //

f
²²

G

1

²²
K

i // A
il //

1

²²

E(l)
πl //

ωl

²²

G

A α
// Q

in which f : p 7→ [[p, h1p]]l, where [[, ]]l denotes the class in E(l), and similarly for E(k). We
first prove that (k2, f) is a morphism of crossed modules.

That f is a morphism of groups is clear since h1 is an l1-derivation. Let m ∈ M .
Then

fµm = [[µm, h1µm]]l
= [[1, (l2µm)(h1µm)]]l
= [[1, (k2m)(ih2m)−1]]l
= ilk

2m.

Also, if p ∈ P , then

ωlf(p) = (l1p)(αh1p)
= k1p.

Finally, (k2, f) preserves the action of P on M given by k1 since if m ∈ M, p ∈ P , then

(k2m)fp = (h1p)−1(k2m)l1p(h1p)

= (k2m)k1p.

Now (iv) of Proposition 4.1 gives the required isomorphism θh. 2

There is a converse to the previous proposition.

Proposition 4.5 Let k, l be morphisms (M → P ) → (A → Q) such that k2( Ker µ) = l2( Ker
µ) = K, and let θ : E(k) → E(l) be an isomorphism such that θik = il, πlθ = πk, ωlθ = ωk.
Suppose either
(i) K = 1, or
(ii) P is a free group.
Then there is a homotopy h : k ' l such that θ = θh.

Proof Let p ∈ P . Then

πl([[p, 1]]−1
l θ([[p, 1]]k)) = (φp)−1(φp) = 1
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Hence there is an element h1p ∈ A such that

ilh1p = [[p, 1]]−1
l θ([[p, 1]])k,

i.e.
θ[[p, 1]]k = [[p, h1p]]l. (3)

(i) Suppose K = 1, so that ik, il are injective. Then the element h1p is uniquely determined,
and in particular h1(1) = 1. That θ is a morphism implies that h1 is an l1-derivation.

Let m ∈ M . Then

[[1, k2m]]l = θ[[1, k2m]]k
= θ[[µm, 1]]k
= [[µm, h1µm]]l
= [[1, (l2m)(h1µm)]]l.

Since il is in-jective, k2m = (l2m)(h1µm).
Let p ∈ P . Then

k1p = ωk[[p, 1]]k
= ωlθ[[p, 1]]k
= ωl[[p, h1p]]l
= (l1p)(αh1p).

This verifies that h1 is a homotopy k ' l.
(ii) Suppose that P is free on the set X. We start the proof as before, but simply choosing
an element h1x ∈ A for each x ∈ X such that (3) holds with p = x. This function h1 extends
uniquely to a derivation h1 such that (3) holds for all p ∈ P. Let m ∈ M. As before, it follows
that

[[1, k2m]]l = [[1, (l2m)(h1µm)]]l.

Since K = Ker ik, it follows that there is a unique element h2m ∈ K such that

k2m = (l2m)(h1µm)(ιh2m).

Using the fact that ι is injective, it can be proved that h2 is an l1-operator morphism. So we
have a homotopy k ' l. 2

Now we come to the general classification theorem. We write

[M
µ→ P,A

α→ Q]K

for the set of homotopy classes of morphisms k : (M → P ) → (A → Q) such that k2( Ker
µ) = K. We write XSA→Q(G,K → A) for the equivalence classes of crossed sequences (4) of
type α : A → Q, where an equivalence

1 → K → A
i→ E

π→ G → 1, ω : E → Q (4)

1 → K → A
i′→ E′ π′→ G → 1, ω′ : E′ → Q

is an isomorphism θ : E → E′ such that θi = i′, πθ = π, ω′θ = ω.
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Theorem 4.6 There is a natural function

EK : [M
µ→ P, A

α→ Q]K → XSA→Q(G, K → A)

such that:
(i) EK is injective if (a) K = 1, or (b) P is free;
(ii) EK is surjective if K = 1 and P is free.

Proof The proof of this has been given except for the proof of surjectivity, that is the
construction from a crossed sequence (4) of type α : A → Q of a morphism k : (M → P ) →
(A → Q).

We refer to the following diagram:

1 // Ker µ //

k3

²²Â
Â
Â M

µ //

k2

²²Â
Â
Â P

φ //

k1

²²Â
Â
Â G //

1
²²

1

1 // K // A
i

//

1
²²

E π
//

ω
²²

G // 1

A α
// Q

If P is free, then the morphism k1 exists such that πk1 = φ, and we set k1 = ωk1. The
morphism k2 is then uniquely determined if i is injective, i.e. if K = 1. 2

In the general case K 6= 1, there seems no reason for the function EK of the theorem to
be surjective, even if P and M are free. The problem is that while one can in the latter case
produce a morphism of crossed modules k = (k2, k1) : (M → P ) → (α : A → Q) such that
k2(Ker µ) ⊆ K, it is difficult to ensure that k2(Ker µ) = K, except in the case K = 1. This
problem is addressed in [10]. Thus this theorem leaves us with the problem of determining or
characterising the image and kernel of these EK in terms of properties of M

µ−→ P, A
α−→ Q,

and K.
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