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1. Totredniien

Phe nobions of topological and of Lie groupoid were introduced by Hnees
HAKN In b sevies of papers for applications to differential topology and geometay.
More récent indevest in sopelogical wroupoids hes come from the construction for
& fopologiost groupold I of » clagsifving space B, fAE) ASE A KIS and the nee
of B, for elassifying folintions and consteacting charactexistie classes of ntiations
while furiler interess in Fie groupoids sinnes from applications to Lie egustions
[A 2% However # i noticable thet meny of the basic copstenciions for topeoio-
gioal groups or abstroct groupeids have not been developed for topologieal
gronpoe.

Ome sramphe of this s quotionting. For topojoieal groups thia s a sriviality -
iV is o novmal suberesp of the tepodegical gronp ¢ the identification mapping
G R s an open mapping, and thie makes it sasy to prove contimaty of the
comprsition i GAN, For a sopologieal wroupeid & and normal sebgrowpeid X,
the sbeteact puotient VN definsd by Hieorss [7] can be given the 1dentification
toplogy, but the pronf of comtinuity used n the group case breaks down, so
we present a different sensruction of & topolegy in G4 making # a topelogieal
grnupoid with the spyropriade wniversal property s we are sbie to give seme suffi-
vient conditions for thin topoloey to agree with the ideniifieation topology,

This appazent disadvantage of topelagieal groupolds hor compensations.
We gineralise the noetion of guotient to thas of fovming the topologiond gEroud
4R where B s ooset of relations on & fe. s o subses of (0 Thin consdrustion
then genesraiises not soly the guetient, Tt gives s topologiond veraton of Hoans’
wmiversel growpoids UJAE 7). A spoial case of this comstruetion is thas of tha
universal topoiogicsl group of a topologlad groupoil, whish itsell specinlises to
Tree topologioal groups (5, 17, 15, 18] and free produots of fopelogicad groups
5, 11, 12, 18] thus solving & well-hnown problerss 81 of @iving one constmetion
epntaining the lest farg,

An afiernetive construction o these given here condd be cbiained by working
in w sonvenient catemory of fopoiogical spaees for which the pulkback of identi-
figation maps i an identification map, However the methods given hese apply
b the ordinary topelogion] caterery as well as to comvediend ones. '
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2%d Brows/Bardy, Topatogioet groapoids

In order o give an ides of fhe seope of sppilostions of topologion] and Lie
grovponls, we have sppended a BibBography on this fopio - wa ave gratelu] o
. Vimsrs for help in preparing tids

A seowel bo dhis paper will deal wih Gapaces sexd topelofical corvering mop-
Pl

2, Aain resubls

Our serminolosy Tor cadegovies Tollows that of [R], cxeent thet
(it Fhe lazus cstecory of sl smaell cakerories s written £ and she large catosory

of wl} smadi oraupoids is written 5. '
ey A cetegory whose ondy artows e Wesstities is valled potnflile — the derm dis-

oretenssd in (8} aad elsewhers would cavee contusion for dopologioal calegories,
F3) TE O s eebegory, we weite G (2 for its class of objects andd 06 £7 means o
foan arroaw of £ '
fiar) The domadn and codomadin moaps are writden & amd & respeetively.

ur mads soneern is with #he entegory FF of topological groupoids. However
the rmeshods give sasily resuble on fopelogieal categores, and o we consider also
the sateyory o £ of topokogiosl categories. The definifions are as follows.

A dopologieal wfegory € over X s & small citegory with trpodegies on i
nhgect set X s 00 {0 and s sed of serows sash thad fhe slruetisre Senotiong
A& el and o187 . 10% are coubinnony on bhelr dowmabns. A fopolegics! groupeid &£
woa fopelogion] calesory whose vnderiving esdegory i2 o growpcld, nsd sach
that the inverse function et is contlomns A morphism of topoiogioe] onte.
gories groupaids) B s mevphivn of categorvies, be s Tunclor, which Is comtinnous
or both obigeeds and azvows,

The following examples of topological oategorvies wand groupoids are well
B, Tt e given here as ey aze espentisd laten

Sxape 1 A topologicn] groupn can De oregarded as s lopolgiesl groupeid
with only ene objeci. The digjoint union of topologieel groups & & Sopologioul
groupoid which is net o topologiesl grome

Fxample 2 & fopologiosl groupoid ¢ is peinidibe i the only elements of &
are identities, o this cese we identiy & with Ob (Fh B X i s sopologionl spaos,
we write X oalse for the essentinlly wmique, podntiihe fopolorienl gronpeid with
shject spaee K. Notice that X s an initisl object in the eategony FF8 whoge

objetts efe topoiogicad gromeids over & and whoze morphivms are siovphisms of

FF which are the idantiiy on ohijsote
Example 3. Let X be o topologoad space. Theo X determines s topologics]
groupad over X whose set of arrows is X (X and with composition given by

momnorphle b FEAY Lo X0 X s called o fren tupelogical groapeid over X Clesrly
A X s w terminad obieet in the cagegory FI3/E of the previcss example

e
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Exampie 4 Lot {03, bea family of topologioal categories, Then their produet .
topoisgical cotegory O j f © Is easily defined using the produch topodowy on
A k
beth objects and arvows, I each € ks a topologiend growpoid, so alee i €0 Similiy
the sogrodiet (ur diagoind wislon) j 3{1“. i will-defined, and i o topologieal gros-
Ly
poid i and only feach s 8 topologiond gronpeid,
Example 5 {Fanwswaryt A topologiesd gronpoid & over X i gledelly drivind
H thers i an wn b X saud & continnens fenetion 28 0 snch that Kalefa, »)
for sl o in X B i eney to see that & s globadly trivial i end ondy if & is omoerphis
i FELK o et A ) A, where Gt s the sroup Gz, 2). {Locelly frivial pron-
privkcs will Tre dBasciseed i o aequel.

Example 8, Let O be o topoiogiead caterory, Then o subeatepory D of £ with
s wabspace topoloyy i o fopological eategory, If € & a topologicel groupoid
ond I s g spboroupeid of O then £ with its subspace topology s & fopclogioal
groupcid, 17 foliows from this thad egnelisers oxist in bosth ¥ and 7%, and from
this and Exampls 4 that these sadegorien are complete. Oune of the aime of this
pner i o prove these categories cocomydeis.

Example 7. H © s an abstract eategory, then we ean form twe dopologiend
otegririns H AL Ir.lf(ﬂ by wsing respeciively the indisorete and diserete topoe
Eogries o h(:fth alpects and arvews. o fact Lf K, @ B frmetors which ave regpec
tively left and richt adjoint fo the forgetfnl Lmlrte}rfff E e B aad B consmpuano
1 that F jo PRESET Ve Barth it and colbmite. Similazly wo hove famctors L{f" Rf,
FF8 which are loft and right adioint to the furgetdsl funco Fﬁ,: T

We now come bo oun main definitions. Let 0 be o topologiond eategory, and B
wary subses of OX00 o we wish fo define and then copatreet, » fopological calegury
R I which the veladions a=06 for (o &) B B shadl held. This is easily defined
by wosndversad praperty, but for the applicantions we want & move goneral sifnadion
inowhish we insish that O/ shall be an object of some mbostegore 7 of JF7E
Fwe usednd cases are (1.7 =578 here O7R s simply the topciogieal category O
with relations A, and {38 F a8 s _ﬁ i empty: then the Floategory ¢ with

velabtiong & s an oliect £ e af I, and £ >~{* Tt reﬁemcmimm TE e S Tepienl

spplestions of the aumzd wREc are whes -:f Foommd owhem 0 is e cadegnry of

Havsnonwy topelogical cabegonies for gmu;]{}édh 1,

Ihefinifions. Lot 3 be asebentesory of 78 leg © Te any topologion} categoly
anedd & amy subeet of O x O The Foategory O with selations B congizts of an object
(."i { Eol 0 und oo phism g e s S of topolagioad cadegories sach that

I {a, Bye B then pm,&—-prb]

J H Ef z<‘ A nFJWL DV M}{E L F'f e A mm-phi&m of ii:pmh}gi{*&i “Ei:ﬂgmim

_r-.'ﬁ'-w*
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If sneh o Foeategory O with velations B exisis for ol objects € of 778 and
subsets B oof Ox0, then we say F'F admils arblivary relefors with valnes in 77,
Tot the case J = 78, this is shbreviated to 076 edmits arbifrery relefors, snd O ;:?v- g}ﬂ
o ahlireviated 4o (7R '

Bimilar definitions spnie o the category 5F,

Some comditions on 57 ave clearly yweing 1o be nesded for arlitrore relators
with vadues 0.5 fo exish -

Let " be p il subestepory ol J7E Wesay 77 admits arbitrary subobjects If for
any object € of F7any suboategory O of € with Hs subspace topology is also an
object of & M. is o full suboategory of ¥, then this condition f reguired to
hotid only for subgroupaids of obiects of 7

e eadn fheotem &

Fhoorean 1. fwt F7 be g full, now-empdy subsategory of 58 suck thet 5 admids
arlttrary sulcddects and o olosed under the formafion of arbitrary j‘?? etz Then F 8
admits arbitrary relutors with vobees 18 3

The proof will e given in § 4

Corallary 2. The cotegory 578 ndmade arbltrary relofors. This i the sase e FF
of Fhenresn £

We shail need to know $had iF € s o topolesicad groupoid, thea o alse is the
Bopokogion] entegory 7R,

Lt €2, Fo 7 sndindy She conditions of Theorem. 1.

Peoposition 8. 0.7 includes I for every object Db of .77, wnd € da e fopologiond
grotcpoid, then zo wle 45 f_;‘j_R Clanseguendly the aslogory 75 admits arbitrary

§ 4. The fast part of the Proposition adse follows
fram Theorem | with ¥ =375,

We nnw sherw that 1'-3?# above yesults impdy the well known vesult thai abatracd
chtecnries admit arbitrary relators. More genwerslly, let 7 be o 16l subeatesory
of £; thesn we san define s oan obvioss way whod s meant by 7 being closed
znder wrbitrary snboebjects sad arbilrary produsts (as nsuad, when the ebjecis of

veldors. Fhe prood js gz'swn v §

A ave groupaids, then by a subobies! B omeand a subgroupoud),

Corotlary 4. JF . sdmife arhitrary suboliests and products, fhen & odmils
cirbiteary relodors with voadiss in

Tl ;’}“{'l{}f e 9{“ £IL 'II'E 8§

W womid also like to *Liﬁ-?.-iﬁz'n'a';n@ i the topedogioal ense the underiving cadepory
of the J-oategory 0 with relations B,

Let € be a topolopicnd oatesory and B & subsed of O30 Bet ¥ sadiuly the
senditions of Theorem 1, anst It 7 be the fallsobontegory of £ on the wsdalying
eategorien of the objects of .

¥, tlen there by an desmorpldam of Fealegories

£,

Propeosithen b, If R.rf(f_‘f}i :
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Frool, 1t may be cheded that the Swo morphiums
' . -l:. {I - . ". ! ..::-'I .... g
L .E:{{L‘] - g{Fﬁ{{E);‘fﬁ}

froth define the J oategory B r._f'fi_{?} with rebadions B The veandt follows esstly.

Propogitions 5 may sob be frue witheut some eondition on 7 sueh os that
given. For example if 5 consiste of all Haveporey topological categeries, then
€ o0 will e Havspoay®; so that i € iy 2 non-Havspoeivr, pointiie category,

A

andd B iz empby. then the projection e B will net be s bijoction of sets,

Corellary . Let 7 be o topolagioad cafegory whose wonderlyping cofegory #5 ¢ grone.
potd, Then O admite o cosrser fopology making # o fvpologieal growpold 7 and
aueh ket e morphism O =G by wateorsel For sops of & o topologiced groupoida,

In fact & can be token to be the J¥category & with emydy relations -
Froposition § shows that & snd 67 buve the sains manderiving grogpoid,

3. Appheations

&1, Quottent proupoids. Les & be o wide normal suberoupeid of 8 topoiogiosl
grvrapal £ {by which i meant that fov anv o, w9 OB LV} snd od Bz, i), el ix) =
s {y) ok We say werows @, b of €F bridge ihe same components of & i theve sre
artows v of & such that b=v'ar. Let vz define an equivnienes Telation B on &
by (o, SR H and onldy if e=b o o, b bridge the same eompenents of A Then
the topologicad groupeid & with relations £ iv well-defined; it i called the quotient
fopotopieal gronpotd and is written G0

B s olear that g 00N sntiafies the universal properey: i 1 @ H s any
merphism of topological moupoids sueh that AN s pointiike, thes theve 5 »

of ihe underlying gronpolid of (7,

B the cage 6 i o sopological group, the identification topology on GV mekes
N topolomieal gronp, and so the above topology rnd the identification topology
coipeide, For the growpeid cese we have only & partiad result,

Proposidion 7. Fef F b oo Docadly compoc], Hatsnortr fopodogicel growpoid
aaid N o eompact normad subgroupotd. Then ihe guotient movphiom pr G GIN
g et defeetifioation wmap.

The proof s given in § 4

Remarks. 1. We have oo example for which p: -0/ N cun be shown not
to e an identificalion wap.

2, Hoapewer 43b (g1 O {60 ODIGAN) Is an identificsdion mayp. For ssppoze
FrOBIGIN - F i osuch b FeObipt iz contipuons, Tefine g G- F ¥ by
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Brown, Hardy, Topoiogical grovpoids &7

identify Oh () with the pointlike groupoid on Ob (€ so thal we have an in-
sluzsion morTphizm 2 Ob (000 By 332, we can form the pushout

o
b 0 s X

i
£ s £7 i
o

Peopasition . b ) i o houeomorphism.

Fhe prood witl be ghven in § 4

By virtue of Proposition 2, we may withoud loss pasueme Hhet I 00 i bopo-
logical category over X Wao refer fo o 0 I 400 as the wniversal smorphisn
determired by o0 Note alse that by 8.2, 1 ¢ iz 0 tepolegiesl groupoid, shen so
aiae 1y L7040, :

Coreliary ¢ shows tht we have given anothsy poood of $hoe existenoe of universa)
categories atnd proupoids m the abstrect caze [7) Proposition § shows thad the
wiaderlving eateoory of 700 is exactiy that given for the nbsireat case. This
iraplies that ¢ s injective on the non-ddentity artows of €

2.5, The wniversal lepologbead group of 2 topelogies] sroupeid, Lei 7 De o
togedogien] groupoid, sk let o0 08 @7 P be the unigne fancdion &0 o singlebon
B Then T6Y i o topologionl grouy ealled the wudversal fopologiosl groug of &
wa write DO Lo 060 Cloaxly & T s aniversad or morphizms of (7 Dnbo Topa-
fogrical imons .

&6, Applieadions fo topologiesl gronps. We mdieate briethr how the above
eonstrnetions apply fo give fee topoiogiont pronpy snd froe prodects of fopoelasionl
UFOUE, _

{at K Do o fopologiond space, also Tegarded aa o pointlike sopologiond groupeid,
Lot ALY be the smiversad group of she groupoid X, awnid beg f1 X FH{X
b the conbinuess mapping e o ¥e, O Then £ s universal for eontinuons mappings
of X fato dopologicsl qrongs, (v i verified exactly as in the absieact case 15, ¥
sz FA{N i the free Manyov fopologisal group on X 19

The GRany Free topological gromp PEIXDY (8] 2 delined for a spece X with

deseription of PG

Frapositien $ JF X & o fopologiond spece with bose podnd, fhen 0 {X XD 4
tsomarplidc ve topological growg to FLR

A prood is given in § 4.

Fimally, the free product of topologpcal geoups iz simply the universal group
cF their disjolnd usion,

;
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Fed 4 bre the set miven by Proposition 4.3 Then § i non-empty (the trivial
eaderuTy with one object and tne element is an ubje{zt- of 7 mnee. ¥ iz nom-emply
and sdrabla axbrvary subobjecis)

Let £ be the yroduct of the objecis I, ¢ %{3, wrnf b g O F bethe FE
smirhism with somponents ¢, e By our nesuinpdions, Lo oan object of 55,
ui I3 the swbeategory I of L penerated by g Lot po o 2 be the resiviotion of ¢

Tt s newr 0 standesd argument fo show, vsing Proposition +.5, thud g O D
Tresents £ as the & -oategory €F with relatioves B

Froof of Propositton 8. Led &0 O b the sdentily sntimorphism, and
lede B9 e 0 £3 LY B B oemsily werified thas the fwo antimorphisins

£ G;&-H —~i {.-‘{F-R i
£ ----{'3"‘*’_.»"{. ol

'Hup;ai)w now £ s s topologicad groupoid. Let B=fla-1 b7y {s, B2 &)
Then {1 €7 & satinfies the relations B i and only # f 2 .:él.i-lnﬁea the relations H.
Henee (.?;:_V_If ::C.-’JE.

Bt 2o 1w O be the lsomarphism of topaiogical grouposls sesa” 2 Then
(e} (M= 8, and wo 2 induses an somorphism =% 00 ?R—F(J i j’,,ff i we
obfain sn womoerphism, »") [R5 B[ (loarly » is beab 1 Fherefore qu B
5 & topodogial gronpoid.

Proof of Corollery 4. Lot ¥ be the full subestegory of 57 of adl topologienl
categories whose wnderlving catesory is sn object of 7 Clenrdy J7 ade s arbitoary
su};r(siaject% il 'pr{}duﬂifs

A A hﬂll thers is a murphmm j}.{ «-C" _,.r”R méfa{;r:,g_\ If_r“’.'r; ?_hs, J {.@LGIL;L}!"; U’
with relations K. Bud then it is essv 4o cheok that Fg[ AN hFr,{f*" £y is the
Fooaterory O with refations B

'{*i‘maf of l’rc};wﬂitim‘ 7. Let # be z’he Esbﬁt?‘l{‘i' ;1‘{)5,:1301& ﬁfr"- & w*ﬁh Lhe ide nti—
to 1}}1)*.{; f.-lmn:: { M ?.{}_[Jt'}lﬂgli-li-i gr{mp{mi} i ?:ha,-%, L-im at-mv-tme .h;m-#:mm G
vondinous, _

The continoiiy of &, 807 0Oh (67, id: Ob (0 07, and the inverse funeiion
{7l folloes ons '-ilvu feonn the continuidy of fhe corvesponding maps for & and
the faed that G0, Ob ) - 0b {67} are klentification maps. The only diffienity
is paoreing f-un*é-inulz-}* ol compoation,

Since O {64 15 Havsporys, the domwain X of ihe composition map & i
g closed I Gy,

We pow peove po @ s oa proper map. By 127 p 105, Proposition 9 we
need orly prove thas she pesturstion of ereh compact set of ¢ s compnet. Let O

e TR
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e o compact subsed of & Flen prip(C) = NON, Now ¥ (3 ¥ p) (F O, Since
A e compact, 80 wdso is F 0 sipee K N0 s cdosed i N 00, i i compast
Henee N0 s compact, Bimilarly FOX is compaet. 30 p i proper, Honee p=a:
G~ 2 e closed miagn Bet G506 s closend i G Henve p ¥ e G356
GG w chossd ey, azed Benes anddeniifioadion mep, Continuity of compe-
sibion in 7 fodlows.

Prood of Propesition 8, Let X, be the whbendegory of X 2 X with aavows
L, 1) suoh thad either @ =3 oy there b an arvow 0 with domain amd codomain
objecty in o7 ), o Yyl respictively, Tet 7 X X be the inciusion of the pointile
category X and et ¢ 0 3 be wes (o8 ), ¢8a}). Then gijo, and so there iy a
il msorphism g% 800, sueh that #%F =g, 0% =3, The lash sondiion

abstrack cass and so Tollews for the topoiogioal cased, Ho B {17 i & homeomor-
JRATENEEN

Troof of Proposition &, Led o0 X X 87 { X3 X)) be the universal morpliso,
Fonnid kot by X U7 (X =AD be wreo™e, ol Then Be) is the identzsy,
Buppose g0 XI5 any continuous Fanclion to a tepological groap £ such

H

Lisad gied i the identi, We it prove uniqueness of a morphsm b I (X 2 X - H
sk thas Aleeg Siven il g, we find
ha s, y) sty gla) !

wis Bk Ao, sl henoe B s determined by g

Comversaly, 5 XX =0 i dalined by Bl g giy) gl 5, then &7 3 a
morphism to s fopoelogieal wrosg, and so defines A O (XA - sueh that
K b whemoe =g

This vezifies the reguired universal properiy for L

5. Prehlems

FooFind s topelogiend groupeid 6 and tolally dluconneeied pormal subgroupoid ¥
snah sl 5 -

2, Find o topologiea proupoid & and normal subgrospoeid & sueh that g & 008
I nod an ddertificadion smappiteg,

B Lot 7% 3 8 e the incusion. Doees § possess w right adinint? Note thad in
the abstraet csse 2 right sdjelng s covstracted by assigning o any category
e anbyroupoid of bvertihie ebmnents.

o Baed 6 b a tomologicad grompold over X snd 50 X ¥ wocontinusus fanction.
Woo Ipow % G 000 Is comdingous, and B injective on the set 0% of none
idendity elements. Ussder whet clrewmsiances s 0% o homeosorphiso
mbe! Notioe that i the case &= X8 and ¥ iz a point, then o necessaxy
pordion for o™ to be o homeomorphism pvie b that X be completely
repreiar [ 167,

CHY

B opod fE opern LRt




BrowniHardy, Fopologios] groupeids ik

#. Graev has proved that the free product of Hansooner topologionl groups s
Havsponrr, Thissugrests sthe guestion: if ¢ 2 & Havsporrr topelogicad gros-
poid over X, o; X =¥ s comfinuens, and ¥k Hausoonre, is then U760
Havaporsr?

% Belste ihe alpebraic topolezy feg. homolosy gronps or homoltopy dvpes) of
E000 aaed 44, Phe only result thas seesws 40 be Tnown on this problom & o the
pige F e & X when D=2 PR H X s w connected (W -complex, than
FELED s known to b of the homotopy tvpe of the nops on the suspension
of X140,

- At owre be proved oo shrdar fashion o the absipact cane {3,068 [Corollary )
in T3E) that 0 6 s 6 glebadly teivial topological groupoid over X then UG
i wommorphic o the topalogical free prodect Sat ¥ FOLXNL Find an examople
wheve this lsomurpdidam is true abedratly Dot nol sopologicaiiy,

Moo addsd in peood
Progress Bas been mnde on some of thees probletos,

3. An examide wish & finHe his been given by Julis Berger.

Ao T6 s peoved i [A 3] thot L7060 is Flavedord i€ je s HAvsnomes & -gronpodd
fmeer uluo [A 600

G- Hardy and Puppe have determined in {4 667 the homelopy type of the
ehnssiving space BU 0% nader uselnd condittony on & I partionier, wnder
thefr conditions, BUE o BOAGH,
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