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In order to show that H has the product topology with respect to the decomposition
H =V @ F, it is enough to show that the corresponding projections 7;: H -V and
my: H-> F' are continuous. But this is clearly the case, since 7} = m;—fom, and
7y = m,+ 6 om, Hence the decomposition B = (Bn V) @ (Bn F’) also has the direct
sum topology.

CorOLLARY. If F is a discrete free Abelian group, then any closed subgroup of R* @ F
1s algebraically and topologically of the form R* ® C, where C is a discrete free Abelian
group, and any Hausdorff quotient of R* @ F is of the form R* ® T° ® D, where D is a
discrete group and a, b, ¢ are non-negative infegers or co.

Proof. Since R* is divisible, we have, for any closed subgroup B of R* @ F, de-
compositions R* @ F’ and B = (Bn R®) ® (Bn F’), where F' is free and discrete.
By Theorem 1, B n R=is of the form R? @ Z¢ and R®[(B n R®) is of the form R®* @ T.
Since Bn F’ is a discrete free Abelian group and F'/(Bn F’) is discrete, the corollary
follows.

We now introduce a category Py, whose objects are all those topological Abelian
groups which are sums of a discrete group with a countable (and so possibly finite)
sum of copies of R and T. The morphisms of 9 are the continuous homomorphisms.
Our main result on sums is:

THEOREM A. Every closed subgroup, and every Hausdorff quotient group, of an object
of Dy is again in Dy,

Proof. Let R* ® T° @ D be any group in Py, where D is discrete and b and ¢ are
non-negative integers or co. There exists a quotient morphism

Pp:RPF>R®Te® D,
where F is a discrete free group. Hence any Hausdorff quotient of R° @ T¢ @ D is
also a Hausdorff quotient of R® @ F and so by the Corollary of Proposition 5, it is
in 95. To complete the proof, let B be a closed subgroup of R®*@® T¢@® D. Then
»7Y(B) is a closed subgroup of R® @ F and so, by the same corollary, p—(B) is of the

form R? @ F, where F, is discrete and free and d is a non-negative integer or co. Since
B is a quotient of p~1(B), it follows that B lies in Ds..

3. Duality between sums and products. By a duality between Abelian topological
groups @ and H, we mean a bi-additive pairing ¢:G x H— T, continuous in each
variable separately, such that the induced maps ¢¢:G - H* and ¢#:H - G* are iso-
morphisms of topological groups. Here the character groups G*, H* of G, H are, as
usual, the groups of continuous homomorphisms into the circle group T = R/Z and
they carry the compact-open topology.

In 4), Kaplan extended the Pontrjagin duality theorem to products and sums of
dual groups. In this section, we state his main theorem and prove, in a form suitable
for our purposes, various other results implicit in (4) and (5).

Karran’s THEOREM. Let G, Hy(AcA) be Abelian topological groups and suppose
that, for each Ac A, ¢,:Gy x Hy—T is a duality. Let G = T[] Gy and H = 3, H,. Then the

AeA AeA

pairing ¢:G x H— T defined by ¢(g, h) = T,(gy, k) i a duality.
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In this theorem, II&, is the usual product with the Tychonoff topology, and TH,
is the direct sum with the ‘asterisk’ topology (see (4) for the definition of this). Kaplan
shows that when the indexing set A is countable, the asterisk topology is the same as
the rectangular topology which we have used in section 2. The only other fact we
shall need about the asterisk topology, is that it is always at least as fine as the rect-
angular topology. Note that the sumXg,(g,, 4,) is finite because each % = (h,) has
only a finite number of non-zero components. We shall always consider the groups
Gy, Hy as subgroups of IIG, and IH,, namely, the subgroups consisting of all
elements whose uth components are zeros for all 4 # A; with respect to this em-
bedding they carry the subgroup topology.

For any pairing ¢:G' x H— T and any subgroup 4 of G, the annihilator of A in H

is the subgroup A= {heH; h) —0 for allacd).
Similarly, for B< H, B°={geG; ¢(g,b)=0 for allbeB}

If ¢ is a duality, then G° = {0} and H® = {0} We shall say that an Abelian topological
group C is reflexive if the natural pairing C* x C > T is a duality, that is, if the cano-
nical map C - C* is a topological isomorphism.

ProrosriTION 6. (i) Let G, Hy, ¢,, G, H and ¢ be as in Kaplan’s theorem. Then
G, = (H}) and Hy = (G})°, where 3, = [1 G ,and H), = 3 H,.

pEA pEA
(i) Let ¢:Gx H—T be an arbitrary duality, and suppose that H = ¥ H,, where
AeA
the subgroups H, of H are reflexive. Put Gy = (X H)® Then G = [I @, and
pEA AeA

(g, k) = Zoa(ga k), where ¢, is the pairing G x Hy— T induced by ¢. Furthermore,
each ¢, is a duality.

Proof. (i) ge(H))°<>p(g,h) = 0 whenever h, = 0
< @9, H,) = 0 for all o + A.
But ¢, is a duality, so the annihilator of H, in G, is trivial. Hence ge (H,, ) <=g,=0
for all 4 % A.

(i) Let K, = H} and let K = ] K,. The natural dualities yr,: K, x H, - T induce,
A€A

by Kaplan’s theorem, a duality ¥: K x H— T, with yr(k, h) = Zy, (k,, &,). The duali-
ties ¢:G@ x H— T and : K x H— T induce topological isomorphisms ¢¢:G— H* and
K — H*, so there is a topological isomorphism ¢: K — G such that ¢%06 = X, that
is, ¢(O(k), b) = yr(k, h) for all ke K, he H. Since, by (i), K, is the annihilator of H} in K,
its image under 6 is precisely &, and it follows that ¢ = I1&,. Also

$(g, k) = Y(674g), k) = Zera(672(9), a) = ZPalg, Pa)-
Finally, since H, is reflexive, {, is a duality and it follows that ¢, is also a duality.

ProrosITION 7. Let ¢:G x H— T be a duality, let B be a closed subgroup of H and let
A = B°. Suppose that H has a decomposition H = XH,, where the H, are reflexive groups,
such that B = LB, with B, a closed subgroup of H, for each A. Let the corresponding
decomposition of G, given by Proposition 6(iii), be G = IIG,. Then A = T1A4,, where
A,=AnG,
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Proof. We have G, = ( 2 H,)° so A, = An G, is the annihilator of B, in G,. Hence
I14, annihilates B, that is, HA 2 © A. On the other hand, since 4 annihilates B, for

each A, we have 4 < I14,. Hence A = I14, algebraically, and its topology, being
induced from G = I1G,, is the product topology.

ProrosiTION 8. Let ¢p:G x H—> T be a duality and suppose that G is a product of
locally compact groups. Then, for every closed subgroup A of G, we have A% = A.

Proof. Clearly A% > A, so we suppose that g is an element of ¢ not in 4 and show
that g¢ A%. By Theorem 2 of (5), since G is a product of locally compact groups,
there is a character y of G which takes 4 but not g to zero. Since ¢ is a duality, y is
induced by an element % of H, which must be in the annihilator 4° of A. But

$(g, k) = x(9) + 0,
so g¢ A%,

4. Closed subgroups and quotients of products. We are now in a position to translate
the results of section 2 into results about products.

THEOREM 2. Let G = [] R, be the product of a countable number of copies R; of R,
i=1

and let A be a closed subgroup of G. Then there is a decomposition G = T] G; as a product
i=1

of subgroups G, each topologically tsomorphic to R suchthat A = I1A;, where A; = An G,.
Hence A is topologically isomorphic to a countable (possibly finite) product of copies of
R and Z, and G| A is topologically isomorphic to a countable product of copies of R and T.

Proof. Let H = § R; = R=*. Then, by Kaplan’s theorem, there is a duality

i=1

¢:GxH->T
given by ¢(g, k) = E} g;h;{mod 1). Let B = A°. Then B is a closed subgroup of H and
i=1

therefore, by Theorem 1, there is a decomposition H =3, H;, with H; ~ R, such that
i=1
B = %Bz., where B; is a closed subgroup of H; for each 7. By Proposition 8, B® = 4,
i=1

so we may apply Propositions 6 and 7 to obtain decompositions G = [] G; and
i=1

A =TI A;, such that A, = An G, and such that ¢ induces dualities ¢,:G; x H;— T.
i=1
Since H; ~ R, it follows that ¢; ~ R* ~ R for all <. Also, the closed subgroup B; of
H;,~Ris 1somorphlc to R, Z or {0} and H, /B, is isomorphic to R, T or {0}. But 4, is
the annihilator of B, under the duality ¢,:G; x H;— T, so it follows from the duality
theory of locally compact groups that 4; ~ (H;/B,)* ~ R, Z or {0} and that
G/A; ~ B* ~ R, T or {0}.
Hence 4 = 14, and G[4 x~ I1(G,/4;) have the stated form.
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CoroLLARY 1. If G s a countable product of copies of R and Z, then any closed sub-
group of G is also a countable product of copies of R and Z.

Proof. G can be embedded as a closed subgroup in a countable product of copies
of R.

COROLLARY 2. If ¢ is a countable product of copies of R and T, then any Hausdorff
quotient of G is a countable product of copies of R and T.

Proof. G is a quotient group of a countable product of copies of R.

ProrosiTioN 9. Let G = E x C be a product of topological Abelian groups E and C,
such that E is a product of copies of R and Z, and C is a product of copies of T. Let A
be a closed subgroup of G. Then there is a decomposition G = E’' x C, where E' is a sub-
group topologically tsomorphic to E, such that A = (AnE')x (An C).

Proof. Let H be the character group of &, and let ¢:G'x H~> T be the natural
pairing. By Kaplan’s theorem, ¢ is a duality and H is a direct sum H=V @ F,
where V is a sum of copies of R and T, and # is a sum of copies of Z, each with the
asterisk topology. Clearly, V is divisible. Also, since the asterisk topology is at least
as fine as the rectangular topology, F is discrete. We may therefore apply Proposition
5 to the closed subgroup B = A° of H, to obtain decompositions H = V @ F’ and
B=(BnV)® (BnF’'), where F' ~ F. Again, by Proposition 8, B® = A, and the
groups V and F’ are reflexive (by Kaplan’s theorem). Hence Proposition 6 (ii) gives
a decomposition G'= E'xC, where E' = (F')°@® V" =~ E, and Proposition 7 gives
the decomposition 4 = (AnE')x(4nC).

THEOREM 3. Let G = B x C, where E is a product of copies of R and Z, and C is a
product of copies of T. Then

(i) any connected closed subgroup A of G is of the form A = A’ x C', where A’ is a
product of copies of R, and C’' = A n C is a connected compact group;

(i) if E is a countable product of copies of R and Z, then any closed subgroup A of G
18 the product of the compact group A n C and a countable product of copies of R and Z.

Proof. In both cases we have, by Proposition 9, decompositions G = B’ x C and
A=A"xC', where C' =AnC, E' ~ F and A4’ is a closed subgroup of E’. If 4 is
connected, so are 4" and (', and the projections of 4’ onto the factors of £’ of type Z
are trivial. Hence A’ is a connected subgroup of a product of copies of R and is there-
fore itself a product of copies of R by Theorem A of (3). In part (ii) of the theorem,
A’ is a closed subgroup of a countable product of copies of R and Z, so is itself a count-
able product of copies of R and Z by Corollary 1 of Theorem 2.

We now introduce a category 2y, whose objects are all those topological Abelian
groups which are products of compact groups and a countable (possibly finite) number
of copies of R and Z. The morphisms of &, are the continuous homomorphisms.

THEOREM B. Closed subgroups and Hausdorff quotients of groups in Dy are again
n Dy

Proof. Every compact Abelian group can be embedded as a closed subgroup in a
product of copies of T (by Pontrjagin duality, since every discrete Abelian group is
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a quotient of a sum of copies of Z). Also any countable product of copies of Z can be
embedded as a closed subgroup in a countable product of copies of R. Hence any group
G in 9y is a closed subgroup of a group ¢’ = E x C, where E is a countable product
of copies of R, and C is a product of copies of T. Any closed subgroup of G is a closed
subgroup of G and is therefore in 2; by Theorem 3(ii). Any Hausdorff quotient
G[H of @ is topologically isomorphic to a closed subgroup of G'/H, so it is enough to
show that ¢’ [H isin Z ;. By Proposition 9, we may assume that H = (Hn E)x (Hn C)
and therefore that G'/H ~ (E[/(H n E)) x (C[(H n C)). But C[(H nC) is compact and
E|(Hn E) is a countable product of copies of R and T (Theorem 2), so the theorem
follows, since a product of copies of T is compact.

5. Strong duality. 1t is well-known that for a locally compact Abelian group @,
the natural duality ¢ x @*— T induces dualities between appropriate subgroups and
quotient groups of ¢ and G*. A similar statement was proved by Varopoulos for
(Z,)-groups in (12) by measure-theoretical methods. In this final section, we shall
prove the corresponding result for groups in the categories 2y and 2 by an ele-
mentary argument, and hence show that these categories are dual in a strong sense.

Two important properties that the characters of a topological group D may or
may not have, are the following:

X(1). For each closed subgroup C of D and each element d of D not in C, there is
a character of D taking C, but not d, to zero.

X(2). Every character of every closed subgroup of D can be extended to a character
of D.

ProrosrtioN 10(i). Properties X(1) and X(2) are each inherited by closed subgroups
and Hausdorff quotients.

(i) All groups in Dy or Dy have properties X(1) and X(2).

Proof (i). This is an easy consequence of the definitions.

(il). Any group in 2 is a product of locally compact groups, and properties X(1)
and X(2) were proved for such products in ((5), Theorems 1 and 2). Any group in 9
is an (Z,)-group in the sense of (12), and properties X(1) and X(2) were proved for
(%,)-groups in ((12), Theorem p. 509). We give a simpler proof for Zz-groups. Every
group in Dy is a quotient group of a group of the type R ® F, where F is a discrete
free Abelian group. It is therefore enough, by (i), to prove that H = R* @ F has
properties X(1) and X(2). Let B be any closed subgroup of H. By Proposition 5 and

Theorem 1, H has a decomposition H = ¥ H;, where Hy~ F and H; =~ R for i > 1,
i=0

such that B = ¥ B; with B; a closed subgroup of H; for each 7. Now the groups H, are
1i=0

all locally compact and so have properties X(1) and X(2) relative to the closed sub-
groups B,. Since H is the coproduct of the H;, and B is the coproduct of the B, (Pro-
position 1, Corollary), it follows easily that H has properties X(1) and X(2) relative
to B, which was an arbitrary closed subgroup.

ProposITION 11. Let ¢:G' x H—> T be a duality and suppose that both G and H have
properties X(1) and X(2). Then
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(i) A% = 4 and B = B for all closed subgroups A and B of G and H, respectively;
(ii) for any closed subgroups A,B of G,H respectively, with A° = B and B® = A4,
& induces open isomorphisms

¢4: A~ (H[B)", ¢B:B—->(G[4A)
and continuous isomorphisms
¢4:G/A— B, ¢p:H[B—> A

Proof. (i) The argument has already been given in Proposition 8. It depends only
on property X(1).

(ii) Since ¢ is a duality, it induces a topological isomorphism ¢%:G— H*. By re-
striction of characters to B, we obtain a continuous homomorphism H*— B* and,
composing this with ¢, we obtain a continuous homomorphism G- B* whose
kernel is B® = A and whose image is B*, by property X(2) for H. Hence the induced
map ¢4:G[A->B* is a continuous isomorphism and a similar argument applies to
¢g: H/B— A" On the other hand, the topological isomorphism ¢%:G'~H* induces
a topological isomorphism A —C, where C is the subgroup of H* consisting of all
characters of H induced by elements of 4. Now the quotient map ¢: H - H/B induces
a continuous homomorphism @:(H/B)*-> H*, which is composition with ¢. Clearly
@ is an injection, and its image is the group of all characters of H which vanish on B.
These are precisely the characters induced by elements of B® = 4. Thus & induces a
continuous isomorphism (H/B)*—C, and it follows that ¢4: 4 (H/B)" is an open
isomorphism. The same argument applies to ¢5.

We shall say that a duality ¢:G x H— T is a strong duality if

(i) 4 = A% and B® = B for all closed subgroups 4 of @ and B of H, and

(ii) for any closed subgroups 4 of G and B of H with 4° = B, B® = A4, the induced
pairings 4 x (H/B)— T and (G/A)xB-T are dualities. This second condition is
equivalent to the assertion that the maps ¢4, ¢B, ¢, and ¢ of Proposition 11 are
topological isomorphisms.

ProPOSITION 12. Let ¢: G x H - T be a duality and suppose that (1) both G and H have
properties X(1) and X(2) and (ii) every closed subgroup and every Hausdorff quotient
of G and of H is reflexive. Then ¢ is a strong duality.

Proof. Let 4 and B be closed subgroups of G and H respectively. By Proposition
11 (i), we have A% = 4 and B% = B. Taking B = A° and hence 4 = B°, Proposition
11(ii) gives algebraic isomorphisms ¢4:4 — (H/B)" and ¢gz: H/B-> A*, of which ¢4
is open and ¢ is continuous. Now the dual of ¢y is a continuous isomorphism

o AM — (H[B)*,

and since by hypothesis 4 is reflexive, this induces a continuous isomorphism
A - (H|B)", which clearly coincides with ¢4. Thus ¢4 is both open and continuous,
and so is a homeomorphism. Hence the dual of ¢4 is a topological isomorphism
(H[B)* > A*, and since H|B is reflexive, this shows that ¢&: H/B — A" is a topological
isomorphism. The same arguments apply to ¢Z and ¢ .
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CoroLLARY. Every duality between a group in Dy and a group in Dy is a strong duality.

Proof. Let ¢:Gx H—T be a duality with GeD; and HeZ;. Then G and H
satisfy X(1) and X(2), by Proposition 10. Closed subgroups and Hausdorff quotients
of G or H are again in @ or Dy, respectively, by Theorems A and B, and are therefore
reflexive, by Kaplan’s theorem. We sum up these results in a categorical duality:

THEOREM C. The contravariant functor D, taking each topological Abelian group to its
dual, induces functors D,: Dy > Dy and Dy: Dy~ Dy, such that Do D, and Dyo D,
are naturally equivalent to identity functors. Moreover, D, and D, take closed inclusions
to Hausdorff quotients and Hausdorff quotients to closed inclusions.

Remark. L. J. Sulley has pointed out to us that since Banach spaces are reflexive
(in the sense of character theory, see (14)), the example give by R. C. Hooper in (13),
p. 254, of a Banach space C, not satisfying condition X(1) with respect to a closed
subgroup K,, shows that a Hausdorfl quotient of a reflexive group need not be re-
flexive. Thus ‘strong duality’ is a strictly stronger property than ‘duality’, that is
to say, duality is not in general inherited by closed subgroups and Hausdorff quotients.
However, it is interesting to note that strong duality is so preserved. More precisely:

ProrosiTiON 13. Let ¢:G x H—> T be a strong duality between topological Abelian
groups and let A, B be closed subgroups of G, H, with B = A® and A = B°. Then the
induced dualities yr: A x (H|B)— T and ": (G[A) x B— T are strong.

Proof. It is enough to show that i is strong. One shows easily that ¢ and H have
properties X(1) and X(2); these are inherited by 4 and H[B. If C is any closed sub-
group of A, its annihilator under ¥ is C°/B and we have to show that the induced
pairings ¢:C x{(H[B)/(C°/|B)}—> T and 7:(4/C)x(C°/B)— T are dualities. Since
(H[B)/[(C°/B) ~ H|C®, o is essentially the pairing C x (H/C® — T induced by ¢ and
is a duality because ¢ is strong. As for 7, we may apply Proposition 11 to the pairing
: A x (H|B)— T to show that the induced maps

Yo A|C—(C°/BY and yC"B:C°/B~(4[C)*

are, respectively, a continuous isomorphism and an open isomorphism. On the other
hand, 4/C is a closed subgroup of (¢/C, and its annihilator under the induced duality
0:(G/C)x C°—»> T is B. Since G/C and C° also inherit the properties X(1) and X(2)
from G and H, we may apply Proposition 11 again to show that §4/C: 4/C — (C°/B)*
is an open isomorphism and 65:C°% B (4/C)" is a continuous isomorphism. It is
clear that 64/C = ¢, and 05 = Y°"/B, so both are topological isomorphisms and 7 is
a strong duality.
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