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has a regular completion given by the dotted arrow. By adjointness, this is
equivalent to the existence of a regular completion in I?to of the following diagram:

If n = 0, this last condition is equivalent to E1^>D1 being a fibration of groupoids.
If n ^ 1, this last condition is equivalent to each En+1(x) -+Dn+1(px) being surjective.
To see this, note that if these maps are surjective, and v is the usual base point
of A"+1, then we can choose aeEn+1(kv) such that pa = k'cn+1. If we now define
g(cn+1) = a and g(x) = k(x) for each non-degenerate element x of A", then there is a
unique value for g(dtc

n+1), determined by the homotopy addition lemma, which
defines a morphism gr: 7r(An+1) ->JE". This g is a regular completion of (**).

On the other hand, suppose each diagram (••) has a regular completion. Let
beDn+1(px). Define k:n(A^)^E to be the trivial morphism with value O .̂ Define
k':n(\n+1)^D by k'(cn+1) = b, k'(A?) = 0px and jfc'^c"*1) = Sb. Then pk = k'j.
Let g be a regular completion. Then pg(cn+1) = 6. I

COROLLARY 6-3. Let p:E->D be a fibration of crossed complexes and let xeD0. Let
F = P~lix)- Then the sequence of classifying spaces BF-^-BE^-BD is a fibration
sequence.

Proof. By a fibration of spaces we will mean a map which has the covering
homotopy property with respect to all maps of compactly generated spaces. I t is
known that the realisation of a simplicial Kan fibration is a Serre fibration [44], and
in fact has the covering homotopy property with respect to maps of all compactly
generated spaces [46]. Thus all we have to check is that the fibre of NE^-ND over
x is precisely NF. This follows from the formula (NF)n = (&i<>{TiAn,F) given in
Section 2. I

We now give some applications of BC to the case where the crossed complex C is
essentially a crossed module. Similar results are proved in [35] using a classifying
space of a crossed module defined using the equivalence of crossed modules and 1-cat-
groups.

We use the same notation ji.M^-P for a crossed module and for the crossed
complex obtained from it by trivial extension. Hence the above crossed module has
a classifying space which we write B(M^-P). We will use the fact that the identity
crossed module M^M has contractible classifying space B{M^-M). This can be
proved either by noting that it has all homotopy groups zero, or by realising a
contracting homotopy of the crossed complex extending M-+M.

Example 6-4. Let fi:M-*-P be an inclusion of a normal subgroup. Then we have an
exact sequence of crossed modules

M *M • !

M • P *PjM
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It follows from the fibration sequence of classifying spaces that the induced map
B(M^-P)->B(P/M) is a homotopy equivalence.

Example 6-5. Let /i:M^-P be a crossed module. Then we have a short exact
sequence of crossed modules

1- •+P-

in which /i' is the restriction of/t and the unlabelled maps are inclusions. This exact
sequence yields a fibration sequence which up to homotopy is

K(Ker/t, 2) -*B(M-+P) -+B(Cokerfi).

Example 66. [35] Again let fi:M-+P be a crossed module. Then we have short
exact sequences of crossed modules

1
1- -+M- M-

3 ' *

in which i:rai-> (m, l),j:mh^>(m~1, (/j1m)p), <r: {m,p)\^p, T: (m,p)>->(/nm)p. It follows
that we have a homotopy fibration

B(M) -+B(P) ^B{M^P).

This shows as in [35] that a morphism fi:M->P of groups can arise from a homotopy
fibration B(M) -*• B(P) ->X if and only if /i can be given the structure of a crossed
module.

Example 6-7. Let A be a crossed complex, and let n ^ 1. We write A(n) for the
crossed complex D where

Dt =

.0

if i < n,

if i = n + 1,

if i > n + 1,

with the boundary Dn+1 ->Dn being inclusion, and other structures induced by that
of A. The natural map A ->vl<n) is a fibration and induces isomorphisms of n0 and n1

and of Ht for i^n. Further H((A
(n)) = 0 for i > n. Thus the induced map BA ->BA(n)

is a Postnikov fibration. Let ^4tn) = Ker (A ->_4(n>). Suppose A is reduced. Then
Aln] may be regarded as a chain complex. It is clear that NAln] is a simplicial Abelian
group and so BA[n] may be given the structure of a topological Abelian group. If
n = 1, then BA(n) is a K(TT, 1) space. Thus, as first pointed out by Loday (private
communication), the homotopy types of the form BA for A a crossed complex are
restricted. In particular, all Whitehead products in BA are zero. One should think of
these homotopy types as giving a first approximation to homotopy theory. This idea
is developed in the tower of homotopy theories due to H. J. Baues [2], in which
crossed complexes (reduced, of free type) give the first level of the tower, and in a
sense represent the linear approximation to homotopy theory.
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However, the use of classifying spaces in conjunction with crossed complexes A
with some kind of algebra structure A ® A->A does allow some deeper levels of
homotopy information to be obtained (see [5, 6]). Such objects could be called
crossed differential graded algebras.

7. Local systems

The homotopy classification result of Theorem A suggests that if A is a crossed
complex, and X is a space, with singular complex SX, then the set [77|nSX|,.4] may be
thought of as singular cohomology of X with coefficients in A, and written H°(X,A),
[18]. With our present machinery, it is easy to see that this cohomology is a
homotopy functor of both X and of A. We show in this section that H°(X,A) is (non-
naturally) a union of Abelian groups, each of which is a kind of cohomology with
coefficients in a generalised local system.

Let C and A be crossed complexes. In examples, C is to be thought of as 7rX for
some CW-complex X. By a local system si of type A on C we mean the crossed
complex A together with a morphism of groupoids si :CX^-AX such that
si{8C2) £ SA2. This last condition ensures that si induces a morphism of groupoids
n1 C -> n1 A. It is also a necessary condition for there to exist a morphism C^-A
extending si'. The morphism si induces an operation of C1 on all the groupoids An

for n ^ 2. By a cocycle of C with coefficients in si we mean a morphism f:C-*-A of
crossed complexes such that/x = si'. By a homology of such cocycles/, g we mean a
homotopy (h, g)'f — g of morphisms of crossed complexes such that h0 x is a zero for
all xeC0, and Shx = 0. The set of homology classes of cocycles of C with coefficients
in si is written [C,A]^.

PROPOSITION 7-1. Let C,A be crossed complexes and let si be a local system of type A
on C. Let H = n1A and let A' be the crossed complex which is H in dimension 1 and agrees
withAll] in higher dimensions, with H as groupoid of operators and with trivial boundary
from dimension 2 to dimension 1. Let si' be the composite

C^A^H.

Then a choice of cocycle f with coefficients in si determines a bisection

and hence an abelian group structure on [CA]^.

Proof. We are given / extending si. Let g be another morphism C->A extending
si'. Then g1 = / t and Sg2 = Sf2. For such a j w e define rgn = gn—fn, n ^ 2. Clearly rgn

is a morphism of abelian groups for n ^ 3. We prove that it is also a morphism for
n = 2. Let c,deC2. Then

rg2{c + d) = g2(c + d)-f2(c + d)

g2d-f2d-f2c

= g2c-f2c + g2d-f2d since Sg2 = Sf2

2d.
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Clearly rgn is a C^-operator morphism where C1 acts on A111 via s/. Also Srg2 = 0 and
for n ^ 3, 8rgn = rSgn_1. So we may regard rg as a morphism C-+A' extending s/'. It
is clear that r defines a bijection between the morphisms g:C->A extending si and
the morphisms g':C-*A' extending s/'.

Next suppose that (h, g) is a homology g ~ g as denned above. Then 8hl = 0. Hence
h1 defines uniquely i^C^-fr-Kere^. Further we have for n ^ 2

J7n = 9n + hn-l 8n + Sn+l K-

For n > 2 let kn = AB. Then fcn is a C'j-operator morphism. Now for xeCn and
7i > 3, we have hn_x 8nx + 8n+1 hn x lies in an abelian group, while for n = 2 it lies in the
centre of A2 and so commutes with /2 x. It follows that (k, rg) is a homology rg ^ r</.
Conversely, a homology rg ~ rg of ja^'-cocycles determines uniquely a homology
g ^ g-of j^-cocycles. It follows that r defines a bijection [C, A]s/^ [C, A']^, as required.

Notice also that the set [C.A']^. obtains an Abelian group structure, by addition
of values, and with the class of rf as zero. I

Let C be a reduced cofibrant crossed complex, and let A be a reduced crossed
complex. We are interested in analysing the fibres of the function

ri: [C, A]t -> Horn {n1 C, TT1 A).

We write [C, A]% for ^ ( a ) . This set may be empty. We will elsewhere analyse the
first obstruction to an element a lying in the image of r\. Here our aim is to show that
if/:C-»^4 is a morphism realising a: nl C-> n1 A then / determines an Abelian group
structure on 7/~1(a).

We recall from [21] the relations between crossed complexes and chain complexes
with operators.

There is a category ^An of chain complexes with groupoids as operators and two
functors

such that A is left adjoint to 0. Hence if D is a chain complex with a trivial group
of operators, then

(NQD)r = <tii<) (?7Ar, QD)

In this last formula, AnAr consists of the chain complex C^Ar of cellular chains of the
universal covers of Ar based at the vertices of Ar, with the action of the groupoid
n1 A

r. Since D has trivial group acting, it follows that

where C+ Ar is the usual chain complex of cellular chains of Ar. This shows that ND
coincides with the simplicial Abelian group of the Dold-Kan Theorem [25].

Let H = nlA. In the last example we denned A[1]. We consider the pair (AW,H) to
be a chain complex with H as groupoid of operators.

PROPOSITION 7-2. Let G,A be reduced crossed complexes such that C is cofibrant. Let
f-.C^A be a morphism inducing a.:nlC^-v1A on fundamental groups. Then f
determines a bijection
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where the latter term is the set of pointed homotopy classes of morphisms which are
morphisms of chain complexes with operators and which induce a on operator groups.

Proof. Let p:A^~A(1) denote the fibration of the last example, so that All] is the
kernel of p. Let G = n1C Recall that X(H, 1) denotes the crossed complex which is H
in dimension 1 and is zero elsewhere. The projection Am -*X(H, 1) is a trivial fibra-
tion. Since C is cofibrant, the induced morphism CRS*(C!^

(1))^CRS+(C,Z(Jff] 1))
is also a trivial fibration. It follows from Proposition 4-8 that CRS#(C,^4(1)) has
component set Horn (G, H) and has trivial fundamental and homology groups.

Suppose t h a t / : C - ^ induces a.:G^*H on fundamental groups. Let F(f) be the
fibre of CRS + (C,^4)^CRS J N (C.^4 < 1 > ) over pf. Then the exact sequence of this fibration
yields an exact sequence

such that the first map is an inclusion with image ^(a).
Let si = / x . Then n0F(f) = [G,A]^. So by Proposition 7-1, n0F(f) is bijective with

[C,A']^,. But in terms of the functors relating crossed complexes and chain complexes
with operators given in [21] recalled above, we have A' = Q(All\H). The proposition
follows immediately from the adjointness of A and 0. I

COROLLARY 7-3. If ot:n1C^7T1A is realisable by a morphism f: C-*A, then a choice
of such morphism determines an Abelian group structure on [C,A]%. I

This result gives the expected Abelian group structure on this generalised
cohomology with local coefficients.

8. Proof of Theorem 3-1

In view of the equivalence y.b)-<8fiel->c6'Ki of symmetric, monoidal closed
categories, established in [20], it is sufficient to prove similar results for w-groupoids.
For this we need the fundamental w-groupoid pK of a filtered space X. For current
purposes, it is convenient to depart from the conventions of [17] as follows, and so
to give a definition which makes p a functor on !F2Toft. itself.

We write i?DX for the relative cubical singular complex of the filtered space X.
Thus (i?DX)re consists of the filtered maps In->-X. We now factor this cubical
complex to give a quotient map of cubical sets

We recall the definitions.
Let X,Y be filtered spaces. A filter-homotopy ft:f0 ~ / t of filtered maps /„, /,:

Y->X is a homotopy ft such that each/,: Y-s-X is a filtered map.
We define p n X to be the quotient of (RaX)n, the set of filtered maps I"->X, by

the relation of filter-homotopy rel vertices (the condition 'rel vertices' was not used
in [17], and this is the change in definition). The family {pn'X]n>0 clearly inherits
from i?DX the structure of cubical complex. We also recall from [14, 16] that RaX
has an extra structure of connections I\: (Ra~X.)n-> (i?nX)n+1,1 ^ i ^ n, induced by
the maps
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Also i ? a X has a structure of compositions, written additively as +t, partially defined
on (RaX)n for 1 ̂  i ^ n, and given by the usual gluing of singular cubes in direction
i. I t is the use of this simple and intuitive composition structure which gives cubical
methods a strong advantage over simplicial methods. A list of laws for the V(, +1 is
given in [14, 16], but the details will not concern us much in this paper.

I t is clear that the structure of connections on the cubical complex RX is inherited
by pX.

THEOREM 8-1. The compositions on Ra X are inherited by pX to give pX the structure
of oj-groupoid. I

Remark 8-2. Let us write p'nX for the quotient of RnX by the relation of filter-
homotopy, so that p'nX is also a quotient of pnX. Theorem A of [17] states that if
X is Jo, then the compositions +t on (i?DX)n are inherited by p'nX, so that p'X
becomes an w-groupoid. The Jo condition is that each loop in Xo is contractible in Xlt

and this condition was used in the proof of corollary 12 in [17] to ensure that any
map {v} xP-+X which is a filter double homotopy (i.e. has image in Xo) extends to
a filter double homotopy {v} xP^X (i.e. with image in Xx). This corollary 1-2, or a
deduction from it, is applied in all later theorems of [17] which use the Jo condition.
In our new definition of pX, any required filter double homotopy {v} xP->X0 is a
constant map, and so automatically extends to a constant map {v} xP->X0. This
gives theorem 2*1, and also the results of section 3 of [17], without the Jo condition,
and applied to the new pX. In a similar spirit we have the following analogue of
theorem 5-l of [17], for which we recall that y: w-'S^id-> Wia is an equivalence of
categories.

THEOREM 8"3. If X is a filtered space, then ypX. is naturally isomorphic to the
fundamental crossed complex TTX. of X. I

We remark that the Van Kampen type theorems for pX and 7rX (theorems B and
C of [17]) are true with our new definition, again without the Jo assumptions which
only tend to confuse the issue. The proofs need only minor changes in the proof of
lemma 4-2 and lemma 4-5 of [17] to ensure that constant homotopies on elements
of Xo are not altered during the deformations used there.

Proof of Theorem 3" 1

In view of the above results, it is sufficient to prove a similar result to Theorem 3-1
for w-groupoids. That is, we construct a natural morphism

For this, it is sufficient to construct a bimorphism of w-groupoids ([20], p. 9)

d":(pX,pY)-+p(X®Y).

Let/:F'->-X.gr:F-> Y be representatives of elements of ppX,pqY respectively. We
define #"([/], [g]) to be the class of the composite

> p ( g ) F >X®Y.

It is easy to check that #"([/], [</]) is independent of the choice of representatives. The
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conditions that 0" be a bimorphism are essentially a translation of conditions
(2-l)(i)-(v) of [20]. Their validity is almost automatic.

The proofs of associativity of 6' and of the relations corresponding to (ii) are clear.
The proof of symmetry follows from the description in [20], p. 24 of the

isomorphism G ® H-»• H ® G of w-groupoids as given by x ® y^-(y* ® x*)* where, in
the geometric case G = pX, x^-x* is induced by the map (tlt... ,tp)t-> (tp,..., t^) of
the unit cube.

To prove (iv), recall that X ® Y is a CW-filtration, and so the crossed complex
77(X ® Y) is of free type, with basis the characteristic maps of the product cells
ep x e" of X ® Y. So the theorem follows from Corollary 5-2. (It is clear that the
results of Section 5 do not in any way use Theorem 3"1.) I
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