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Summ ary

W e pro v e a `sligh tly non-ab elian' v ersion of the classical Eilen b erg-Zilb er theorem: if

K , L are simplicial sets, then there is a strong deformation retraction of the funda-

men tal crossed complex of the cartesian pro duct K � L on to the tensor pro duct of the

fundamen tal crossed complexes of K and L . This satis�es v arious side-conditions and

asso ciativit y/in terc hange la ws, as for the c hain complex v ersion. Giv en simplicial sets

K

0

; : : : ; K

r

, w e discuss the r -cub e of homotopies induced on � ( K

0

� : : : � K

r

) and sho w

these form a c oher ent system .

W e in tro duce a de�nition of a double crossed complex, and of the asso ciated total

(or c o diagonal ) crossed complex. W e in tro duce a de�nition of homotop y colimits of

diagrams of crossed complexes. W e sho w that the homotop y colimit of crossed com-

plexes can b e expressed as the total complex of a certain `t wisted' simplicial crossed

complex, analogous to Bous�eld and Kan's de�nition of simplicial homotop y colimits

as the diagonal of a certain bisimplicial set. Using the Eilen b erg-Zilb er theorem w e

sho w that the fundamen tal crossed complex functor preserv es these homotop y colimits

up to a strong deformation retraction. This is applied to giv e a small crossed resolution

of a semidirect pro duct of groups.

W e consider a simplicial enric hmen t of the category of crossed complexes, and in-

v estigate the coheren t homotop y structure up to whic h a simplicial enric hmen t ma y b e

giv en to the fundamen tal crossed complex functor.

W e end with a de�nition of homotop y coheren t functors from a small category to

the category of crossed complexes, and suggest a de�nition of homotop y colimits of

suc h functors and of a small crossed resolution of an arbitrary group extension.
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Chapter 0

In tro duction

The motiv ation for this thesis has come from t w o directions: �rstly , from a wish to giv e

a de�nition of homotop y colimits in a situation where cartesian pro ducts are replaced

b y tensor pro ducts, and secondly from an in v estigation of small resolutions for groups

whic h arise as pro ducts, semidirect pro ducts or extensions. Both of these rely on the

Eilen b erg-Zilb er theorem, and it has turned out that w e ha v e considered the second b y

translating it in to the language of the �rst.

W e ha v e also c hosen to carry out this in v estigation in the con text of crossed com-

plexes. This is a category of algebraic ob jects similar to c hain complexes but with

some non-ab elian information in dimensions one and t w o. The crossed complex has

b een around since [42], and follo wing [14] and [19 ] it ma y also b e though t of as a re-

duced form of a simplicial group oid. The extra structure shared b y c hain and crossed

complexes whic h is not a v ailable (curren tly) for simplicial groups is that of ha ving a

\geometrically-motiv ated" tensor pro duct, and this has b een essen tial for our w ork.

The Eilen b erg-Zilb er theorem in its original form [22 , 21 ] giv es for simplicial sets

K , L a c hain homotop y equiv alence

C

N

( K ) 
 C

N

( L ) ' C

N

( K � L )

where C

N

( K ) is the normalised free c hain complex on the simplicial set K . This

theorem is no w part of the general kno wledge of algebraic top ology , but although it

seems clear that it is true for crossed complexes also there has b een no explicit pro of

giv en. W riting � K for the fundamen tal crossed complex of a simplicial set K , w e

ha v e obtained a strong deformation retraction of � ( K � L ) on to � K 
 � L satisying

certain side conditions and in terc hange relations, exactly as in the c hain complex case

except that in lo w dimensions the form ul� for the tensor pro duct and the homotop y

equiv alence con tain non-ab elian information.

W e ha v e also extended some of the basic constructions a v ailable for crossed com-

plexes of group oids, de�ning a double crossed complex as w ell as a total crossed complex

whic h b eha v es nicely with resp ect to the tensor pro duct. A total crossed complex func-
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tor for simplicial crossed complexes has also b een de�ned, and this has b een used in

de�ning homotop y colimits.

Since limits and colimits of top ological spaces, simplicial sets or c hain complexes

do not b eha v e w ell when the spaces, etc., are v aried up to homotop y equiv alence, it is

natural to consider the notions of homotop y limits and homotop y colimits. F or example

the mapping cylinder, double mapping cone and `telescop e' are all w ell kno wn exam-

ples of homotop y colimit constructions. Ho w ev er the top ological space or algebraic

structure whic h represen ts a particular homotop y colimit will itself only b e determined

up to homotop y equiv alence, and this has led to m uc h in terest in setting up formal

mac hinery to pro vide particular nice mo dels for homotop y limits and colimits for arbi-

trary diagrams. In this thesis w e ha v e giv en a de�nition for homotop y colimits in the

category of crossed complexes.

In fact the diagrams o v er whic h the homotop y colimit is tak en need only b e functorial

up to homotop y rather than on the nose, and there has b een a lot of w ork recen tly on

notions of lax or homotopy c oher ent functors and their homotop y limits and colimits.

This w ork has b een carried out mainly in the con text of simplicially-enric hed categories,

or sometimes Cat - or T op -enric hed categories. In this thesis w e ha v e tried to extend

suc h ideas to monoidal closed categories whic h satisfy an Eilen b erg-Zilb er t yp e theorem,

although w e ha v e not completely ac hiev ed this am bition.

The standard crossed resolution [11] C ( G ) of a group G is de�ned b y applying

the fundamen tal crossed complex functor to the simplicial set giv en b y the nerv e of

G . This giv es a complex of groups whose �rst homology group is G with all higher

homology groups trivial, and whic h is also fr e e in that it has a presen tation where the

only relations are those de�ning the b oundary maps and quotien ting out degenerate

simplices.

Ho w ev er C ( G ) is not the only resolution of G with this freeness prop ert y , and there

ma y b e other mo dels whic h are smaller. F or instance an application of the Eilen b erg-

Zilb er theorem sho ws that C ( G ) 
 C ( H ) is a deformation retract of the standard

resolution of G � H , and is free b y the de�nition of the tensor pro duct. W e ha v e giv en

in this thesis a resolution of a semidirect pro duct of groups whic h is a deformation

retract of the standard resolution and whic h tak es the form of a twiste d tensor pro duct.

Also w e ha v e giv en a candidate for a resolution of an arbitrary extension of groups as

a more general t wisted tensor pro duct. Both of these arose b y considering the data in

terms of a homotop y colimit of an appropriate (lax) functor.

0.1 Structure of Thesis

W e b egin in c hapter 1 b y considering the notion of a double crossed complex, analogous

to the bisimplicial set or to the bic hain complex in the ab elian situation. Our de�nition

of a double crossed complex is essen tially that of a crossed complex of group oids internal
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to the category of crossed complexes of group oids (similar to the de�nition of a double

category as a category in ternal to the category of small categories).

A \total" functor is then de�ned from the category of double group oids to the

category of crossed mo dules, and this is extended to a functor

Crs

(2)

T ot

-

Crs

from double crossed complexes to crossed complexes. The total crossed complex D

of a double crossed complex C is essen tially that giv en b y generators c

i;j

2 D

n

for

all elemen ts of C

i;j

with i + j = n , sub ject to certain \geometrical" relations whic h

are similar to those in the Bro wn-Higgins de�nition of the tensor pro duct of crossed

complexes [12]. In fact our de�nition is constructed so that giv en a pair of crossed

complexes A , B there is an ob vious double crossed complex whose total crossed complex

is the tensor pro duct A 
 B .

W e also de�ne a total functor from the category of simplicial crossed complexes.

In c hapter 2 the de�nition of homotop y b et w een crossed complex homomorphisms

is recalled, in terms of homomorphisms h : I 
 C ! D from cylinder ob jects and

of degree one maps ( �

n

: C

n

! D

n +1

), and it is sho wn that a homotop y from an

idemp oten t endomorphism to the iden tit y can b e replaced b y a splitting homotop y ,

whic h satis�es certain extra `side-conditions' of the form h

2

= 0 and h� h = � h . In

particular deformation retractions can b e replaced b y strong deformation retractions.

F or X a bisimplicial set and r X the simplicial set giv en b y the Artin-Mazur di-

agonal [1 ], a natural comparison map is giv en from � r X to the total complex of the

fundamen tal double crossed complex of X . This is sho wn to giv e the diagonal appro x-

imation a : � ( K � L ) ! � K 
 � L in the case X

p;q

= K

p

� L

q

. The sh u�e map b in

the other direction is giv en, and b � a is sho wn to b e the iden tit y map on the tensor

pro duct. The asso ciativit y relations are also pro v ed for b oth a and b , as w ell as an

`in terc hange' relation.

As an elemen tary application, it is sho wn ho w the diagonal appro ximation map

giv es a coalgebra structure on the fundamen tal crossed complex of a simplicial set, and

a m ultiplication structure on the simplicial nerv e of a crossed complex.

W e then sho w that for simplicial sets K , L , there is a natural homotop y

I 
 � ( K � L )

h

-

� ( K � L )

b et w een a � b and the iden tit y , and it is pro v ed that h satis�es some in terc hange relations

with resp ect to a and b .

F or simplicial sets K , L , M the deformation retraction h induces t w o distinct defor-

mation retractions of � ( K � L � M ) on to � K 
 � L 
 � M . Ho w ev er these are themselv es

homotop y equiv alen t. In fact there is sho wn to b e a c oher ent system of suc h homotopies

3



in eac h dimension; if K

0

; K

1

; : : : ; K

r

are simplicial sets, then the homotop y coherence

information is recorded b y an r -fold homotop y

I


 r


 � ( K

0

� K

1

� : : : � K

r

)

-

� ( K

0

� K

1

� : : : � K

r

)

satisfying certain b oundary conditions.

In c hapter 3 w e examine the usual de�nition of homotop y colimits in the category

of categories [38] and of simplicial sets [4], and consider an alternativ e de�nition of the

latter whic h uses the Artin-Mazur diagonal of a bisimplicial set rather than the usual

diagonal. Thomason [38] sho w ed that the nerv e functor from Cat to simplicial sets

preserv es homotop y colimits up to w eak homotop y equiv alence. With the alternativ e

de�nition w e pro v e in theorem 3.2.12 that the nerv e functor preserv es homotop y colimits

up to isomorphism.

W e then de�ne a notion of homotop y colimits in the monoidal closed category of

crossed complexes. W e sho w that our �rst co end de�nition of homotop y colimits can

b e rewritten in terms of the total complex of a particular simplicial crossed complex,

as de�ned in c hapter 1. The main result of this thesis is theorem 3.3.11 in whic h w e

use the Eilen b erg-Zilb er theorem of c hapter 2 to pro v e that the fundamen tal crossed

complex functor from simplicial sets to crossed complexes preserv es homotop y colimits

up to strong deformation retraction.

W e also recall that semidirect pro ducts of groups are giv en b y the homotop y colimit

in Cat of the diagram corresp onding to the group action. Applying the standard crossed

resolution functor to the diagram and then taking the homotop y colimit in Crs , w e

th us obtain a crossed resolution of a semidirect pro duct whic h is a deformation retract

of the standard one. This is expressed in terms of a t wisted tensor pro duct of standard

resolutions.

In c hapter 4 w e use the Eilen b erg-Zilb er theorem to in v estigate a simplicial-set-

enric hed structure on the category of crossed complexes. W e sho w that with resp ect

to suc h a structure the nerv e functor from crossed complexes to simplicial sets has a

simplicial enric hmen t, but that the fundamen tal crossed complex functor only has an

enric hmen t up to a system of higher homotopies giv en b y those of section 2.3.2. W e also

in v estigate ho w the adjunction b et w een the nerv e and fundamen tal crossed complex

functor b eha v es with resp ect to the simplicial enric hmen t. W e do not presen t an y

applications of the results found here, although w e exp ect a tidy treatmen t of homotop y

colimits of lax functors in to crossed complexes w ould rely on the structures presen ted

here. Also this c hapter is in tended as input for the w ork b y Bro wn, Golasi � nski, P orter

and the author [7] in whic h a systematic treatmen t of equiv arian t homotop y theory for

crossed complexes is b eing dev elop ed.

In the �nal c hapter w e giv e a ten tativ e `lo w-tec h' de�nition of homotop y colimits for

lax/coheren t diagrams of crossed complexes, taking our inspiration from [39 ] and [16].

The implications for giving a small resolution of an arbitrary group extension are also

4



discussed. W e end with some remarks ab out p ossible future directions for the dev elop-

men t of the w ork in this thesis.
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Chapter 1

Double Crossed Complexes

1.0 In tro duction

In this c hapter w e in tro duce double crossed complexes as the \rank 2" generalisation

of crossed complexes of group oids. The fundamen tal crossed complex functor

SimpSet

�

-

Crs

is extended to functors b et w een the categories of bisimplicial sets, simplicial crossed

complexes and double crossed complexes:

BiSimpSet

�

(2)

-

Crs

(2)

�

�

�

�

�

�

�

�

�

�

�

Crs

*

SimpCrs

�

Simp

?

and the tensor pro duct of crossed complexes is extended to total crossed complex

functors on the categories of simplicial crossed complexes and double crossed complexes:

Crs

(2)

SimpCrs

S-T ot

-

Crs

?

T ot

The structure of the c hapter is as follo ws. In the �rst section, w e recall the de�nitions

of categories, group oids, crossed mo dules and crossed complexes. Also the de�nition of

a double category as a category in ternal to Cat is discussed. The notion of a double

crossed complex is then in tro duced, as a crossed complex of group oids in ternal to Crs .

In the second section, w e sho w ho w to asso ciate a crossed mo dule to a double

group oid, and extend this to a de�nition of the total crossed complex asso ciated to a

6



double crossed complex. A construction of a double crossed complex from a pair of

crossed complexes is then giv en suc h that the asso ciated total complex is their tensor

pro duct.

In the third section, w e b egin b y recalling the de�nitions of simplicial and cosim-

plicial ob jects and the fundamen tal crossed complex functor on simplicial sets. This

functor is then extended to the categories of bisimplicial sets and simplicial crossed com-

plexes. W e also de�ne the total crossed complex asso ciated with a simplicial crossed

complex.

1.1 De�nitions

1.1.1 Group oids and crossed complexes

W e b egin b y recalling some standard de�nitions.

De�nition 1.1.1 A (smal l) c ate gory C consists of

1. an ob ject set Ob( C ),

2. a set of arro ws (morphisms) Arr( C ),

3. source and target functions s; t from Arr( C ) to Ob( C ),

4. a function Ob( C )

e

-

Arr( C ) whic h giv es the iden tit y arro w at an ob ject,

5. a partially de�ned function Arr( C ) � Arr( C )

m

-

Arr( C ) whic h giv es the com-

p osite of t w o arro ws.

W e will usually write e

x

or 1

x

for e ( x ) and a � b or a � b for m ( b; a ). The data satisfy

the follo wing axioms:

1. The comp osite a � b of t w o arro ws is de�ned if and only if t ( a ) = s ( b ), and then

s ( a � b ) = s ( a ) and t ( a � b ) = t ( b ),

2. s ( e

x

) = t ( e

x

) = x for all x 2 Ob( C ), and a � e

t ( a )

= e

s ( a )

� a = a for all a 2 Arr C ,

3. If either of a � ( b � c ) or ( a � b ) � c are de�ned then b oth are and they are equal.

De�nition 1.1.2 A functor C

F

-

D b et w een t w o categories is giv en b y a pair of

functions Ob( C )

-

Ob( D ), Arr( C )

-

Arr( D ) whic h comm ute with the source,

target and iden tit y functions of the t w o categories and whic h resp ect the comp ositions.

F or C a category and x; y 2 Ob( C ), the set of arro ws a suc h that s ( a ) = x and

t ( a ) = y is written C ( x; y ) and termed a hom-set . If C ( x; y ) is empt y whenev er x; y

are distinct (that is, if s = t ), then C is termed total ly disc onne cte d .

7



A gr oup oid is a category in whic h ev ery morphism is an isomorphism, that is, for

an y arro w a there exists a (necessarily unique) arro w a

� 1

suc h that a � a

� 1

= e

s ( a )

and

a

� 1

� a = e

t ( a )

. A monoid is a category whose ob ject set is a singleton, and a gr oup is

a monoid whic h is a group oid.

De�nition 1.1.3 Supp ose C , D are t w o group oids o v er the same ob ject set and C is

totally disconnected. Then an action of D on C is giv en b y a partially de�ned function

Arr( D ) � Arr( C )

�

-

Arr( C )

( d; c )

-

c

d

whic h satis�es:

1. c

d

is de�ned if and only if t ( c ) = s ( d ), and then t ( c

d

) = t ( d ),

2. ( c

1

� c

2

)

d

1

= c

d

1

1

� c

d

1

2

and ( e

x

)

d

1

= e

y

,

3. c

d

1

� d

2

1

= ( c

d

1

1

)

d

2

and c

1

e

x

= c

1

,

for all c

1

; c

2

2 C ( x; x ) ; d

1

2 D ( x; y ) ; d

2

2 D ( y ; z ).

F or example if C

0

is the largest totally disconnected sub category of a group oid C

then C acts on C

0

b y a

c

= c

� 1

� a � c . Note that de�nition 1.1.3 mak es sense when C , D

are categories rather than group oids. Ho w ev er w e will not need this extra generalit y .

Supp ose D is a group oid with ob ject set O and C is a totally disconnected group oid

o v er O equipp ed with a D -action. If eac h group C ( x; x ) is ab elian then C will b e

termed a D -mo dule , and if C ; C

0

are D -mo dules then a functor C

-

C

0

de�nes a

homomorphism of D -mo dules i� it is the iden tit y on the ob ject set and resp ects the

actions of D . The category of D -mo dules and their homomorphisms will b e written

Mo d

D

.

De�nition 1.1.4 A cr osse d mo dule of gr oup oids consists of a pair of group oids C , D

o v er a common ob ject set, with C totally disconnected, together with an action of D

on C and a functor C

�

-

D whic h is the iden tit y on the ob ject set and satis�es

1. � ( c

d

) = d

� 1

� � c � d ,

2. c

� c

0

= c

0� 1

� c � c

0

for c; c

0

2 C ( x; x ) ; d 2 D ( x; y ).

A cr osse d mo dule of gr oups is a crossed mo dule of group oids as ab o v e in whic h C ,

D are groups.

De�nition 1.1.5 A cr osse d c omplex of gr oup oids C is giv en b y

8



1. a crossed mo dule of group oids C

2

�

2

-

C

1

with ob ject set C

0

,

2. for eac h i � 3, a C

1

-mo dule C

i

and a functor C

i

�

i

-

C

i � 1

whic h is the iden tit y

on the ob ject set and resp ects the C

1

-actions.

These data satisfy the follo wing conditions for i � 3:

1. �

i

� �

i � 1

is zero, that is, maps c

i

2 C

i

to e

t ( c

i

)

2 C

i � 2

,

2. the image of �

2

acts trivially on C

i

.

A cr osse d c omplex of gr oups is a crossed complex of group oids in whic h C

0

is a

singleton, and hence eac h C

i

, i � 1, is a group.

A crossed complex of group oids is often written diagrammatically as follo ws

. . . . . . . . . . .

�

5

-

C

4

�

4

-

C

3

�

3

-

C

2

�

2

-

C

1

s

-

t

-

C

0

The category of crossed complexes of group oids and their homomorphisms will b e

denoted b y Crs .

1.1.2 In ternal categories and double group oids

If C , D are t w o small categories, then their pro duct C � D is that category with ob ject

set Ob( C ) � Ob( D ) and set of arro ws Arr( C ) � Arr( D ) and the structure maps de�ned

comp onen t wise. The in ternal hom ob ject [ C ; D ] is the category whose ob jects are all

functors from C to D and whose arro ws are the natural transformations b et w een them.

The category Cat of all small categories is complete, co complete and cartesian closed,

as is the full sub category Gp d of group oids. In particular the completeness means that

in ternal categories in Cat ma y b e considered.

De�nition 1.1.6 A category C in ternal to a category D is giv en b y ob jects and mor-

phisms

Arr ( C )

s; t

-

�

e

Ob ( C ) Arr ( C ) �

Ob ( C )

Arr ( C )

m

-

Arr ( C )

where Arr ( C ) �

Ob ( C )

Arr ( C ) is the pullbac k in D of ( s; t ). These data are required to

satisfy

1. e � s = 1 and e � t = 1, the iden tit y morphism at Ob ( C ) in D ,

2. m � s = �

2

� s and m � t = �

1

� t , where �

1

; �

2

are the pro jection maps from the

pullbac k to Arr ( C ),

9



3. l � m = 1 and r � m = 1, where l ; r are the maps to the pullbac k from Arr ( C )

induced b y (1 ; s � e ) ; ( t � e; 1) resp ectiv ely ,

4. (1 ; m ) � m = ( m; 1) � m .

Th us a category in ternal to the category of sets is just a small category as in de�-

nition 1.1.1. A category in ternal to the category of small categories is termed a double

category and ma y b e de�ned more explicitly as follo ws:

De�nition 1.1.7 A double c ate gory A is giv en b y a set A of squares, sets A

1

; A

2

of

horizon tal and v ertical arro ws, and a set A

0

of v ertices, and functions s

i

; t

i

; e

i

for i = 1 ; 2

as sho wn in the diagrams b elo w:

A

s

1

-

t

1

-

A

1

A

�

e

1

A

1

A

2

s

2

? ?

t

2

s

1

-

t

1

-

A

0

s

2

? ?

t

2

A

2

e

2

6

�

e

1

A

0

6

e

2

together with partially de�ned horizon tal comp ositions �

1

: A � A ! A , �

1

: A

2

� A

2

!

A

2

, and v ertical comp ositions �

2

: A � A ! A , �

2

: A

1

� A

1

! A

1

, suc h that the follo wing

axioms are satis�ed:

1. The horizon tal data ( A; A

1

; s

1

; t

1

; e

1

; �

1

) and ( A

2

; A

0

; s

1

; t

1

; e

1

; �

1

) de�ne category

structures.

2. The v ertical data ( A; A

2

; s

2

; t

2

; e

2

; �

2

) and ( A

1

; A

0

; s

2

; t

2

; e

2

; �

2

) de�ne category

structures.

3. The horizon tal structure maps s

1

; t

1

; e

1

; �

1

are functorial with resp ect to the v er-

tical category structures (and hence vic e-versa ). That is

(a) s

i

s

j

= s

j

s

i

, t

i

t

j

= t

j

t

i

and s

i

t

j

= t

j

s

i

for f i; j g = f 1 ; 2 g .

(b) s

i

( a �

j

b ) = s

i

a �

j

s

i

b for f i; j g = f 1 ; 2 g .

(c) t

i

( a �

j

b ) = t

i

a �

j

t

i

b for f i; j g = f 1 ; 2 g .

(d) e

i

( a �

j

b ) = e

i

a �

j

e

i

b for f i; j g = f 1 ; 2 g .

(e) e

1

e

2

= e

2

e

1

.

(f ) The horizon tal and v ertical comp ositions satisfy an inter change law | if the

expressions ( a �

1

b ) �

2

( c �

1

d ) and ( a �

2

c ) �

1

( b �

2

d ) are b oth de�ned, then

they are equal.
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A double gr oup oid is a double category in whic h all the category structures are

group oids. Note that taking in v erses in one direction is automatically functorial in the

other. In the case that all the category structures are monoids, or groups, w e ha v e the

follo wing w ell-kno wn prop osition.

Prop osition 1.1.8 Double monoids ar e ab elian monoids.

Pro of: Supp ose A = ( A; f�

1

g ; f�

2

g ; f�

0

g ) is a double monoid, and g ; h 2 A . Then

e

1

e

2

= e

2

e

1

giv es e

1

�

1

= e

2

�

2

= � sa y , and so

g �

1

h = ( g �

2

� ) �

1

( � �

2

h ) = ( g �

1

� ) �

2

( � �

1

h ) = g �

2

h

g �

1

h = ( � �

2

g ) �

1

( h �

2

� ) = ( � �

1

h ) �

2

( g �

1

� ) = h �

2

g

Th us �

1

= �

2

and the m ultiplication is comm utativ e. 2

1.1.3 Double crossed complexes

The category Crs of crossed complexes of group oids is also complete, co complete and

cartesian closed (see [26 ] for details of this last construction). In this section w e in tro-

duce a notion of a double crossed complex of group oids b y considering crossed complexes

of group oids in ternal to the category Crs .

De�nition 1.1.9 A double cr osse d c omplex of gr oup oids consists of

1. A collection of sets C

i;j

for i; j � 0,

2. source, target and iden tit y maps

C

i;j

s

1

; t

1

-

�

e

1

C

0 ;j

C

j;i

s

2

; t

2

-

�

e

2

C

j; 0

for i � 1 ; j � 0, with s

1

= t

1

and s

2

= t

2

for i � 2,

3. partially de�ned comp ositions and actions

C

i;j

� C

i;j

�

1

-

C

i;j

C

1 ;j

� C

k ;j

�

1

-

C

k ;j

C

j;i

� C

j;i

�

2

-

C

j;i

C

j; 1

� C

j;k

�

2

-

C

j;k

for i � 1 ; j � 0 ; k � 2,

4. horizon tal and v ertical b oundary maps

C

i;j

�

h

i

-

C

i � 1 ;j

C

j;i

�

v

i

-

C

j;i � 1

for i � 2 ; j � 0.
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These data are suc h that

1. for eac h j � 0 the horizon tal structure (( C

i;j

)

i � 0

; s

1

; t

1

; e

1

; �

1

; �

1

; ( �

h

i

)

i � 2

) de�nes a

crossed complex,

2. for eac h i � 0 the v ertical structure (( C

i;j

)

j � 0

; s

2

; t

2

; e

2

; �

2

; �

2

; ( �

v

j

)

j � 2

) de�nes a

crossed complex,

3. the horizon tal structure maps comm ute with the v ertical structure maps. That

is:

(a) the functions s

1

; t

1

; e

1

; �

h

de�ne crossed complex morphisms b et w een the v er-

tical crossed complexes, as do s

2

; t

2

; e

2

; �

v

b et w een the horizon tal ones,

(b) for eac h i; j � 1 the structure ( C

i;j

; C

0 ;j

; C

i; 0

; C

0 ; 0

; ( s

k

; t

k

; e

k

; �

k

)

k =1 ; 2

) de�nes

a double group oid,

(c) the horizon tal and v ertical actions satisfy an in terc hange la w | if the expres-

sions �

2

( �

1

( r ; q ) ; �

1

( p; a )) and �

1

( �

2

( r ; p ) ; �

2

( q ; a )) are b oth de�ned, then

they are equal.

A double crossed complex of group oids ma y b e represen ted diagrammatically as

follo ws

. . . . . . . . . .

�

h

4

-

C

3 ; 3

?

.

.

.

�

h

3

-

C

2 ; 3

?

.

.

.

�

h

2

-

C

1 ; 3

?

.

.

.

s

1

-

t

1

-

C

0 ; 3

?

.

.

.

. . . . . . . . . .

�

h

4

-

C

3 ; 2

�

v

3

?

�

h

3

-

C

2 ; 2

�

v

3

?

�

h

2

-

C

1 ; 2

�

v

3

?

s

1

-

t

1

-

C

0 ; 2

�

v

3

?

. . . . . . . . . .

�

h

4

-

C

3 ; 1

�

v

2

?

�

h

3

-

C

2 ; 1

�

v

2

?

�

h

2

-

C

1 ; 1

�

v

2

?

s

1

-

t

1

-

C

0 ; 1

�

v

2

?

. . . . . . . . . .

�

h

4

-

C

3 ; 0

s

2

? ?

t

2

�

h

3

-

C

2 ; 0

s

2

? ?

t

2

�

h

2

-

C

1 ; 0

s

2

? ?

t

2

s

1

-

t

1

-

C

0 ; 0

s

2

? ?

t

2

The category of double crossed complexes of group oids and their homomorphisms

will b e written Crs

(2)

.

A r e duc e d double crossed complex consists of a double crossed complex as de�ned

ab o v e suc h that the set C

0 ; 0

is a singleton. Note that this is not the same as a crossed

12



complex of groups in ternal to the category of crossed complexes of groups, in whic h C

i; 0

and C

0 ;i

are singletons for all i � 0 and hence C

i;j

is an ab elian group for all i; j � 1.

Our in ten tion is to sho w that the double crossed complex pla ys a r^ ole similar to

that of the bic hain complex in the ab elian situation, or to that of the bisimplicial set.

Note that taking the diagonal of a double crossed complex do es not de�ne a crossed

complex as w e migh t ha v e lik ed. In the next section, ho w ev er, w e will see that there

is an appropriate notion of a c o diagonal or total crossed complex of a double crossed

complex.

1.2 Some Algebraic Constructions

1.2.1 The total mo dule of a double group oid

If C , D are categories o v er a common ob ject set O , then the fr e e pr o duct of C and

D , written C �

O

D , is the copro duct of C and D in the category Cat

O

of categories

o v er O and functors whic h are the iden tit y on ob jects. Alternativ ely , writing O for the

sub category of C and D with ob ject set O and no non-iden tit y arro ws, the free pro duct

ma y b e de�ned as the follo wing pushout in Cat

O

�

-

C

D

?

\

. . . . . . .

-

C �

O

D

?

.

.

.

.

.

.

.

.

.

De�nition 1.2.1 Supp ose that A = ( A; A

1

; A

2

; A

0

) is a double group oid. Then de�ne

the total cr osse d mo dule of A to b e the crossed mo dule C

�

-

D where D is the

group oid A

1

�

A

0

A

2

. The crossed D -mo dule C has generators a corresp onding to the

squares in A with source and target functions b oth giv en b y t

1

t

2

, iden tities giv en b y

e

1

e

2

and the b oundary map giv en b y

a

�

-

t

1

a

� 1

� s

2

a

� 1

� s

1

a � t

2

a;

whic h are sub ject to the relations

a

1

� a

t

2

a

1

2

= a

2

�

1

a

1

if s

1

a

1

= t

1

a

2

;

a

t

1

a

2

1

� a

2

= a

1

�

2

a

2

if t

2

a

1

= s

2

a

2

:

for a

1

; a

2

2 A .
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The base p oin ts, b oundary maps and comp osition relations for C ma y b e seen

geometrically from the follo wing diagrams:

�

t

2

a

-

�

a

�

s

1

a

6

�

s

2

a

� 1

�

?

t

1

a

� 1

� �

t

2

a

1

-

�

a

2

a

1

� �

�

1

�

� �

a

2

� �

2

�

6

t

1

a

2

a

1

� �

W e will see b elo w that this de�nition of the total crossed mo dule generalises a

construction of Bro wn and Higgins whic h asso ciates a crossed mo dule to a pair of

group oids.

1.2.2 The total complex of a double complex

Supp ose D

1

, D

2

are group oids o v er a common ob ject set O . Then a functor D

1

f

-

D

2

whic h is the iden tit y on O induces a functor Mo d

D

2

f

�

-

Mo d

D

1

. If C is a D

2

-mo dule

then the mo dule f

�

( C ) has the same underlying group oid as C and D

1

acts on this b y

( d; c )

-

c

f ( d )

.

The left adjoin t f

�

to the functor f

�

de�nes the induc e d mo dule construction. If C

is a D

1

-mo dule then the induced mo dule f

�

( C ) ma y b e de�ned as follo ws. Let E b e

the totally disconnected category o v er O generated b y arro ws ( c; d ) 2 E ( y ; y ) for all

c 2 C ( x; x ) ; d 2 D

2

( x; y ), sub ject to the relations

1. ( c

1

; d ) � ( c

2

; d ) = ( c

1

� c

2

; d ),

2. ( e

x

; d ) = e

y

,

3. ( c; f ( d

1

) � d

2

) = ( c

d

1

; d

2

),

4. ( c; d ) � ( c

0

; d

0

) = ( c

0

; d

0

) � ( c; d )

where c; c

1

; c

2

2 C ( x; x ) ; c

0

2 C ( w ; w ) ; d; d

1

2 D ( x; y ) ; d

2

2 D ( y ; z ) ; d

0

2 D ( w ; y ).

Then D

2

acts on E b y ( c; d )

d

2

= ( c; d � d

2

), and this de�nes f

�

( C ).

If C

�

-

D

1

is a crossed mo dule and f is as ab o v e, then an induced crossed D

2

-

mo dule f

�

C ma y also b e de�ned [8 ]. Let E b e the category-with- D

2

-action giv en b y the

same presen tation as in the previous paragraph except that the comm utativit y relation

(4) is replaced b y

4

0

: ( c

0

; d

0

)

� 1

� ( c; d ) � ( c

0

; d

0

) = ( c; d � d

0� 1

� f � ( c

0

) � d

0

)
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Then the induced crossed mo dule f

�

C is

E

�

-

D

2

( c; d )

-

d

� 1

� f � ( c ) � d

In particular, if D is the free pro duct D

1

�

O

D

2

and C a (crossed) mo dule o v er D

1

,

sa y , then w e write C

�

for the induced (crossed) mo dule o v er D .

W e can no w in tro duce a total c omplex functor on the category of double crossed

complexes of group oids.

Crs

(2)

T ot

-

Crs

Supp ose C is a double crossed complex. Then the asso ciated total complex is the

crossed complex T ot( C ) de�ned as follo ws

� The set T ot( C )

0

= O is giv en b y C

0 ; 0

.

� The group oid T ot( C )

1

= P is giv en b y the free pro duct of C

1 ; 0

and C

0 ; 1

o v er O .

� The crossed mo dule �

2

: T ot( C )

2

! P is giv en b y the copro duct of the induced

crossed P -mo dules C

�

2 ; 0

and C

�

0 ; 2

and the total crossed P -mo dule asso ciated to the

double group oid ( C

1 ; 1

; C

0 ; 1

; C

1 ; 0

; C

0 ; 0

) as discussed in section 1.2.1.

� F or m � 3, the ab elian P -mo dule T ot( C )

m

is de�ned as the copro duct of ab elian

P -mo dules M

0

; M

1

; : : : ; M

m

. Eac h M

i

is in turn de�ned from a P -mo dule N

i

b y

imp osing the relation a

�

2

b

= a for all a 2 N

i

; b 2 T ot( C )

2

suc h that t ( a ) = t ( b ).

The P -mo dules N

0

; N

m

are giv en b y the induced mo dules C

�

m; 0

; C

�

0 ;m

resp ectiv ely .

F or 1 � i � m � 1 w e giv e the ab elian P -mo dule N

i

in terms of generators and

relations. Generators a of N

i

corresp ond to elemen ts of C

m � i;i

, with source and

target functions giv en b y t

1

t

2

and iden tities b y e

1

e

2

. In the case i = 1 these are

sub ject to the relations

a

t

2

b

= �

1

( b; a ) if t

1

a = s

1

b;

a

1

� a

2

= a

1

�

1

a

2

if t

1

a

1

= t

1

a

2

;

a

t

1

a

2

1

� a

2

= a

1

�

2

a

2

if t

2

a

1

= s

2

a

2

for a; a

1

; a

2

2 C

m � 1 ; 1

; b 2 C

1 ; 1

, and in the case i = m � 1 to the relations

a

t

1

b

= �

2

( b; a ) if t

2

a = s

2

b;

a

1

� a

t

2

a

1

2

= a

2

�

1

a

1

if s

1

a

1

= t

1

a

2

;

a

1

� a

2

= a

1

�

2

a

2

if t

2

a

1

= t

2

a

2

for a; a

1

; a

2

2 C

1 ;m � 1

; b 2 C

1 ; 1

. F or 2 � i � m � 2 the relations are

a

t

2

b

1

= �

1

( b

1

; a ) if t

1

a = s

1

b

1

;

a

t

1

b

2

= �

2

( b

2

; a ) if t

2

a = s

2

b

2

;

a

1

� a

2

= a

1

�

1

a

2

if t

1

a

1

= t

1

a

2

;

a

1

� a

2

= a

1

�

2

a

2

if t

2

a

1

= t

2

a

2
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where a; a

1

; a

2

2 C

m � i;i

; b

1

2 C

1 ;i

; b

2

2 C

m � i; 1

. The b oundary map �

m

is the

mo dule homomorphism induced b y the functions N

i

-

T ot( C )

m � 1

giv en on

generators b y

a

-

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

�

h

m

a for i = 0

�

v

m

a for i = m

�

h

m � 1

a � (( t

2

a )

� 1

� ( s

2

a )

t

1

a

)

( � 1)

m � 1

for i = 1

(( t

1

a )

� 1

� ( s

1

a )

t

2

a

) � ( �

v

m � 1

a )

� 1

for i = m � 1

�

h

m � i

a � ( �

v

i

a )

( � 1)

m � i

for 2 � i � m � 2

Collecting the v arious form ul� together w e can giv e the follo wing de�nition of T ot

in terms of generators and relations.

Prop osition 1.2.2 Supp ose C is a double cr osse d c omplex of gr oup oids. Then T ot ( C )

is the cr osse d c omplex of gr oup oids given by gener ators c

i;j

2 T ot ( C )

n

for al l c

i;j

2 C

i;j

with n = p + q , satisfying the fol lowing r elations

1. sc

1 ; 0

= s

1

c

1 ; 0

sc

0 ; 1

= s

2

c

0 ; 1

tc

i; 0

= t

1

c

i; 0

for i � 1

tc

0 ;j

= t

2

c

0

j

for j � 1

tc

i;j

= t

1

t

2

c

i;j

for i; j � 1

2. �

2

c

1 ; 1

= ( t

1

c

1 ; 1

)

� 1

� ( s

2

c

1 ; 1

)

� 1

� s

1

c

1 ; 1

� t

2

c

1 ; 1

�

i

c

i; 0

= �

h

i

c

i; 0

for i � 2

�

j

c

0 ;j

= �

v

j

c

0 ;j

for j � 2

�

i +1

c

i; 1

= �

h

i

c

i; 1

� (( t

2

c

i; 1

)

� 1

� ( s

2

c

i; 1

)

t

1

c

i; 1

)

( � 1)

i

for i � 2

�

j +1

c

1 ;j

= (( t

1

c

1 ;j

)

� 1

� ( s

1

c

1 ;j

)

t

2

c

1 ;j

) � ( �

v

j

c

1 ;j

)

� 1

for j � 2

�

i + j

c

i;j

= �

h

i

c

i;j

� ( �

v

j

c

i;j

)

( � 1)

i

for i; j � 2

3. �

1

( c

1 ;j

; c

i;j

) = c

t

2

c

1 ;j

i;j

for i � 2

�

2

( c

i; 1

; c

i;j

) = c

t

1

c

i; 1

i;j

for j � 2

4. c

1 ;j

�

1

c

0

1 ;j

= c

0

1 ;j

� c

t

2

c

0

1 ;j

1 ;j

for j � 1

c

i;j

�

1

c

0

i;j

= c

i;j

� c

0

i;j

for j = 0 or i � 2

c

i; 1

�

2

c

0

i; 1

= c

t

1

c

0

i; 1

i; 1

� c

0

i; 1

for i � 1

c

i;j

�

2

c

0

i;j

= c

i;j

� c

0

i;j

for i = 0 or j � 2

1.2.3 T ensor pro ducts and double complexes

In this section w e will consider a functor

Crs � Crs




(2)

-

Crs

(2)

whose comp osite with the functor T ot de�ned ab o v e giv es the tensor pro duct of crossed

complexes as de�ned in [12 ].
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De�nition 1.2.3 Supp ose C , D are crossed complexes. Then the double crossed com-

plex C 


(2)

D is de�ned as follo ws

� Eac h set ( C 


(2)

D )

i;j

is giv en b y the cartesian pro duct C

i

� D

j

. Elemen ts ( c; d )

will b e written c 
 d .

� The horizon tal crossed complex structures are de�ned b y the crossed complex

structure on C and the v ertical structures b y that on D . That is

s

1

( c 
 d ) = s ( c ) 
 d s

2

( c 
 d ) = c 
 s ( d )

t

1

( c 
 d ) = t ( c ) 
 d t

2

( c 
 d ) = c 
 t ( d )

e

1

( c 
 d ) = e ( c ) 
 d e

2

( c 
 d ) = c 
 e ( d )

( c 
 d ) �

1

( c

0


 d ) = ( c � c

0

) 
 d ( c 
 d ) �

2

( c 
 d

0

) = c 
 ( d � d

0

)

�

1

( c

1


 d; c 
 d ) = c

c

1


 d �

2

( c 
 d

1

; c 
 d ) = c 
 d

d

1

�

h

i

( c 
 d ) = �

i

( c ) 
 d �

v

j

( c 
 d ) = c 
 �

j

( d )

where de�ned.

Prop osition 1.2.4 The ab ove de�nitions for the structur e maps of C 


(2)

D ar e c on-

sistent with the double cr osse d c omplex axioms.

Pro of: Clear. As an illustration, note that t

1

( c 
 d ) = s

1

( c

0


 d

0

) implies d = d

0

as

w ell as tc = sc

0

, so w e are indeed able to de�ne the horizon tal comp ositions b y those of

C . W e are actually using the fact that the copro duct of crossed complexes of group oids

(but not of crossed complexes of groups) is giv en b y disjoin t union, and so the cop o w er

can b e de�ned b y a cartesian pro duct. 2

W e no w de�ne the tensor pro duct C 
 D of t w o crossed complexes C , D to b e the

total complex of C 


(2)

D . More explicitly , w e ha v e the follo wing presen tation.

Prop osition 1.2.5 Given cr osse d c omplexes of gr oup oids C ; D , the tensor pr o duct C 


D is the cr osse d c omplex of gr oup oids given by gener ators c

i


 d

j

2 ( C 
 D )

i + j

for al l

c

i

2 C

i

, d

j

2 D

j

, satisfying the fol lowing r elations

1. s ( c

1


 d

0

) = sc

1


 d

0

s ( c

0


 d

1

) = c

0


 sd

1

t ( c

i


 d

0

) = tc

i


 d

0

for i � 1

t ( c

0


 d

j

) = c

0


 td

j

for j � 1

t ( c

i


 d

j

) = tc

i


 td

j

for i; j � 1

2. �

2

( c

1


 d

1

) = ( tc

1


 d

1

)

� 1

� ( c

1


 sd

1

)

� 1

� sc

1


 d

1

� c

1


 td

1

�

i

( c

i


 d

0

) = �

i

c

i


 d

0

for i � 2

�

j

( c

0


 d

j

) = c

0


 �

j

d

j

for j � 2

�

i +1

( c

i


 d

1

) = �

i

c

i


 d

1

�

�

( c

i


 td

1

)

� 1

� ( c

i


 sd

1

)

tc

i


 d

1

�

( � 1)

i

for i � 2

�

j +1

( c

1


 d

j

) =

�

( tc

1


 d

j

)

� 1

� ( sc

1


 d

j

)

c

1


 td

j

�

� ( c

1


 �

j

d

j

)

� 1

for j � 2

�

i + j

( c

i


 d

j

) = �

i

c

i


 d

j

� ( c

i


 �

j

d

j

)

( � 1)

i

for i; j � 2
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3. c

c

1

i


 d

j

= ( c

i


 d

j

)

c

1


 td

j

for i � 2

c

i


 d

d

1

j

= ( c

i


 d

j

)

tc

i


 d

1

for j � 2

4. c

i


 ( d

1

� d

0

1

) = ( c

i


 d

1

)

tc

i


 d

0

1

� c

i


 d

0

1

for i � 1

c

i


 ( d

j

� d

0

j

) = c

i


 d

j

� c

i


 d

0

j

for i = 0 or j � 2

( c

1

� c

0

1

) 
 d

j

= c

0

1


 d

j

� ( c

1


 d

j

)

c

0

1


 td

j

for j � 1

( c

i

� c

0

i

) 
 d

j

= c

i


 d

j

� c

0

i


 d

j

for j = 0 or i � 2

Pro of: F ollo ws directly b y substitution of the de�nitions of 1.2.3 in to the form ul� of

prop osition 1.2.2. 2

It should b e noted that our de�nition of T ot in the previous section w as guided b y

the principle that the de�nitions of the tensor pro duct in Crs giv en here and in [12]

should agree.

Remark 1.2.6 If G , H are group oids, then w e ma y form a double group oid from them

b y considering

Arr( G ) � Arr( H )

-

-

Ob( G ) � Arr( H )

Arr( G ) � Ob( H )

? ?

-

-

Ob( G ) � Ob( H )

? ?

with the horizon tal structure maps induced from G and the v ertical ones from H . It is

clear in this case that the asso ciated total crossed mo dule, as de�ned in section 1.2.1,

is precisely that encoun tered previously b y Bro wn and Higgins in [12] as the tensor

pro duct of G , H regarded as crossed complexes whic h are trivial ab o v e dimension one.

1.3 F unctors from Simplicial Categories

1.3.1 Simplicial sets

Let � b e the category with ob jects the ordered sets [ n ] = f 0 < 1 < � � � < n g for n � 0

and arro ws the order preserving functions b et w een them. Recall that the arro ws are

in fact generated b y the injections d ( i ) : [ n � 1] ! [ n ] (0 � i � n ) whic h miss out the

i th elemen t and the surjections s ( i ) : [ n + 1] ! [ n ] (0 � i � n ) whic h rep eat the i th

elemen t.

A simplicial ob ject in a category C is a functor C

�

from �

op

to C . Equiv alen tly , b y

considering the images under C

�

of [ n ], d ( i ), and s ( i ), a simplicial ob ject ma y b e giv en

b y a family of ob jects ( C

n

) of C together with arro ws d

i

: C

n

! C

n � 1

(face maps) and
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s

i

: C

n

! C

n +1

(degeneracy maps) in C whic h satisfy the usual simplicial relations:

d

i

d

j

= d

j � 1

d

i

for i < j

d

i

s

j

=

8

>

<

>

:

s

j � 1

d

i

for i < j

id for i = j or i = j + 1

s

j

d

i � 1

for i > j

s

i

s

j

= s

j +1

s

i

for i � j

W e will write SimpC for the category [�

op

; C ] of simplicial ob jects in C .

Similarly a cosimplicial ob ject C

�

: � ! C ma y b e giv en b y a family of ob jects

( C

n

) and coface and co degeneracy arro ws d

i

, s

i

satisfying the dual relations.

In particular, w e will consider the category of simplicial ob jects in Set , the category

of sets, together with the fundamental cr osse d c omplex functor

SimpSet

�

-

Crs

from simplicial sets to crossed complexes whic h is de�ned as follo ws:

De�nition 1.3.1 F or K

�

a simplicial set, � ( K

�

) is the cr osse d c omplex C gener ate d

by [ a

n

] 2 C

n

for al l n-simplic es a

n

2 K

n

, such that the fol lowing r elations hold:

[ s

0

a

0

] = e

[ a

0

]

in � ( K

�

)

1

[ s

i

a

n

] = e

t [ a

n

]

in � ( K

�

)

n +1

for n � 1

s [ a

1

] = [ d

1

a

1

]

t [ a

n

] = [ d

n

0

a

n

] for n � 1

�

2

[ a

2

] = [ d

0

a

2

]

� 1

� [ d

2

a

2

]

� 1

� [ d

1

a

2

]

�

3

[ a

3

] = [ d

1

a

3

] � [ d

2

a

3

]

� 1

� [ d

0

a

3

]

� 1

� [ d

3

a

3

]

[ d

0

d

1

a

3

]

�

n

[ a

n

] =

n � 1

Y

i =0

[ d

i

a

n

]

( � 1)

i +1

�

�

[ d

n

a

n

]

[ d

0

d

1

::: d

n � 2

a

n

]

�

( � 1)

n +1

for n � 4

W e will often omit the brac k ets around the generators.

The �rst t w o relations sa y that degenerate simplices in eac h K

n

ma y b e ignored. The

other relations are b oundary relations and are often kno wn as the homotop y addition
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theorem [41, IV.6]. They ma y b e seen geometrically as follo ws

d

1

a

1

�

a

1

-

� d

0

a

1

�



















d

1

a

2

� J

J

J

J

J

J

d

0

a

� 1

2

^

a

2

�

�

d

2

a

� 1

2

�

d

1

a

3

.

.

.

.

.

.

.

.

.

.

.

.

U

�

�

�

�

�

�

�

�

�

�*

MB

B

B

B

B

B

B

B

B

B

B

B

B

YH

H

H

H

H

H

H

H

H

d

0

d

1

a

3

�

-

�

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Qs

d

2

a

� 1

3

d

0

a

� 1

3

�

�

�

�

�

�

�

�

��

.

.

.

.

.

.

.

.

.

.

.

�

d

3

a

3

�

Note that other equiv alen t presen tations of the functor ma y b e giv en b y c ho osing

alternativ e basep oin ts or signs for the generators. The presen tation giv en here is that

whic h leads to the tidiest form ul� later.

1.3.2 Simplicial crossed complexes

W e no w consider the category SimpCrs of simplicial ob jects in the category of crossed

complexes of group oids. T o �x the notation w e shall consider the crossed complex

structures as b eing `horizon tal' and the simplicial structures as b eing `v ertical', as in

the follo wing de�nition.

De�nition 1.3.2 A simplicial cr osse d c omplex (of gr oup oids) C is giv en b y

1. A collection of sets C

i;j

for i; j � 0,

2. source, target and iden tit y maps

C

i;j

s; t

-

�

e

C

0 ;j

for i � 1 ; j � 0, with s = t for i � 2,

3. partially de�ned comp ositions and actions

C

i;j

� C

i;j

�

-

C

i;j

C

1 ;j

� C

k ;j

�

-

C

k ;j

for i � 1 ; j � 0 ; k � 2,

4. (horizon tal) b oundary maps

C

i;j

�

i

-

C

i � 1 ;j

for i � 2 ; j � 0,
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5. (v ertical) face maps and degeneracy maps

C

i;j +1

d

p

-

�

s

q

C

i;j

for i; j � 0 ; 0 � p � j + 1 ; 0 � q � j .

These data are suc h that

1. for eac h j � 0 the horizon tal structure (( C

i;j

)

i � 0

; s; t; e; � ; � ; ( �

i

)

i � 2

) de�nes a

crossed complex of group oids,

2. for eac h i � 0 the v ertical structure (( C

i;j

)

j � 0

; ( d

p

) ; ( s

q

)) de�nes a simplicial set,

3. the face and degeneracy maps de�ne homomorphisms b et w een the horizon tal

crossed complex structures.

Note that the (horizon tal) source maps s should not b e confused with the (v ertical)

degeneracy maps s

q

.

The form ul� of de�nition 1.3.1 ma y also b e used to also de�ne a functor

SimpCrs

�

Crs

-

Crs

(2)

from the category of simplicial crossed complexes to the category of double crossed

complexes, simply b y taking the de�nition of � in ternal to the category Crs . If C

is a simplicial crossed complex, then �

Crs

( C ) has v ertical crossed complexes struc-

tures giv en b y applying � to the simplicial sets (( C

i;j

)

j � 0

; ( d

p

) ; ( s

q

)) for eac h i � 0,

and horizon tal crossed complex structures those induced from the crossed complexes

(( C

i;j

)

i � 0

; s; t; e; � ; � ; ( �

i

)

i � 2

) for eac h j � 0.

A bisimplicial ob ject C

� ; �

in a category C is a simplicial ob ject in SimpC , or

alternativ ely a functor �

op

� �

op

! C . W e will write C

m;n

for the image of ([ m ] ; [ n ])

under C

� ; �

, and de�ne the horizon tal and v ertical face and degeneracy maps d

h

i

, s

h

i

,

d

v

i

, s

v

i

b y the images of ( d ( i ) ; 1), ( s ( i ) ; 1), (1 ; d ( i )), (1 ; s ( i )) resp ectiv ely . The category

[�

op

� �

op

; C ] of all suc h bisimplicial ob jects will b e denoted BiSimpC .

Note w e can de�ne a functor

BiSimpSet

�

Simp

-

SimpCrs

from bisimplicial sets to simplicial crossed complexes b y taking de�nition 1.3.1 in ternal

to the category of simplicial sets. F urthermore the comp osite functor �

Simp

� �

Crs

giv es

the fundamental double cr osse d c omplex of a bisimplicial set

BiSimpSet

�

(2)

-

Crs

(2)
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If K , L are simplicial sets then w e can form a bisimplicial set whic h in dimension

( i; j ) has the set K

i

� L

j

, with the horizon tal face and degeneracy maps coming from

K and the v ertical ones from L . This giv es a functor

SimpSet � SimpSet

�

(2)

-

BiSimpSet

Note that the follo wing diagram comm utes:

SimpSet � SimpSet

�

(2)

-

BiSimpSet

Crs � Crs

� � �

?




(2)

-

Crs

(2)

?

�

(2)

1.3.3 The total complex of a simplicial crossed complex

Supp ose C is a simplicial crossed complex as in de�nition 1.3.2. W e ha v e seen ab o v e

ho w to de�ne a double crossed complex �

Crs

( C ) from C . W e can therefore mak e the

follo wing de�nition:

De�nition 1.3.3 The (simplicial) total functor from simplicial crossed complexes to

crossed complexes is the comp osite of the functor �

Crs

and the total crossed complex

functor de�ned in section 1.2.2.

SimpCrs

S-T ot

-

Crs

@

@

@

@

@

�

Crs

R �

�

�

�

�

T ot

�

Crs

(2)

This construction will pla y an imp ortan t part in the de�nition of homotop y colimits

of crossed complexes in c hapter 3.

W e ha v e immediately

Prop osition 1.3.4 The fol lowing diagr am c ommutes

BiSimpSet

�

(2)

-

Crs

(2)

SimpCrs

�

Simp

?

S-T ot

-

Crs

?

T ot
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Pro of: Since S-T ot = �

Crs

� T ot and �

(2)

= �

Simp

� �

Crs

, the result follo ws b y asso cia-

tivit y of functor comp osition. (Diagrammatically: putting in the diagonal arro w % �

Crs

giv es t w o comm utativ e triangles). 2

W e can also presen t the total complex of a simplicial crossed complex in terms of

generators and relations.

Prop osition 1.3.5 Supp ose C is a simplicial cr osse d c omplex of gr oup oids. Then

S-T ot( C ) is the cr osse d c omplex of gr oup oids given by gener ators [ c

i;j

] 2 S-T ot ( C )

n

for al l c

i;j

2 C

i;j

with n = i + j , satisfying the fol lowing r elations

1. [ s

0

c

0 ; 0

] = e

[ c

0 ; 0

]

in S-T ot( C )

1

[ s

k

c

i;j

] = e

t [ c

i;j

]

in S-T ot( C )

i + j +1

for i + j � 1 ; 0 � k � j

2. s [ c

1 ; 0

] = [ sc

1 ; 0

]

s [ c

0 ; 1

] = [ d

1

c

0 ; 1

]

t [ c

0 ;j

] = [ d

j

0

c

0 ;j

] for j � 1

t [ c

i;j

] = [ td

j

0

c

i;j

] for i � 1 ; j � 0

3. �

i

[ c

i; 0

] = [ �

i

c

i; 0

] for i � 2

�

2

[ c

0 ; 2

] = [ d

0

c

0 ; 2

]

� 1

� [ d

2

c

0 ; 2

]

� 1

� [ d

1

c

0 ; 2

]

�

3

[ c

0 ; 3

] = [ d

1

c

0 ; 3

] � [ d

2

c

0 ; 3

]

� 1

� [ d

0

c

0 ; 3

]

� 1

� [ d

3

c

0 ; 3

]

[ d

2

0

c

0 ; 3

]

�

j

[ c

0 ;j

] =

j � 1

Y

k =0

[ d

k

c

0 ;j

]

( � 1)

k +1

�

�

[ d

j

c

0 ;j

]

[ d

j � 1

0

c

0 ;j

]

�

( � 1)

j +1

for j � 4

�

2

[ c

1 ; 1

] = [ tc

1 ; 1

]

� 1

� [ d

1

c

1 ; 1

]

� 1

� [ sc

1 ; 1

] � [ d

0

c

1 ; 1

]

�

i +1

[ c

i; 1

] = [ �

i

c

i; 1

] �

�

[ d

0

c

i; 1

]

� 1

� [ d

1

c

i; 1

]

[ tc

i; 1

]

�

( � 1)

i

for i � 2

�

3

[ c

1 ; 2

]

= [ d

0

c

1 ; 2

] � [ sc

1 ; 2

]

[ d

0

d

1

c

1 ; 2

]

� [ d

1

c

1 ; 2

]

� 1

� [ tc

1 ; 2

]

� 1

� [ d

2

c

1 ; 2

]

[ td

0

c

1 ; 2

]

�

j +1

[ c

1 ;j

] =

�

[ tc

1 ;j

]

� 1

� [ sc

1 ;j

]

[ d

j

0

c

1 ;j

]

�

�

j � 1

Y

k =0

[ d

k

c

1 ;j

]

( � 1)

k

�

�

[ d

j

c

1 ;j

]

[ td

j � 1

0

c

1 ;j

]

�

( � 1)

j

for j � 3

�

i + j

[ c

i;j

] = [ �

i

c

i;j

]

�

j � 1

Y

k =0

[ d

k

c

i;j

]

( � 1)

i + k +1

�

�

[ d

j

c

i;j

]

[ td

j � 1

0

c

i;j

]

�

( � 1)

i + j +1

for i; j � 2

4. [ � ( c

1 ;j

; c

i;j

)] = [ c

i;j

]

[ d

j

0

c

1 ;j

]

for i � 2

5. [ c

1 ;j

� c

0

1 ;j

] = [ c

0

1 ;j

] � [ c

1 ;j

]

[ d

j

0

c

0

1 ;j

]

for j � 1

[ c

i;j

� c

0

i;j

] = [ c

i;j

] � [ c

0

i;j

] for j = 0 or i � 2

Pro of: F airly routine. The least straigh t-forw ard b oundary relation is that for �

3

[ c

1 ; 2

]

in T ot �

Crs

( C ). In �

Crs

( C ) w e ha v e

�

v

2

[ c

1 ; 2

] = [ d

0

c

1 ; 2

]

� 1

�

2

[ d

2

c

1 ; 2

]

� 1

�

2

[ d

1

c

1 ; 2

]
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where the in v erses are with resp ect to �

2

. Using the relation c

1 ; 1

�

2

c

0

1 ; 1

= c

t

1

c

0

1 ; 1

1 ; 1

� c

0

1 ; 1

from prop osition 1.2.2 w e see that �

2

-in v erse of c

1 ; 1

is giv en b y taking

�

c

1 ; 1

( tc

1 ; 1

)

� 1

�

� 1

in

the total complex, and the ab o v e b oundary relation b ecomes

�

v

2

[ c

1 ; 2

] =

�

[ d

0

c

1 ; 2

]

[ td

0

c

1 ; 2

]

� 1

� [ td

2

c

1 ; 2

]

� 1

� [ td

1

c

1 ; 2

]

�

� 1

�

�

[ d

2

c

1 ; 2

]

[ td

2

c

1 ; 2

]

� 1

� [ td

1

c

1 ; 2

]

�

� 1

� [ d

1

c

1 ; 2

]

Note that this is just

�

v

2

[ c

1 ; 2

] =

�

[ d

0

c

1 ; 2

]

�

2

[ tc

1 ; 2

]

�

� 1

�

�

[ d

2

c

1 ; 2

]

[ td

0

c

1 ; 2

] � �

2

[ tc

1 ; 2

]

�

� 1

� [ d

1

c

1 ; 2

]

Substituting this in to the relation

�

3

c

1 ; 2

=

�

( t

1

c

1 ; 2

)

� 1

� ( s

1

c

1 ; 2

)

t

2

c

1 ; 2

�

� ( �

v

2

c

1 ; 2

)

� 1

from prop osition 1.2.2, and recalling the crossed complex axiom a

� 1

2

b

2

a

2

= b

�

2

a

2

2

, w e get

the required result. 2
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Chapter 2

The Eilen b erg-Zilb er Theorem

2.0 In tro duction

In this c hapter w e pro v e the Eilen b erg-Zilb er theorem for crossed complexes: giv en

simplicial sets K , L , there are natural homomorphisms

� K 
 � L

b

-

�

a

� ( K � L )

suc h that b � a is the iden tit y , and a homotop y

I 
 � ( K � L )

h

-

� ( K � L )

b et w een a � b and the iden tit y . Asso ciativit y and in terc hange relations for a , b and h

are also pro v ed.

W e also sho w that an y homotop y b et w een an idemp oten t crossed complex endo-

morphism and the iden tit y ma y b e replaced b y a homotop y whic h satis�es certain

side-conditions, and in particular if h is the deformation retraction of the Eilen b erg-

Zilb er theorem w e ma y assume that the corresp onding degree one map � : x 7! h ( � 
 x )

satis�es

�

2

( x ) = e; � ( b ( x )) = e; a ( � ( x )) = e; �� � ( x ) = ( � ( x ))

� 1

The Eilen b erg-Zilb er theorem is also sho wn to extend to giv e r -fold homotopies

I


 r


 � ( K

0

� : : : � K

r

)

-

� ( K

0

� : : : � K

r

)

satisfying certain b oundary relations.

The structure of the c hapter is as follo ws. In the �rst section, w e b egin with a

review of the de�nitions of homotop y in Crs . This is essen tially an exp osition of

material dating bac k to [42]. A splitting homotopy is then de�ned, and it is pro v ed that

an y homotop y b et w een an idemp oten t endomorphism and the iden tit y ma y b e replaced

b y a splitting homotop y . This result for c hain complexes ma y b e found in [30].
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In the second section, w e de�ne the diagonal appro ximation map a and the sh u�e

homomorphism b . W e pro v e that b is a one-sided in v erse to a , and that a and b are

asso ciativ e and satisfy an `in terc hange' relation. Some connection is sho wn b et w een

the Artin-Mazur diagonal of a bisimplicial set and the diagonal appro ximation map a ,

and b et w een a and a construction b y Bro wn and Gilb ert of a simplicial group from a

braided regular crossed mo dule.

In the third section the homotop y h b et w een a � b and the iden tit y is de�ned, using

simplicial op erators for the high-dimensional w ork as in the c hain complex situation.

W e also sho w that h satis�es four in terc hange relations with resp ect to a and b , t w o of

whic h in the c hain complex case w ere sho wn b y Shih [33]. W e then use these relations

to sho w that the higher homotopies on � ( K

0

� : : : � K

r

) induced b y h form a c oher ent

system .

2.1 Homotop y Theory of Crossed Complexes

2.1.1 Homotop y of morphisms

Let I b e the group oid

0

�

-

�

�

� 1

1

with ob ject set O = f 0 ; 1 g and non-iden tit y arro ws � : 0 ! 1 and its in v erse �

� 1

: 1 ! 0.

W e will often regard I as a crossed complex whic h in dimensions � 2 has only the

trivial group oid o v er O . Giv en an y crossed complex C note that there are natural

monomorphisms

C

i

0

-

i

1

-

I 
 C

de�ned on generators b y i

�

: c 7! � 
 c for � = 0 or 1.

De�nition 2.1.1 Supp ose C ; D ar e cr osse d c omplexes, and f ; g : C ! D ar e homomor-

phisms b etwe en them. A homotop y h fr om f to g , written h : f ' g , is given by a cr osse d
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c omplex homomorphism h : I 
 C ! D such that the fol lowing diagr am c ommutes

C

	�

�

�

�

�

�

i

0

@

@

@

@

@

@

f

R

I 
 C

h

-

D

I@

@

@

@

@

@

i

1

�

�

�

�

�

�

g

�

C

The follo wing prop osition is standard.

Prop osition 2.1.2 The r elation of homotopy given by ' is an e quivalenc e r elation.

Pro of: F or re
exivit y , w e note that i

0

and i

1

ha v e a common one-sided in v erse e giv en

b y the homomorphism

I 
 C

e

-

C

whic h maps 0 
 c

n

and 1 
 c

n

to c

n

and maps � 
 c

n

to the iden tit y at tc

n

in C

n +1

. Th us

if f : C ! C is a crossed complex homomorphism, the comp osite of e with f de�nes a

homotop y f ' f whic h w e will write as 0

f

.

F or symmetry w e use the non-trivial automorphism of I whic h induces a homomor-

phism

I 
 C

s

-

I 
 C

mapping � 
 c to �

� 1


 c . Th us if h is a homotop y f ' g , the comp osite of s with h

de�nes a homotop y g ' f whic h w e will write as h .

F or transitivit y w e consider (v ertical) comp osition of homotopies. Let J b e the

group oid

0

|

-

�

|

� 1

1

�

-

�

�

� 1

2

with three ob jects 0 ; 1 ; 2 and non-iden tit y arro ws | : 0 ! 1 and � : 1 ! 2 together with

their in v erses and comp osites. As usual J ma y b e regarded as a crossed complex whic h

is trivial in dimensions � 2. Giv en crossed complex homomorphisms f

0

; f

1

; f

2

: C ! D

and homotopies h

1

: f

0

' f

1

and h

2

: f

1

' f

2

their v ertical comp osite h

1

� h

2

is a homotop y

f

0

' f

2

de�ned b y

I 
 C

t 
 id

-

J 
 C

h

1

_ h

2

-

D
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where t is giv en b y � 7! | � � and h

1

_ h

2

is giv en b y | 
 c 7! h

1

( � 
 c ) and � 
 c 7! h

2

( � 
 c ).

2

Moreo v er, ' is a c ongruenc e . Supp ose f is a crossed complex morphism C ! D

and k is a homotop y g

0

' g

1

: D ! E . Then w e get f � g

0

' f � g

1

b y considering the

`horizon tal' comp osite homotop y

f

k de�ned b y

I 
 C

id 
 f

-

I 
 D

k

-

E

Similarly if h is a homotop y f

0

' f

1

: C ! D and g is a morphism D ! E w e can de�ne

a homotop y h

g

from f

0

� g to f

1

� g b y

I 
 C

h

-

D

g

-

E

Using these de�nitions, w e can de�ne the horizon tal comp osite h � k of the homotopies

h and k as the v ertical comp osite of h

g

0

: f

0

� g

0

' f

1

� g

0

and

f

1

k : f

1

� g

0

' f

1

� g

1

.

Equiv alen tly , let d b e the map

I

d

-

I 
 I

de�ned b y � 7! (0 
 � ) � ( � 
 1). Then h � k ma y b e de�ned directly as the homotop y

I 
 C

d 
 id

-

I 
 I 
 C

id 
 h

-

I 
 D

k

-

E

Prop osition 2.1.3 The homotopy c onstructions describ e d ab ove satisfy the fol lowing

r elations:

1. h

1

� ( h

2

� h

3

) = ( h

1

� h

2

) � h

3

2. h

1

� ( h

2

� h

3

) = ( h

1

� h

2

) � h

3

3. 0

f

0

� h = h � 0

f

1

= h

4.

f

h = 0

f

� h and h

g

= h � 0

g

5. h � h = 0

f

0

and h � h = 0

f

1

6. h � k = k � h .

7. h � ( k

1

� k

2

) = ( h � k

1

) � (0

f

1

� k

2

) and ( h

1

� h

2

) � k = ( h

1

� 0

g

0

) � ( h

2

� k ) .

Pro of: Clear. 2

Note that the full in terc hange la w b et w een the horizon tal and v ertical comp ositions

do es not hold in general and neither do es h � k = h � k . This is b ecause there are
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actually t w o c hoices for the de�nition of horizon tal comp osition of homotopies, giv en

b y h

g

0

�

f

1

k and

f

0

k � h

g

1

. These are not in general equal, although as morphisms they are

themselv es homotopic. Similarly there are t w o `diagonal appro ximations' d : I ! I 
 I

giv en b y � 7! (0 
 � ) � ( � 
 1) and � 7! ( � 
 0) � (1 
 � ). The non-trivial homotop y b et w een

these p ossible c hoices is what leads to Steenro d squares, etc.

The notion of homotop y ma y also b e translated in to statemen ts ab out the elemen ts

of C and D . The form ul� whic h result date bac k to J.H.C. Whitehead [42].

Prop osition 2.1.4 Sp e cifying a homotopy h : f ' g is e quivalent to sp e cifying the mor-

phism g to gether with a de gr e e one map ( �

n

: C

n

! D

n +1

) which satis�es the fol lowing

t ( �

0

c

0

) = g c

0

t ( �

n

c

n

) = t ( g c

n

) for n � 1

�

n

( c

n

c

1

) = ( �

n

c

n

)

g c

1

for n � 2

�

1

( c

1

� c

0

1

) = ( �

1

c

1

)

g c

0

1

� �

1

c

0

1

�

n

( c

n

� c

0

n

) = �

n

c

n

� �

n

c

0

n

for n � 2

The morphism f is then c ompletely determine d by

s ( �

0

c

0

) = f c

0

�

2

( �

1

c

1

) = ( g c

1

)

� 1

� ( �

0

sc

1

)

� 1

� f c

1

� �

0

tc

1

�

n +1

( �

n

c

n

) = ( g c

n

)

� 1

� ( f c

n

)

�

0

tc

n

� ( �

n � 1

�

n

c

n

)

� 1

for n � 2

Pro of: Consider an arbitrary homomorphism I 
 C

h

-

D . The relations of prop o-

sition 1.2.5 imply that for all c

n

; c

0

n

2 C

n

, h m ust satisfy the follo wing

1. sh ( � 
 c

0

) = h (0 
 c

0

)

th ( � 
 c

0

) = h (1 
 c

0

)

th ( � 
 c

n

) = h (1 
 tc

n

)

2. �

2

h ( � 
 c

1

) = h (1 
 c

1

)

� 1

� h ( � 
 sc

1

)

� 1

� h (0 
 c

1

) � h ( � 
 tc

1

)

�

n +1

h ( � 
 c

n

) = h (1 
 c

n

)

� 1

� h (0 
 c

n

)

h ( � 
 tc

n

)

� h ( � 
 �

n

c

n

)

� 1

for n � 2

3. h ( � 
 c

n

c

1

) = h ( � 
 c

n

)

h (1 
 c

1

)

for n � 2

4. h ( � 
 ( c

1

� c

0

1

)) = h ( � 
 c

1

)

h (1 
 c

0

1

)

� h ( � 
 c

0

1

)

h ( � 
 ( c

n

� c

0

n

)) = h ( � 
 c

n

) � h ( � 
 c

0

n

) for n � 2

The prop osition then follo ws b y writing f , g for the homomorphisms

c

n

f

-

h (0 
 c

n

) c

n

g

-

h (1 
 c

n

)

and � for the degree one map c

n

�

n

-

h ( � 
 c

n

). 2

The de�nitions of v ertical and horizon tal comp osition of homotopies ma y b e simi-

larly translated b y considering the expansion of the expression ( | � � ) 
 c

n

.
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2.1.2 Strong deformation retractions and splitting homotopies

De�nition 2.1.5 Two cr osse d c omplexes C ; D ar e homotop y equiv alen t if ther e exist

homomorphisms f : C ! D and g : D ! C to gether with homotopies h : f � g ' id

C

and k : g � f ' id

D

.

Since the notion of a homotop y from an endomorphism to the iden tit y pla ys suc h a

large r^ ole, w e mak e the follo wing de�nition.

De�nition 2.1.6 A deriv ation � : C ! C is a de gr e e one map ( �

n

: C

n

! C

n +1

) which

satis�es the fol lowing

t ( �

0

c

0

) = c

0

t ( �

n

c

n

) = t ( c

n

) for n � 1

�

n

( c

n

c

1

) = ( �

n

c

n

)

c

1

for n � 2

�

1

( c

1

� c

0

1

) = ( �

1

c

1

)

c

0

1

� �

1

c

0

1

�

n

( c

n

� c

0

n

) = �

n

c

n

� �

n

c

0

n

for n � 2

Corollary 2.1.7 Given f : C ! C , a homotopy h fr om f to the identity is given by a

derivation � : C ! C such that

f c

0

= s�

0

c

0

f c

1

= �

0

sc

1

� c

1

� �

2

�

1

c

1

� ( �

0

tc

1

)

� 1

f c

n

= ( c

n

� �

n +1

�

n

c

n

� �

n � 1

�

n

c

n

)

( �

0

tc

n

)

� 1

for n � 2

Pro of: F ollo ws b y substituting g = id in to prop osition 2.1.4 and b y de�nition of a

deriv ation. 2

Most of the deriv ations and homotopies w e meet will b e of a sp ecial kind, satisfying

certain `side-conditions'.

Prop osition 2.1.8 L et f b e an endomorphism of a cr osse d c omplex C and h a homo-

topy f ' id

C

c orr esp onding to a derivation � . Supp ose further that �

1

�

0

c

0

= e

c

0

and

�

n +1

�

n

c

n

= e

tc

n

for n � 1 . Then

f �

0

c

0

= �

0

f c

0

= �

0

s�

0

c

0

and f �

n

c

n

= �

n

f c

n

= ( �

n

c

n

� �

n

�

n +1

�

n

c

n

)

( �

0

tc

n

)

� 1

for n � 1

Thus if any one of

1. f �

0

c

0

= e

f c

0

and f �

n

c

n

= e

tf c

n

for n � 1

2. �

0

f c

0

= e

f c

0

and �

n

f c

n

= e

tf c

n

for n � 1

3. �

0

s�

0

c

0

= e

f c

0

and �

n

�

n +1

�

n

c

n

= ( �

n

c

n

)

� 1

for n � 1
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hold, then al l thr e e hold, and furthermor e f is idemp otent.

Pro of: F rom the form ul� for f in corollary 2.1.7 w e get

f �

0

c

0

= �

0

s�

0

c

0

� �

0

c

0

� �

2

�

1

�

0

c

1

� ( �

0

c

0

)

� 1

f �

n

c

n

= ( �

n

c

n

� �

n +2

�

n +1

�

n

c

n

� �

n

�

n +1

�

n

c

n

)

( �

0

tc

n

)

� 1

�

0

f c

0

= �

0

s�

0

c

0

�

1

f c

1

= ( �

1

�

0

sc

1

)

c

1

� �

2

�

1

c

1

� ( �

0

tc

1

)

� 1

� ( �

1

c

1

)

�

2

�

1

c

1

� ( �

0

tc

1

)

� 1

� ( �

1

�

2

�

1

c

1

)

( �

0

tc

1

)

� 1

� (( �

1

�

0

tc

1

)

� 1

)

( �

0

tc

1

)

� 1

�

n

f c

n

= ( �

n

c

n

� �

n

�

n +1

�

n

c

n

� �

n

�

n � 1

�

n

c

n

)

( �

0

tc

n

)

� 1

Since the �

2

terms disapp ear w e get the �rst four equalities as required, and from these

the equiv alence of the three conditions is clear. Under suc h conditions f

2

= f follo ws

b y some further routine manipulation of the form ul� of the corollary . 2

De�nition 2.1.9 A splitting homotop y is a homotopy h : f ' id for which the asso ci-

ate d derivation � satis�es

�

1

�

0

c

0

= e

c

0

and �

n +1

�

n

c

n

= e

tc

n

for n � 1

�

0

s�

0

c

0

= e

f c

0

and �

n

�

n +1

�

n

c

n

= ( �

n

c

n

)

� 1

for n � 1

As a consequence of prop osition 2.1.8, the additional relations

f

h = 0

f

, h

f

= 0

f

and

f � f = f hold automatically for a splitting homotop y .

Prop osition 2.1.10 Supp ose h is a homotopy f ' id which satis�es

f

h = 0

f

and

h

f

= 0

f

. Then the c orr esp onding derivation � satis�es

( �

1

�

2

�

1

c

1

)

� 1

= �

1

c

1

� �

3

�

2

�

1

c

1

= ( �

1

�

0

tc

1

)

� 1

� ( �

1

�

0

sc

1

)

c

1

� �

2

�

1

c

1

� �

1

c

1

( �

n

�

n +1

�

n

c

n

)

� 1

= �

n

c

n

� �

n +2

�

n +1

�

n

c

n

= �

n

�

n � 1

�

n

c

n

� �

n

c

n

for n � 2

F urthermor e, the de gr e e one map �

0

de�ne d by

�

0

0

( c

0

) = �

0

( c

0

)

�

0

n

( c

n

) = ( �

n

�

n +1

�

n

c

n

)

� 1

for n � 1

is a derivation c orr esp onding to a splitting homotopy h

0

: f ' id .

Pro of: The equalities of the �rst part follo w from the form ul� in the pro of of prop o-

sition 2.1.8 and the trivialit y of f � and �f . The functions �

0

clearly de�ne a deriv ation

f

0

' id, where f

0

is giv en b y

f

0

c

0

= s�

0

c

0

f

0

c

1

= �

0

sc

1

� c

1

� ( �

2

�

1

�

2

�

1

c

1

)

� 1

� ( �

0

tc

1

)

� 1

f

0

c

n

= ( c

n

� ( �

n +1

�

n

�

n +1

�

n

c

n

� �

n � 1

�

n

�

n � 1

�

n

c

n

)

� 1

)

( �

0

tc

n

)

� 1
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But ( �

n +1

�

n

�

n +1

�

n

c

n

)

� 1

= �

n +1

�

n

c

n

and ( �

n � 1

�

n

�

n � 1

�

n

c

n

)

� 1

= �

n � 1

�

n

c

n

follo w from

the equalities of the �rst part, so f

0

= f . Also �

0

f is trivial, so to sho w that �

0

giv es a

splitting homotop y it only remains to pro v e that �

0 2

v anishishes. W e can write

�

0

1

�

0

0

c

0

= ( �

1

�

2

�

1

( �

0

c

0

))

� 1

= ( �

1

�

0

c

0

)

� 1

� ( �

1

�

0

s�

0

c

0

)

�

0

c

0

� �

2

�

1

�

0

c

0

� �

1

�

0

c

0

�

0

n +1

�

0

n

c

n

= ( �

n +1

�

n +2

�

n +1

( �

n

�

n +1

�

n

c

n

)

� 1

)

� 1

= �

n +1

�

n

�

n +1

( �

n

c

n

� �

n +2

�

n +1

�

n

c

n

) � �

n +1

( �

n

�

n +1

�

n

c

n

)

� 1

and so the result follo ws b y the v anishing of �

2

and of �

0

s�

0

c

0

= �

0

f c

0

. 2

Theorem 2.1.11 Supp ose f is an idemp otent endomorphism of a cr osse d c omplex C ,

and k a homotopy b etwe en f and the identity on C . Then ther e exists a splitting

homotopy h : f ' id .

Pro of: Consider the homotopies

f

k ,

f

k

f

and k

f

. Since f is idemp oten t and k is a

homotop y f ' id, these are all homotopies f ' f , and w e can consider the homotop y

f ' id giv en b y the v ertical comp osite

k

0

=

f

k �

f

k

f

� k

f

� k

W e no w ha v e

f

k

0

= 0

f

and k

0 f

= 0

f

, and so the result follo ws from prop osition 2.1.10.

2

A homotop y equiv alence f : C  ! D : g in whic h g � f = id

D

is kno wn as a deforma-

tion r etr action . The endomorphism f � g of C is no w idemp oten t, and so the homotop y

h : ( f � g ) ' id

C

ma y b e replaced b y a splitting homotop y .

De�nition 2.1.12 A deformation r etr action given by f : C  ! D : g with g � f = id

D

and a homotopy h : ( f � g ) ' id

C

c orr esp onding to a derivation � is said to b e a strong

deformation retraction (SDR) if the fol lowing side-c onditions ar e satis�e d

�

1

�

0

c

0

= e

c

0

and �

n +1

�

n

c

n

= e

tc

n

for n � 1

�

0

g d

0

= e

g d

0

and �

n

g d

n

= e

tg c

n

for n � 1

f �

0

c

0

= e

f c

0

and f �

n

c

n

= e

tf c

n

for n � 1

�

0

s�

0

c

0

= e

g f c

0

and �

n

�

n +1

�

n

c

n

= ( �

n

c

n

)

� 1

for n � 1

We wil l write these as h

2

= 0 ,

g

h = 0 , h

f

= 0 and h� h = � h r esp e ctively.

Theorem 2.1.13 A ny deformation r etr action may b e r eplac e d by a str ong deformation

r etr action. 2

In the c hain complex case, analogous side conditions on c hain homotopies ha v e

b een v ery useful in homological p erturbation theory , and the result whic h corresp onds

to theorem 2.1.13 ma y b e found in [30]. It is exp ected that there will also b e a `non-

ab elian' homological p erturbation theory for crossed complexes.
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2.2 Diagonal Appro ximation and Sh u�es

2.2.1 The Artin-Mazur diagonal

W e recall from [1] that the Artin-Mazur diagonal r ( X ) of a bisimplicial set X is de�ned

as follo ws. Eac h set r ( X )

n

is giv en b y the follo wing subset of

Q

p + q = n

X

p;q

r ( X )

n

=

n

( x

0

; x

1

; : : : ; x

n

) : x

i

2 X

i;n � i

; d

v

0

x

i

= d

h

i +1

x

i +1

(0 � i � n � 1)

o

where d

h

i

and d

v

i

are the horizon tal and v ertical face maps of X . Geometrically the

elemen ts of X

p;q

should b e though t of as generalised prisms giv en b y pro ducts of a

p -simplex with a q -simplex, and the ( n + 1)-tuples whic h de�ne elemen ts of r ( X )

n

should b e though t of as connected unions of these with the �rst v ertical face of one

prism iden ti�ed with the last horizon tal face of the next.

F or 0 � i � n the faces and degeneracies of an elemen t of r ( X )

n

are giv en b y

d

i

( x

0

; x

1

; : : : ; x

n

) = ( d

v

i

x

0

; d

v

i � 1

x

1

; : : : ; d

v

1

x

i � 1

; d

h

i

x

i +1

; d

h

i

x

i +2

; : : : ; d

h

i

x

n

)

s

i

( x

0

; x

1

; : : : ; x

n

) = ( s

v

i

x

0

; s

v

i � 1

x

1

; : : : ; s

v

0

x

i

; s

h

i

x

i

; s

h

i

x

i +1

; : : : ; s

h

i

x

n

)

where s

h

i

and s

v

i

are the horizon tal and v ertical degeneracy maps of X . That is, the

i th face map acts on the ( n + 1)-tuple ( x

k

) b y applying d

v

i � k

to the comp onen ts with

k < i , applying d

h

i

to the comp onen ts with k > i , and deleting the i th comp onen t.

Similarly the i th degeneracy rep eats the i th comp onen t and acts via s

v

i � k

or s

h

i

on the

comp onen ts of the result.

In section 1.3.1 the fundamen tal crossed complex � ( K ) of a simplicial set K w as

de�ned, and it w as sho wn ho w this leads to a de�nition of the fundamen tal double

crossed complex of a bisimplicial set. Th us w e ha v e the follo wing diagram of categories

and functors

BiSimpSet

r

-

SimpSet

Crs

(2)

�

(2)

?

T ot

-

Crs

?

�

where T ot is the total crossed complex functor.

In dimension n , generators of T ot �

(2)

X are giv en b y elemen ts of X

p;q

where p + q = n ,

and generators of � r X are giv en b y certain ( n + 1)-tuples of these. W e can construct

a natural transformation from � r to T ot �

(2)

, but this will not b e an isomorphism in

general. In tuitiv ely , the comparison map � r X ! T ot �

(2)

X will send eac h ( n + 1)-tuple

to the (non-ab elian) sum of its comp onen ts.
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Prop osition 2.2.1 F or X a bisimplicial set, ther e is a natur al map

� r X

�

X

-

T ot �

(2)

X

which is de�ne d on the usual gener ators by

( x

0

) 7! x

0

( x

0

; x

1

) 7! x

0

� x

1

( x

0

; x

1

; x

2

) 7! x

d

h

0

x

2

1

� x

2

� x

d

h

1

x

2

0

( x

0

; x

1

; : : : ; x

n

) 7!

n

Y

i =0

x

y

i

( x

n

)

i

wher e y

i

( x ) 2 T ot �

(2)

( X )

1

is given by d

h

0

d

h

1

: : : d

h

i � 1

d

h

i +1

d

h

i +2

: : : d

h

n � 1

x 2 X

1 ; 0

or by the

identity at d

h

0

d

h

1

: : : d

h

n � 1

x if i = n .

Pro of: W e need to c hec k that �

X

is w ell-de�ned on � r X , i.e. that �

X

resp ects the

relations b et w een the generators. In dimension one, s�

1

( x

0

; x

1

) and �

0

s ( x

0

; x

1

) are b oth

giv en b y d

v

1

x

0

, and t�

1

( x

0

; x

1

) and �

0

t ( x

0

; x

1

) are giv en b y d

h

0

x

1

, and in dimensions � 2

the y

i

ensure that t ( x

y

i

( x

n

)

i

) = tx

n

= �

0

t ( x

0

; : : : ; x

n

) for all i . Th us the pro ducts on

the righ t hand side are de�ned and the functions resp ect the base p oin ts. Also �

X

maps degenerate generators to the appropriate iden tit y elemen ts in T ot �

(2)

X , since if

( x

0

; : : : ; x

n

) = s

i

( y

0

; : : : ; y

n � 1

) then eac h x

k

is s

v

i � k

y

k

or s

h

i

y

k

and giv es an iden tit y in

�

(2)

X .

F or the b oundary relations, �

2

�

2

( x

0

; x

1

; x

2

) is giv en b y

( d

h

0

x

2

)

� 1

� �

2

x

1

� d

h

0

x

2

� �

2

x

2

� ( d

h

1

x

2

)

� 1

� �

2

x

0

� d

h

1

x

2

=

( d

h

0

x

2

)

� 1

� ( d

h

0

x

1

)

� 1

� ( d

v

1

x

1

)

� 1

� d

h

1

x

1

� d

v

0

x

1

� ( d

h

2

x

2

)

� 1

� ( d

v

0

x

0

)

� 1

� ( d

v

2

x

0

)

� 1

� d

v

1

x

0

� d

h

1

x

2

But since d

v

0

x

1

= d

h

2

x

2

and d

v

0

x

0

= d

h

1

x

1

four of these terms cancel lea ving

�

1

( d

h

0

x

1

; d

h

0

x

2

)

� 1

� �

1

( d

v

2

x

0

; d

v

1

x

1

)

� 1

� �

1

( d

v

1

x

0

; d

h

1

x

2

)

whic h is just �

1

�

2

( x

0

; x

1

; x

2

).

F or n � 3, x 2 X

0

, the groups (T ot �

(2)

X )

n

( x ) are ab elian. In T ot �

(2)

X the

b oundary relations on generators x 2 X

p;q

, p + q � 4, ma y b e written as

�

p + q

x =

p

Y

j =0

�

( d

h

j

x )

( � 1)

j +1

�

z

h

j

( x )

�

q

Y

k =0

�

( d

v

k

x )

( � 1)

p + k +1

�

z

v

k

( x )

(or only one of these pro ducts if p or q is zero) where the z ( x ) are iden tities unless

j = p or k = q when they are giv en b y the one-cells

z

h

p

( x ) = d

h

0

p � 1

d

v

0

q

( x ) z

v

q

( x ) = d

v

0

q � 1

d

h

0

p

( x )
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Th us �

n

�

n

( x

0

; : : : ; x

n

) is giv en b y

n

Y

i =0

0

@

i

Y

j =0

(( d

h

j

x

i

)

( � 1)

j +1

)

z

h

j

( x

i

)

�

n � i

Y

k =0

(( d

v

k

x

i

)

( � 1)

i + k +1

)

z

v

k

( x

i

)

1

A

y

i

( x

n

)

Some of these terms cancel, since d

v

0

x

i

= d

h

i +1

x

i +1

. Also since the groups are ab elian w e

can rewrite

Q

n

i =0

Q

i � 1

j =0

as

Q

n

j =0

Q

n

i = j +1

, and

Q

n

i =0

Q

n � i

k =1

as

Q

n

j =0

Q

j � 1

i =0

b y putting j = i + k .

Th us w e obtain

n

Y

j =0

0

@

j � 1

Y

i =0

( d

v

j � i

x

i

)

z

v

j � i

( x

i

) � y

i

( x

n

)

�

n

Y

i = j +1

( d

h

j

x

i

)

z

h

j

( x

i

) � y

i

( x

n

)

1

A

( � 1)

j +1

F rom the b oundary relations in � r X , w e ha v e

�

n � 1

d

j

( x

0

; : : : ; x

n

) =

j � 1

Y

i =0

( d

v

j � i

x

i

)

y

i

( x

n

)

�

n

Y

i = j +1

( d

h

j

x

i

)

y

i

( x

n

)

( j 6= n )

�

n � 1

d

n

( x

0

; : : : ; x

n

) =

n � 1

Y

i =0

( d

v

n � i

x

i

)

y

i

( d

v

1

x

n � 1

)

On comparing terms, w e need to sho w that

( d

v

n � i

x

i

)

z

v

n � i

( x

i

) � y

i

( x

n

)

= ( d

v

n � i

x

i

)

y

i

( d

v

1

x

n � 1

) � �

1

d

n � 1

0

( x

0

;::: ;x

n

)

for 0 � i � n � 1. Noting that

z

v

n � i

( x

i

) = d

v

0

n � i � 1

d

h

0

i

x

i

= d

h

0

i

d

h

i +1

n � i � 1

x

n � 1

and �

1

d

n � 1

0

( x

0

; : : : ; x

n

) = d

h

0

n � 1

x

n � 1

� d

h

0

n � 1

x

n

the result holds for i = n � 1 since y

i

x

n

= d

h

0

n � 1

x

n

and y

i

( d

v

1

x

n � 1

) disapp ears. Otherwise

w e m ust compare the terms

d

h

0

i

d

h

i +1

n � i � 1

x

n � 1

� d

h

0

i

d

h

i +1

n � i � 1

x

n

and d

h

0

i

d

h

i +1

n � i � 2

d

v

1

x

n � 1

� d

h

0

n � 1

x

n � 1

� d

h

0

n � 1

x

n

The di�erence b et w een these is precisely the b oundary of the elemen t w

i

giv en b y

�

d

h

0

i

d

h

i +1

n � i � 2

x

n � 1

�

d

h

0

n � 1

x

n

� d

h

0

i

d

h

i +1

n � i � 2

x

n

in T ot �

(2)

( X )

2

. Since n � 4, �

2

w

i

acts trivially on d

v

n � i

x

i

and w e ha v e �

n

�

n

( x

0

; : : : ; x

n

) =

�

n � 1

�

n

( x

0

; : : : ; x

n

) as required.

It only remains to pro v e that �

3

�

3

( x

0

; x

1

; x

2

; x

3

) = �

2

�

3

( x

0

; x

1

; x

2

; x

3

). The b oundary

relations in T ot �

(2)

( X )

3

are

�

0 ; 3

( x

0

) = d

v

3

x

d

v

0

2

x

0

0

� d

v

1

x

0

� ( d

v

2

x

0

)

� 1

� ( d

v

0

x

0

)

� 1

�
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( x

1

) = d

h

1

x

d

v

0

2

x

1

1

� ( d

v

1

x

1

)
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� ( d

h

0

x

1

)

� 1

� d

v

2

x

d

h

0

d

v

0

x

1

1

� d

v

0

x

1

�

2 ; 1

( x

2

) = ( d

h

2

x

d

h

0

d

v

0
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2

2

)
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� ( d
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2
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� d
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1
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2

� d
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�
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)
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� ( d
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)
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h

3

x
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2
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Using the relations d

v

0

x

i

= d

h

i +1

x

i +1

together with u

� 1

� v � u = v

� u

and �

3

w � v = v � �

3

w

in dimension 2, w e can write �

3

� ( x

0

; x

1

; x

2

; x

3

) as

d

h

1

x

3

� � x

y

0

0

� ( d

h

2

x

3

)

� 1

� � x

y

1

1

� ( d

h

0

x

3

)
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y
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2
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h

3

x

d

h

0

2

x

3

3

= d

h

1

x

3
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v

3

x

d

v

0

2
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0

0

� d

v

1

x

0
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2

x

0

)
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)

y

0

� ( d

h

2

x

3

)
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v

1

x

1

)
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h

0

x

1

)

� 1

� d

v

2

x

d

h

0

d

v

0

x

1

1

)

y

1

� ( d

h

0
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3

)
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h

0

x

2

)

� 1

� d

v

1

x

d
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0

2
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2

2

� d

h

1
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2

)

y

2

On p erm uting these terms cyclically and mo ving d

v

3

x

0

t w o terms to the left and d

v

2

x

1

t w o terms to the righ t, b y adding the appropriate actions, w e get

�
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1
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2
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1
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0
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v

1
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1

1

� d

h

2

x

3
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v

2
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0

)

� 1

� ( d

h

0

x

y

2

2

� d
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0
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3

� d
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0
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1

1

)

� 1

whic h is precisely �

2

�

3

( x

0

; x

1

; x

2

; x

3

). 2

2.2.2 The Alexander-Whitney diagonal appro ximation

Supp ose K , L are simplicial sets. In this section w e de�ne the natural comparison map

� ( K � L )

a

K ;L

-

� K 
 � L

b et w een the fundamen tal crossed complex of a cartesian pro duct and the tensor pro duct

of the fundamen tal crossed complexes. This is a `sligh tly non-ab elian' v ersion of the

classical diagonal appro ximation map for c hain complexes on a simplicial set [21].

In fact w e will de�ne a

K ;L

via the natural transformation � of the previous section.

Supp ose K , L are simplicial sets and X is the bisimplicial set K �

(2)

L . Then �

(2)

X is

just � K 


(2)

� L and T ot �

(2)

X is � K 
 � L . Th us �

X

giv es a comparision map

� r X

�

X

-

� K 
 � L

Prop osition 2.2.2 Supp ose K , L ar e simplicial sets and X = K �

(2)

L as ab ove. Then

the A rtin-Mazur diagonal r X of X is natur al ly isomorphic to the diagonal of X , that

is, to the c artesian pr o duct of K and L .

Pro of: Elemen ts �

n

of r X are giv en b y ( n + 1)-tuples of pairs ( k

i

; l

n � i

)

0 � i � n

. Since

these m ust satisfy ( k

i

; d

0

l

n � i

) = ( d

i +1

k

i +1

; l

n � i � 1

), �

n

is completely determined b y the

pair ( k

n

; l

n

) of K � L , and con v ersely an y pair ( k

n

; l

n

) giv es an elemen t ( d

n � i

i +1

k

n

; d

i

0

l

n

)

0 � i � n

of r X . This corresp ondence clearly resp ects the face and degeneracy maps, and so w e

ha v e the result. 2
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Prop osition 2.2.3 F or K , L simplicial sets, ther e is a natur al c omp arison map

� ( K � L )

a

K ;L

-

� K 
 � L

de�ne d by �

K �

(2)

L

.

By the de�nition of � in prop osition 2.2.1 and the description of the isomorphism

K � L

�

=

r ( K �

(2)

L ) in the prop osition ab o v e, the diagonal appro ximation map a

ma y b e giv en explicitly as follo ws:

Prop osition 2.2.4 Given simplicial sets K , L , the cr osse d c omplex homomorphism

� ( K � L )

a

K ;L

-

� K 
 � L

is given by the homomorphism which acts on the gener ators of � ( K � L ) by

( x
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0
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1
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2
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� ( d
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d

2
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2

)

d

1
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2
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2

0

y

2

( x

n
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n

) 7!

n

Y

i =0

( d

n � i

i +1

x

n


 d

i

0

y

n

)

c

i

( x

n

) 
 d

n

0

y

n

wher e c

i

( x ) is given by the one-c el l d

i

0

d

n � i � 1

i +1

x or by the identity at d

n

0

x if i = n .

The follo wing prop osition giv es the asso ciativit y of a .

Prop osition 2.2.5 F or simplicial sets K , L , M , the fol lowing diagr am c ommutes.

� ( K � L � M )

a

K � L;M

-

� ( K � L ) 
 � M

� K 
 � ( L � M )

a

K ;L � M

?

id 
 a

L;M

-

� K 
 � L 
 � M

?

a

K ;L


 id

Pro of: It is only necessary to c hec k the result on generators w

n

= ( x

n

; y

n

; z

n

) 2

� ( K � L � M ). F or n = 0 the result is clear. F or n = 1 it holds since b oth

d

1

x

1


 ( d

1

y

1


 z

1

� y

1


 d

0

z

1

) � x

1


 d

0

y
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0

z

1
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1

x
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1

y
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1

� ( d

1

x

1


 y

1

� x

1


 d

0

y

1

) 
 d

0

z

1

are equal to

d

1

x

1
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1

y

1


 z

1

� d

1

x

1


 y

1


 d

0

z

1

� x
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0
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1
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0

z

1
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F or n � 3 consider

(id 
 a

L;M

)( a

K ;L � M

w

n

) =

n

Y

i =0

( d

n � i

i +1

x

n


 a ( d

i

0

y

n

; d

i

0

z

n
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c

i

( x

n

) 
 d

n

0

y

n
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n

0

z

n

Consider the term for n � i = 1.

�

d

n

x

n


 ( d

1

d
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y

n


 d
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0

z

n
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0

z

n

)

�
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�

( d

n

x

n
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y
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z

n

)

d

n � 1

0

d

n
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�
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( x

n

) 
 d

n

0

y

n


 d

n

0

z

n

The terms for all i can b e put in this form, and the pro duct ma y b e written as

n

Y

i =0
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Y

j =0

�
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n � i

i +1
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n


 d

n � i � j

j +1
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j
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d

i

0
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n

�
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where c

i;j

= d

i

0

d
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i +1

x
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j

( d
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n
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i

0

z

n
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i

( x
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) 
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0
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n

0

z

n

. Similarly
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n
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n � k

k +1
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k +1

y
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k

0

z
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)

a ( c

k

( x

n

;y

n

)) 
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n

0

z
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ma y b e written as

n
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�

c

0

k ;i

where c
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i
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n

� a ( c

k

( x
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n
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. Putting k = i + j

w e ha v e

Q

n

i =0

Q

n � i

j =0

=

Q

n

k =0

Q

k

i =0
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d

n � i

i +1

= d

k � i

i +1

d

n � k

k +1

; d

n � i � j

j +1

d

i

0

= d

i

0

d

n � k

k +1

; d

j

0

d

i

0

= d

k

0

and so it only remains to c hec k that the actions of c

i;j

and c

0

i + j;i

agree. But as usual

c

0

i + j;i

� c

� 1

i;j

is a lo op and m ust b e �

2

of some term generated b y the x

0


 y

0


 z

0

for x

0

, y

0

,

z

0

faces of x

n

, y

n

, z

n

. Th us c

0

i + j;i

� c

� 1

i;j

acts trivially , since n � 3, and the result follo ws.

F or n = 2 w e ha v e
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On mo ving the fourth term t w o terms to the left, using u � v = v � u
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whic h is just ( a

K ;L


 id)( a

K � L;M

w

2

). 2

2.2.3 Crossed di�eren tial graded algebras

In this section w e will in tro duce an example application of the diagonal appro ximation

map discussed ab o v e, and de�ne the notions of crossed di�eren tial graded algebras and

coalgebras, whic h are the translations of di�eren tial graded algebras and coalgebras

from the c hain complex to the crossed complex situation.

First w e de�ne the crossed complex v ersion of the appro ximation to the diagonal,

whic h is the natural transformation giv en b y the comp osite homomorphisms

� K

-

� K 
 � K

@

@

@

@

@

� ( d )

R �

�

�

�

�

a

K ;K

�

� ( K � K )

for eac h simplicial set K .

F rom prop osition 2.2.4 the appro ximation to the diagonal has the follo wing explicit

description.

Prop osition 2.2.6 Given a simplicial set K , the cr osse d c omplex appr oximation to

the diagonal

� K

-

� K 
 � K

is given by the homomorphism which acts on the gener ators of � K by
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1

d

2

x

2


 x

2

)

d

1

x

2


 d

2

0

x

2

x

n

7!

n

Y

i =0

( d

n � i

i +1

x

n


 d

i

0

x

n

)

c

i

( x

n

) 
 d

n

0

x

n

wher e c

i

( x ) is given by the one-c el l d

i

0

d

n � i � 1

i +1

x or by the identity at d

n

0

x if i = n .

De�nition 2.2.7 A crossed di�eren tial graded algebra is a cr osse d c omplex C to gether

with a homomorphism C 
 C

m

-

C , terme d the m ultiplication map, which makes the

asso ciativity diagr am

C 
 C 
 C

m 
 id

-

C 
 C

C 
 C

id 
 m

?

m

-

C

?

m

39



c ommute. Dual ly, a crossed di�eren tial graded coalgebra is a cr osse d c omplex C to-

gether with a homomorphism C

w

-

C 
 C , terme d the com ultiplication map, which

makes the c o asso ciativity diagr am

C

w

-

C 
 C

C 
 C

w

?

w 
 id

-

C 
 C 
 C

?

id 
 w

c ommute.

Our fundamen tal example of a crossed di�eren tial graded coalgebra will b e the

follo wing. Supp ose that K is a simplicial set. Then the appro ximation to the diagonal

map � K

-

� K 
 � K is coasso ciativ e b y prop osition 2.2.5. Th us � ( K ) has a crossed

di�eren tial graded coalgebra structure. Also w e ha v e naturalit y of this construction in

K and hence w e ha v e a functor from simplicial sets to the category of crossed di�eren tial

graded coalgebras.

SimpSet

-

CDGcA

In particular, consider the case where K is the represen table simplicial set 4

n

. Then

w e ha v e a crossed di�eren tial graded coalgebra � [ n ] for eac h n , together with the coface

and co degeneracy homomorphisms induced b et w een these as n v aries. In fact w e ha v e

Prop osition 2.2.8 The c ol le ction of cr osse d c omplexes � [ n ] to gether with the homo-

morphisms

� [ n ]

-

� [ n ] 
 � [ n ]

and the c ofac e and c o de gener acy maps

� [ n � 1]

� ( d ( i ))

-

� [ n ] � [ n + 1]

� ( s ( i ))

-

� [ n ]

de�ne a c osimplicial cr osse d di�er ential gr ade d c o algebr a � ( 4

�

) .

This idea ma y b e used to giv e insigh t in to a construction of Bro wn and Gilb ert

in [6]. In this w ork the notion of a braided regular crossed mo dule is de�ned, and

the category of suc h is sho wn to b e equiv alen t to that of simplicial groups with Mo ore

complex trivial ab o v e dimension t w o. A braided regular crossed mo dule C ma y b e

though t of as a crossed di�eren tial graded algebra m : C 
 C

-

C suc h that C is

trivial in dimensions � 3 together with a unit e : 0

-

C suc h that m

0

: C

0

� C

0

-

C

0

giv es C

0

a group structure. It is not p oin ted out, ho w ev er, that the construction of a
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simplicial group from C ma y b e regarded in the general con text of the Eilen b erg-Zilb er

theorem.

W e will consider a more general situation, and sho w ho w to form a simplicial semi-

group from an arbitrary crossed di�eren tial graded algebra. Consider the nerv e functor

from crossed complexes to simplicial sets, giv en b y ( N C )

n

= Crs ( � [ n ] ; C ). Then an

algebra structure on C together with the coalgebra structure on eac h � [ n ] induce an

asso ciativ e m ultiplication structure on the nerv e. Explicitly , w e ha v e

Prop osition 2.2.9 Supp ose C is a cr osse d di�er ential gr ade d algebr a. If f ; g ar e n -

simplic es of N C given by homomorphisms � [ n ]

-

C , then de�ne f � g by the c onvo-

lution pr o duct:

� [ n ]

f � g

-

C

� [ n ] 
 � [ n ]

w

?

f 
 g

-

C 
 C

6

m

This gives a simplicial map

N C � N C

-

N C

which is asso ciative.

In the same w a y , an y homomorphism of crossed complexes C 
 D

-

E will induce

a simplicial map N C � N D

-

N E via the cosimplicial coalgebra � ( 4

�

) and the

con v olution pro duct. In particular, considering the iden tit y map on C 
 D leads to a

natural comparison map

N C � N D

-

N ( C 
 D )

W e will return to this idea in section 4.1.

2.2.4 Sh u�es and the Eilen b erg-MacLane map

In this section w e recall the notion of shu�es and hence de�ne the natural maps

� K 
 � L

b

K ;L

-

� ( K � L )

This w as originally carried out in the c hain complex situation b y Eilen b erg and Mac-

Lane in [20 ].

Let us write k for the set f 0 ; 1 ; : : : ; k � 1 g , and i

0

, i

1

for the functions

q

i

0

-

p + q p

i

1

-

p + q

r

-

p + r r

-

r
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for p; q � 0. Then a ( p; q )-sh u�e is an y p erm utation � of the set p + q suc h that the

functions �

0

= i

0

� � and �

1

= i

1

� �

q

i

0

-

p + q

�

-

p + q p

i

1

-

p + q

�

-

p + q

are b oth monotonic increasing. W e write Sh u� ( p; q ) for the set of suc h sh u�es and

Sh u�( p; q )

sg

-

f� 1 ; 1 g

for the function whic h giv es the signature of eac h p erm utation � .

Consider the represen table simplicial sets 4

p

and 4

q

, and write x

p

and y

q

for the

top-dimensional non-degenerate simplices of eac h. Their cartesian pro duct 4

p

� 4

q

has no non-degenerate simplices in dimensions � p + q + 1, and in dimension p + q there

is a non-degenerate simplex for eac h � 2 Sh u� ( p; q ) giv en b y ( s

�

0

x

p

; s

�

1

y

q

), where the

maps s

�

0

and s

�

1

are comp osites of degeneracy maps as follo ws:

s

�

0

= s

� ( p + q � 1)

s

� ( p + q � 2)

: : : s

� ( p )

s

�

1

= s

� ( p � 1)

s

� ( p � 2)

: : : s

� (0)

Prop osition 2.2.10 F or simplicial sets K , L ther e is a natur al homomorphism

� K 
 � L

b

K ;L

-

� ( K � L )

which is de�ne d on the usual gener ators by

x

0


 y

q

7! ( s

q

0

x

0

; y

q

)

x

p


 y

0

7! ( x

p

; s

p

0

y

0

)

x

1


 y

1

7! ( s

1

x

1

; s

0

y

1

) � ( s

0

x

1

; s

1

y

1

)

� 1

x

p


 y

q

7!

Y

� 2 Sh u� ( p;q )

( s

�

0

x

p

; s

�

1

y

q

)

sg ( � )

Pro of: These comp osites are all de�ned, since t ( u ) = ( d

p

0

x

p

; d

q

0

y

q

) for eac h term u on

the left hand side, and the functions resp ect the source and target maps. It is clear

that they resp ect the degeneracies, for if x

p

= s

k

x

p � 1

, sa y , then x

p � 1

and y

q

generate

no non-degenerate cells in dimension p + q . Explicitly for eac h ( p; q )-sh u�e � de�ne a

( p � 1 ; q )-sh u�e � b y

�

0

( i ) =

(

�

0

( i ) for �

0

( i ) < �

1

( k )

�

0

( i ) � 1 for �

0

( i ) > �

1

( k )

�

1

( i ) =

(

�

1

( i ) for i < k

�

1

( i + 1) � 1 for i � k

Then s

�

1

( k )

s

�

1

= s

�

1

and s

�

1

( k )

s

�

0

= s

�

0

s

�

1

( k ) � j

where j is the n um b er of v alues of �

0

whic h are less than �

1

( k ). But there are k v alues of �

1

and �

1

( k ) v alues of � less than

�

1

( k ), so j = �

1

( k ) � k and

( s

�

0

( s

k

x

p � 1

) ; s

�

1

( y

q

)) = s

�

1

( k )

( s

�

0

x

p � 1

; s

�

1

y

q

)
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F or the b oundary relations, the case p = 0 or q = 0 is clear. In the case p = q = 1, w e

ha v e

�

2

b ( x

1


 y

1

) = �

2

( s

1

x

1

; s

0

y

1

) � �

2

( s

0

x

1

; s

1

y

1

)

� 1

= ( d

0

s

1

x

1

; d

0

s

0

y

1

)

� 1

� ( d

2

s

1

x

1

; d

2

s

0

y

1

)

� 1

� ( d

1

s

1

x

1

; d

1

s

0

y

1

)

� ( d

1

s

0

x

1

; d

1

s

1

y

1

)

� 1

� ( d

2

s

0

x

1

; d

2

s

1

y

1

) � ( d

0

s

0

x

1

; d

0

s

1

y

1

)

= ( s

0

d

0

x

1

; y

1

)

� 1

� ( x

1

; s

0

d

1

y

1

)

� 1

� ( s

0

d

1

x

1

; y

1

) � ( x

1

; s

0

d

0

y

1

) = b�

2

( x

1


 y

1

)

In the general case, note that for 0 � i � p + q an y ( p; q )-sh u�e satis�es precisely

one of the follo wing

1. f i � 1 ; i g � f� 1 g [ Im ( �

1

) [ f p + q g

2. f i � 1 ; i g � f� 1 g [ Im ( �

0

) [ f p + q g

3. i � 1 2 Im( �

1

) and i 2 Im ( �

0

)

4. i � 1 2 Im( �

0

) and i 2 Im ( �

1

)

and w e th us ha v e a partition Sh u� ( p; q ) =

4

[

r =1

S

( i )

r

( p; q ).

There is a bijection 
 : S

( i )

3

( p; q )

�

=

S

( i )

4

( p; q ) where 
 � is giv en b y the p erm utation

( 
 � )( j ) =

8

>

<

>

:

i � 1 if � ( j ) = i

i if � ( j ) = i � 1

� ( j ) otherwise

and this satis�es d

i

( s


 ( � )

0

x

p

; s


 ( � )

1

y

q

) = d

i

( s

�

0

x

p

; s

�

1

y

q

) and sg ( 
 � ) = � sg ( � ).

F or � 2 S

( i )

1

( p; q ) let t ( � ; i ) b e the in teger suc h that �

1

( t ) = i , with t ( � ; p + q ) = p ,

and let � ( � ; i ) b e the ( p � 1 ; q )-sh u�e de�ned b y

� ( � ; i )

0

( j ) =

(

�

0

( j ) if �

0

( j ) < i

�

0

( j ) � 1 if �

0

( j ) > i

� ( � ; i )

1

( j ) =

(

�

1

( j ) if �

1

( j ) < i

�

1

( j + 1) � 1 if �

1

( j ) � i

Then d

i

( s

�

0

x

p

; s

�

1

y

q

) =

�

s

� ( � ;i )

0

( d

t ( � ;i )

x

p

) ; s

� ( � ;i )

1

( y

q

)

�

and sg ( � ( � ; i )) = ( � 1)

i + t ( � ;i )

�

sg ( � ). Also i and � are completely determined b y t ( � ; i ) and � ( � ; i ), and w e ha v e a

bijection

p + q

[

i =0

�

S

( i )

1

( p; q ) � f i g

�

�

=

Sh u� ( p � 1 ; q ) � f 0 ; 1 ; : : : ; p g

A similar relationship holds b et w een the S

( i )

2

( p; q ) and Sh u� ( p; q � 1). Com bining

all these results for p + q � 4 giv es

p + q

Y

i =0

Y

� 2 Sh u� ( p;q )

�

d

i

( s

�

0

x

p

; s

�

1

y

q

)

( � 1)

i +1

� sg ( � )

�

z

i

( s

�

0

x

p

;s

�

1

y

q

)
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=

Y

� 2 Sh u� ( p � 1 ;q )

p

Y

t =0

�

( s

�

0

( d

t

x

p

) ; s

�

1

( y

q

))

( � 1)

t +1

� sg ( � )

�

b ( z

t

x

p


 d

q

0

y

q

)

�

Y

� 2 Sh u� ( p;q � 1)

q

Y

t =0

�

( s

�

0

( x

p

) ; s

�

1

( d

t

y

q

))

( � 1)

t + p +1

� sg ( � )

�

b ( d

p

0

x

p


 z

t

y

q

)

whic h is precisely �

p + q

b ( x

p


 y

q

) = b�

p + q

( x

p


 y

q

).

There remain the non-ab elian cases f p; q g = f 1 ; 2 g . W e will v erify the result for

p = 1, q = 2; the other case is similar. No w �

3

b ( x

1


 y

2

) ma y b e written as

�

3

( s

1

s

0

x

1

; s

2

y

2

) � �

3

( s

2

s

0

x

1

; s

1

y

2

)

� 1

� �

3

( s

2

s

1

x

1

; s

0

y

2

)

= d

0

( s

1

s

0

x

1

; s

2

y

2

)

� 1

� d

3

( s

1

s

0

x

1

; s

2

y

2

)

( x

1

;d

2

0

y

2

)

� d

1

( s

1

s

0

x

1

; s

2

y

2

) � d

2

( s

1

s

0

x

1

; s

2

y

2

)

� 1

� d

0

( s

2

s

0

x

1

; s

1

y

2

) � d

2

( s

2

s

0

x

1

; s

1

y

2

) � d

1

( s

2

s

0

x

1

; s

1

y

2

)

� 1

� ( d

3

( s

2

s

0

x

1

; s

1

y

2

)

� 1

)

( d

0

x

1

;d

0

y

2

)

� d

1

( s

2

s

1

x

1

; s

0

y

2

) d

2

( s

2

s

1

x

1

; s

0

y

2

)

� 1

d

0

( s

2

s

1

x

1

; s

0

y

2

)

� 1

d

3

( s

2

s

1

x

1

; s

0

y

2

)

( d

0

x

1

;d

0

y

2

)

The �fth term can b e mo v ed left four places and the eigh th righ t four places, since the

image of �

3

is cen tral, and some cancelation no w o ccurs.

= ( s

1

x

1

; s

0

d

0

y

2

) � ( s

0

x

1

; s

1

d

0

y

2

)

� 1

� ( s

2

0

d

1

x

1

; y

2

)

( x

1

;d

2

0

y

2

)

� ( s

0

x

1

; s

1

d

1

y

2

)

� ( s

1

x

1

; s

0

d

1

y

2

)

� 1

� ( s

2

0

d

0

x

1

; y

2

)

� 1

�

( s

1

x

1

; s

0

d

2

y

2

) � ( s

0

x

1

; s

1

d

2

y

2

)

� 1

�

( d

0

x

1

;d

0

y

2

)

= b ( x

1


 d

0

y

2

) � b ( d

1

x

1


 y

2

)

( x

1

;d

2

0

y

2

)

� b ( x

1


 d

1

y

2

)

� 1

� b ( d

0

x

1


 y

2

)

� 1

� b ( x

1


 d

2

y

2

)

( d

0

x

1

;d

0

y

2

)

whic h is b�

3

( x

1


 y

2

). 2

The follo wing prop osition giv es the asso ciativit y of b .

Prop osition 2.2.11 F or simplicial sets K , L , M , the fol lowing diagr am c ommutes.

� K 
 � L 
 � M

b

K ;L


 id

-

� ( K � L ) 
 � M

� K 
 � ( L � M )

id 
 b

L;M

?

b

K ;L � M

-

� ( K � L � M )

?

b

K � L;M

Pro of: As usual the result needs only to b e c hec k ed on generators w

n

= x

p


 y

q


 z

r

for x

p

2 K , y

q

2 L , z

r

2 M . Note that the result is straigh tforw ard if an y of p , q or r

are zero. Th us w e ma y supp ose p + q + r � 3, and so ev erything is ab elian.

Consider the three sets p , q , r and the maps j

0

, j

1

, j

2

in to p + q + r giv en b y k 7! k ,

k 7! p + k , k 7! p + q + k resp ectiv ely . Then w e de�ne a ( p; q ; r )-sh u�e to b e a

p erm utation � of p + q + r suc h that eac h comp osite j

�

� � is monotonic increasing.
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Consider also the map i

0

from q + r in to p + q + r giv en b y k 7! p + k . It is clear that

the comp osite i

2

� � factors uniquely in to a ( q ; r )-sh u�e follo w ed b y a monotonic map

from q + r in to p + q + r . W e th us ha v e a bijection

Sh u� ( p; q ; r )

�

=

-

Sh u� ( p; q + r ) � Sh u� ( q ; r )

�

-

( ! ; � )

where ! and � are de�ned b y the diagrams

q + r

i

0

-

p + q + r p

j

0

-

p + q + r

q + r

�

?

!

0

-

p + q + r

?

�

p

w

w

w

w

w

w

w

w

w

w

w

w

w

!

1

-

p + q + r

?

�

Note that

( s

!

0

x

p

; s

!

1

s

�

0

y

q

; s

!

1

s

�

1

z

r

) = ( s

�

0

x

p

; s

�

1

y

q

; s

�

2

z

r

)

and sg ( ! ) � sg ( � ) = sg ( � )

where the monotonic functions �

0

, �

1

, �

2

are de�ned from � in a similar manner to !

0

ab o v e.

A similar relationship holds b et w een Sh u� ( p; q ; r ) and Sh u� ( p + q ; r ) � Sh u� ( p; q ).

Com bining these results giv es

Y

! 2 Sh u� ( p;q + r )

Y

� 2 Sh u� ( q ;r )

( s

!

0

x

p

; s

!

1

s

�

0

y

q

; s

!

1

s

�

1

z

r

)

sg ( ! ) � sg ( � )

=

Y

! 2 Sh u� ( p + q ;r )

Y

� 2 Sh u� ( p;q )

( s

!

0

s

�

0

x

p

; s

!

0

s

�

1

y

q

; s

!

1

z

r

)

sg ( ! ) � sg ( � )

and w e ha v e asso ciativit y of b as required. 2

As is w ell kno wn in the c hain complex case, the sh u�e map b is a one-sided in v erse

to the diagonal appro ximation map a in tro duced in section 2.2.2.

Prop osition 2.2.12 Given simplicial sets K , L , the c omp osite homomorphism

� K 
 � L

b

K ;L

-

� ( K � L )

a

K ;L

-

� K 
 � L

is the identity.
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Pro of: Supp ose x

p


 y

q

is a generator of � K 
 � L for x

p

2 K

p

, y

q

2 L

q

. Then

a ( b ( x

p


 y

q

)) is giv en b y a comp osite of terms eac h of the form

�

( d

p + q � i

i +1

s

�

0

x

p


 d

i

0

s

�

1

y

q

)

sg ( � )

�

c

i

( s

�

0

x

p

) 
 d

n

0

y

q

for � 2 Sh u� ( p; q ) and 0 � i � p + q . No w for d

i

0

s

�

1

y

q

to b e non-degenerate requires

� ( k ) � i � 1 for k � p � 1, and for d

p + q � i

i +1

s

�

0

x

p

to b e non-degenerate requires � ( k ) � i

for k � p . Th us for the whole term to b e non-degenerate it is necessary to ha v e � = id

and i = p . In this case sg ( � ) = 1, c

i

( s

�

0

x

p

) is degenerate and the term b ecomes x

p


 y

q

.

Th us b � a = id . 2

F urthermore the maps a and b satisfy a kind of comm utativit y or in terc hange relation

as follo ws.

Prop osition 2.2.13 F or simplicial sets K , L , M , the fol lowing diagr ams c ommute.

� ( K � L ) 
 � M

b

K � L;M

-

� ( K � L � M )

� K 
 � L 
 � M

a

K ;L


 id

?

id 
 b

L;M

-

� K 
 � ( L � M )

?

a

K ;L � M

� K 
 � ( L � M )

id 
 a

L;M

-

� K 
 � L 
 � M

� ( K � L � M )

b

K ;L � M

?

a

K � L;M

-

� ( K � L ) 
 � M

?

b

K ;L


 id

Pro of: W e will pro v e the �rst of these t w o results; the second is similar.

Let w

n

= ( x

p

; y

p

) 
 z

q

b e a generator of � ( K � L ) 
 � M for x

p

2 K

p

, y

p

2 L

p

,

z

q

2 M

q

, n = p + q . If p or q is zero then the result is straigh tforw ard. If p = q = 1 w e

ha v e

a

K ;L � M

( b

K � L;M

w

2

)

= a

K ;L � M

( s

1

x

1

; s

1

y

1

; s

0

z

1

) � a

K ;L � M

( s

0

x

1

; s

0

y

1

; s

1

z

1

)

� 1

= x

1


 ( s

0

d

0

y

1

; z

1

) � ( d

1

x

1


 ( s

1

y

1

; s

0

z

1

))

x

1


 d

0

( y

1

;z

1

)

�

�

d

1

x

1


 ( s

0

y

1

; s

1

z

1

)

� 1

�

x

1


 d

0

( y

1

;z

1

)

neglecting degenerate terms. Also

(id 
 b )( a ( x

1

; y

1

) 
 z

1

)

= (id 
 b )

�

x

1


 d

0

y

1


 z

1

� ( d

1

x

1


 y

1


 z

1

)

x

1


 d

0

y

1


 d

0

z

1

�

= x

1


 ( s

0

d

0

y

1

; z

1

) �

�

d

1

x

1


 (( s

1

y

1

; s

0

z

1

) � ( s

0

y

1

; s

1

z

1

)

� 1

)

�

x

1


 d

0

( y

1

;z

1

)
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Th us w e ha v e the result for p = q = 1.

F or n � 3 w e ha v e

a

K ;L � M

( b

K � L;M

(( x

p

; y

p

) 
 z

q

)) = a

K ;L � M

0

@

Y

� 2 Sh u� ( p;q )

( s

�

0

x

p

; s

�

0

y

p

; s

�

1

z

q

)

sg ( � )

1

A

=

Y

� 2 Sh u� ( p;q )

p + q

Y

i =0

�

( d

p + q � i

i +1

s

�

0

x

p


 d

i

0

( s

�

0

y

p

; s

�

1

z

q

))

sg ( � )

�

c

i

( s

�

0

x

p

) 
 ( d

p

0

y

p

;d

q

0

z

q

)

No w for d

p + q � i

i +1

s

�

0

x

p

not to b e degenerate requires � ( k ) � i for k � p . There are no

( p; q )-sh u�es whic h satisfy this condition for i > p , and for i � p the ( p; q )-sh u�es

whic h satisfy it are precisely those � de�ned b y

� ( k ) =

(

k if k < i

� ( k � i ) + i if k � i

for eac h ( p � i; q )-sh u�e � . Th us the ab o v e expression b ecomes

p

Y

i =0

Y

� 2 Sh u� ( p � i;q )

�

( d

p � i

i +1

x

p


 ( s

�

0

d

i

0

y

p

; s

�

1

z

q

))

sg ( � )

�

c

i

( x

p

) 
 ( d

p

0

y

p

;d

q

0

z

q

)

= (id 
 b

L;M

)

  

p

Y

i =0

( d

p � i

i +1

x

p

; d

i

0

y

p

)

c

i

( x

p

) 
 d

p

0

y

p

!


 z

q

!

whic h is (id 
 b

L;M

) ( a ( x

p

; y

p

) 
 z

q

)) as required. 2

2.3 The Eilen b erg-Zilb er Theorem

2.3.1 The Homotop y Equiv alence

In this section w e pro v e a v ersion of the classical Eilen b erg-Zilb er theorem for the

fundamen tal crossed complex functor

SimpSet

�

-

Crs

Theorem 2.3.1 F or simplicial sets K and L the c omp osite

� ( K � L )

a

-

� K 
 � L

b

-

� ( K � L )

is homotopic to the identity on � ( K � L ) via a splitting homotopy

I 
 � ( K � L )

h

K ;L

-

� ( K � L )

Thus � K 
 � L is a str ong deformation r etr act of � ( K � L ) .
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Pro of: W e giv e the deriv ation � corresp onding to the homotop y h : a � b ' id

� ( K � L )

.

F or eac h n � 0, supp ose z

n

= ( x

n

; y

n

) is a generator in � ( K � L )

n

, with corresp onding

x

n

2 K

n

and y

n

2 L

n

. W e will also write C for the crossed complex � ( K � L ) and f

for the idemp oten t endomorphism a � b of C .

In dimension zero, f is the iden tit y function on C

0

, so w e de�ne �

0

b y

�

0

z

0

= e

z

0

in C

1

In dimension one, f acts on the generators b y

( x

1

; y

1

) 7! ( s

0

d

1

x

1

; y

1

) � ( x

1

; s

0

d

0

y

1

)

and w e de�ne �

1

on the generators b y

�

1

z

1

= ( s

0

x

1

; s

1

y

1

)

� 1

Note that this satis�es t�

1

z

1

= tz

1

and that if z

1

is a `degenerate' generator, ( x

1

; y

1

) =

s

0

( x

0

; y

0

) sa y , then �

1

z

1

is also degenerate. Th us w e can extend �

1

to a function

C

1

! C

2

inductiv ely b y

�

1

e

z

0

= e

z

0

�

1

( w

� 1

1

) =

�

( �

1

w

1

)

� 1

�

w

� 1

1

�

1

( z

1

� w

1

) = ( �

1

z

1

)

w

1

� �

1

w

1

for an y w

1

2 C

1

. On the generators w e ha v e also

z

1

� �

2

�

1

z

1

= ( x

1

; y

1

) � ( d

1

s

0

x

1

; d

1

s

1

y

1

)

� 1

� ( d

2

s

0

x

1

; d

2

s

1

y

1

) � ( d

0

s

0

x

1

; d

0

s

1

y

1

)

= f

1

z

1

as required b y corollary 2.1.7, with �

0

= e . This relation extends to all of C

1

since

z

1

� w

1

� �

2

�

1

( z

1

� w

1

) = z

1

� w

1

� �

2

(( �

1

z

1

)

w

1

) � �

2

�

1

w

1

= z

1

� �

2

�

1

z

1

� w

1

� �

2

�

1

w

1

T o de�ne � in dimensions � 2 w e can use the notion of simplicial and deriv ed

op erators as in [20, 21]. Consider �rst a (�nite, p ossibly zero) formal sum

F

q

p

=

X

i 2 I

r

i

( �

i

; �

i

)

of distinct pairs ( �

i

; �

i

) of monotonic functions [ p ] ! [ q ], with in tegral co e�cien ts r

i

.

W e will call suc h a sum a simplicial op er ator of dimension ( p; q ), and sa y that it is

fr ontal if �

i

(0) = �

i

(0) = 0 for all i 2 I .
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Clearly morphisms � : [ r ] ! [ p ] or � : [ q ] ! [ s ] of � will act on suc h an F , b y

comp osition with the �

i

and �

i

and collecting together lik e terms, to pro duce formal

sums �F or F � resp ectiv ely . The general comp osites F

q

p

G

r

q

can also b e de�ned, as can

sums F

q

p

+ H

q

p

. In fact the collection of all suc h simplicial op erators forms the free

ringoid (ab elian-group enric hed category) o v er the category �

(2)

, where �

(2)

is the full

sub category of � � � on the ob jects of the form ([ n ] ; [ n ]).

If eac h term ( �

i

; �

i

) of F with r

i

6= 0 can b e written as ( �

i

�

i

; �

i

�

i

) for some �

i

: [ p ] !

[ p � 1] then w e sa y F is de gener ate . W e will write F � G if F � G is degenerate, and sa y

that F pr eserves de gener acies if the comp osite F � is degenerate for eac h � : [ q ] ! [ q � 1].

Supp ose F is a simplicial op erator of dimension ( p; q ) as ab o v e. Then w e de�ne the

corresp onding derive d simplicial op erator F

0

of dimension ( p + 1 ; q + 1) b y

F

0

=

X

i 2 I

r

i

( �

0

i

; �

0

i

)

where the monotonic functions �

0

i

; �

0

i

: [ p + 1] ! [ q + 1] are giv en b y

�

0

i

(0) = 0 ; �

0

i

( n + 1) = �

i

( n ) + 1

�

0

i

(0) = 0 ; �

0

i

( n + 1) = �

i

( n ) + 1

Clearly taking deriv ed op erators resp ects the addition and comp osition structure. All

deriv ed op erators are fron tal, and if an op erator is degenerate then so is the corresp ond-

ing deriv ed op erator. The most imp ortan t prop ert y of taking deriv ed op erators is the

b eha viour on comp osing with the zeroth coface and co degeneracy maps:

Lemma 2.3.2 Supp ose F is a simplicial op er ator and F

0

the c orr esp onding derive d

op er ator. Then

1. d (0) F

0

= F d (0)

2. If F is fr ontal, then s (0) F = F

0

s (0) .

No w consider the simplicial op erators @

p

of dimension ( p � 1 ; p ) de�ned b y

@

p

=

p

X

i =0

( � 1)

i +1

( d ( i ) ; d ( i ))

and note the relation

@

p

+ @

0

p � 1

+ ( d (0) ; d (0)) = 0

Prop osition 2.3.3 Supp ose that n

0

� 1 and ( F

n

)

n � n

0

is a se quenc e of op er ators of

dimensions ( n; n ) which satisfy

@

n

F

n

= F

n � 1

@

n
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and �

n

0

� 1

, �

n

0

ar e fr ontal op er ators of dimensions ( n

0

; n

0

� 1) , ( n

0

+ 1 ; n

0

) r esp e ctively

which satisfy

�

n

0

+ �

0

n

0

� 1

+ F

0

n

0

s (0) = 0

and

F

n

0

� id

n

0

+ @

n

0

+1

�

n

0

+ �

n

0

� 1

@

n

0

Then the op er ators �

n

of dimensions ( n + 1 ; n ) de�ne d inductively by

�

n

+ �

0

n � 1

+ F

0

n

s (0) = 0

ar e al l fr ontal and satisfy

F

n

� id

n

+ @

n +1

�

n

+ �

n � 1

@

n

for n � n

0

. F urthermor e if �

n

0

� 1

and al l the F

n

pr eserve de gener acies, then so do al l

the �

n

.

Pro of: Since s

0

is fron tal and an y deriv ed op erator or sum or comp osite of fron tal

op erators is fron tal, it follo ws from their de�nition that the �

n

are all fron tal. Th us b y

the lemma and the relations @ + @

0

+ d (0) = 0 and � + �

0

+ F

0

s (0) = 0 w e ma y rewrite

@ � and � @ as follo ws:

@

n +1

�

n

= ( d (0) + @

0

n

)�

0

n � 1

� @

n +1

F

0

n

s (0)

= �

n � 1

d (0) + @

0

n

�

0

n � 1

� @

n +1

F

0

n

s (0)

�

n � 1

@

n

= � �

n � 1

d (0) + (�

0

n � 2

+ F

0

n � 1

s (0)) @

0

n � 1

= � �

n � 1

d (0) + �

0

n � 2

@

0

n � 1

+ F

0

n � 1

@

00

n � 1

s (0)

Similarly w e ha v e

� @

n +1

F

0

n

s (0) + F

0

n � 1

@

00

n � 1

s (0)

= ( d (0) + @

0

n

) F

0

n

s (0) � F

0

n � 1

( @

n

+ d (0))

0

s (0)

= d (0) s (0) F

n

+ @

0

n

F

0

n

s (0) � F

0

n � 1

@

0

n

s

0

� F

0

n � 1

d (1) s (0)

= F

n

� F

0

n � 1

and so

@

n +1

�

n

+ �

n � 1

@

n

= @

0

n

�

0

n � 1

+ �

0

n � 2

@

0

n � 1

+ F

n

� F

0

n � 1

Th us taking the deriv ativ e of the relation

F

n � 1

� id

n � 1

+ @

n

�

n � 1

+ �

n � 2

@

n � 1

implies the relation for F

n

, and so it holds for all n � n

0

b y induction.

F or the last part, supp ose inductiv ely that �

n � 1

preserv es degeneracies. Then

�

0

n � 1

s ( i ) can b e written as (�

n � 1

s ( i � 1))

0

if i � 1 or as s (0)�

n � 1

if i = 0 since
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�

n � 1

is fron tal. Also for all i w e ha v e F

0

n

s (0) s ( i ) = F

0

n

s ( i + 1) s (0) = ( F

n

s ( i ))

0

s (0).

Therefore �

n

= � �

0

n � 1

� F

0

n

s (0) preserv es degeneracies also. 2

By regarding the monotonic functions �

i

, �

i

as corresp onding to functions �

�

i

: K

q

!

K

p

, �

�

i

: L

q

! L

p

resp ectiv ely , w e note that in su�cien tly high dimensions a simplicial

op erator de�nes a map on C .

Prop osition 2.3.4 Supp ose F =

P

I

r

i

( �

i

; �

i

) is a simplicial op er ator of dimension

( p � 3 ; q � 2) which pr eserves de gener acies. Then F induc es a homomorphism of

gr oup oids-with- C

1

-action

C

q

F

-

C

p

which is given on the gener ators by

F ( x

q

; y

q

) =

Y

i 2 I

(( �

�

i

( x

q

) ; �

�

i

( y

q

))

r

i

)

( �

�

i

( x

q

) ;�

�

i

( y

q

))

wher e the monotonic functions �

i

; �

i

: [1] ! [ q ] ar e given by

�

i

(0) = �

i

( p ) ; �

i

(1) = q

�

i

(0) = �

i

( p ) ; �

i

(1) = q

If G is another simplicial op er ator of dimension ( r � 3 ; s � 2) which pr eserves de gen-

er acies and G the c orr esp onding homomorphism, then the fol lowing r elations hold for

w

n

2 C

n

1. If p = r and q = s then F � G ( w

r

) = F ( w

r

) �

�

G ( w

r

)

�

� 1

,

2. If q = r then F

�

G ( w

s

)

�

= F G ( w

s

) ,

3. F @

p

( w

p

) = F ( �

p

w

p

) .

Pro of: Note that C

q

and C

p

are b oth totally disconnected and that eac h group C

p

( z

0

)

is ab elian. Since F preserv es degeneracies and the ( �

i

; �

i

) ensure that t ( u ) = t ( z

q

) for

eac h term u in the pro duct, F is w ell de�ned on the generators and ma y b e extended

to a C

1

-homomorphism on C

q

inductiv ely b y

F ( e

z

0

) = e

z

0

F

�

w

w

1

q

�

=

�

F w

q

�

w

1

F ( z

q

� w

q

) = F z

q

� F w

q

for an y w

1

2 C

1

, w

q

2 C

q

.
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The �rst relation follo ws trivially from the ab o v e. In the second, corresp onding

elemen ts of C

p

on the left and righ t hand sides are giv en b y

( �

�

i

�

�

j

x

s

; �

�

i

�

�

j

y

s

)

d

1

( �

�

i;j

x

q

;�

�

i;j

y

q

)

and ( �

�

i

�

�

j

x

s

; �

�

i

�

�

j

y

s

)

d

0

( �

�

i;j

x

q

;�

�

i;j

y

q

) � d

2

( �

�

i;j

x

q

;�

�

i;j

y

q

)

for i 2 I

F

, j 2 I

G

, where the monotonic functions �

i;j

; �

i;j

: [2] ! [ s ] are giv en b y

�

i;j

(0) = �

i

�

j

( p ) ; �

i;j

(1) = �

i

( q ) ; �

i;j

(2) = s

�

i;j

(0) = �

i

�

j

( p ) ; �

i;j

(1) = �

i

( q ) ; �

i;j

(2) = s

But �

2

C

2

acts trivially on C

p

, so the ab o v e elemen ts are equal.

F or the third relation, note that for p � 4 w e ha v e @

p

( w

p

) = �

p

w

p

and the result

follo ws from the previous relation. In fact the result for p = 3 holds b y the same

reasoning, since it is only the in termediate v alues that lie in the non-ab elian C

2

. 2

Since F = G for F � G , w e ha v e

Corollary 2.3.5 Supp ose n

0

= 1 and �

0

, �

1

and ( F

n

)

n � 1

ar e simplicial op er ators as

in pr op osition 2.3.3, with �

0

and the F

n

pr eserving de gener acies. Then the r esulting

homomorphisms f

n

= F

n

for n � 3 and �

n

= �

n

for n � 2 satisfy

t ( �

n

w

n

) = t ( w

n

)

�

n

( w

n

w

1

) = ( �

n

w

n

)

w

1

�

n

( z

n

� w

n

) = �

n

z

n

� �

n

w

n

and f

n

w

n

= w

n

� �

n +1

�

n

w

n

� �

n � 1

�

n

w

n

Returning at last to the pro of of theorem 2.3.1, de�ne op erators �

0

of dimension

(1 ; 0), �

1

of dimension (2 ; 1), and ( F

n

)

n � 1

of dimensions ( n; n ) as follo ws:

�

0

= ( s (0) ; s (0))

�

1

= � ( s (0) ; s (1)) � ( s (1) ; s (1)) � ( s (0)

2

d (1) ; s (0))

F

n

=

n

X

i =0

X

� 2 Sh u� ( i;n � i )

sg ( � )

�

s ( �

0

) d ( i + 1)

n � i

; s ( �

1

) d (0)

i

�

Clearly F

n

= f

n

for n � 3, �

0

preserv es degeneracies, and �

1

+ �

0

0

+ F

0

1

s (0) = 0.

The relation F

1

� id + @

2

�

1

+ �

0

@

1

holds as for f

1

and �

1

earlier. The pro of that

the F

n

preserv e degeneracies and satisfy @

n

F

n

= F

n � 1

@

n

is the same as that for the

homomorphisms a and b . Th us w e ha v e �

n

for n � 2 from the corollary ab o v e with all

the required relations for a deriv ation � : f ' id except

f

2

w

2

= w

2

� �

3

�

2

w

2

� �

1

�

2

w

2
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for w

2

2 C

2

. In fact it is only necessary to c hec k this relation on the generators since

( z

2

� w

2

) � �

3

�

2

( z

2

� w

2

) � �

1

�

2

( z

2

� w

2

)

= z

2

� �

3

�

2

z

2

� w

2

� ( �

1

�

2

z

2

)

�

2

w

2

� �

3

�

2

w

2

� �

1

�

2

w

2

= z

2

� �

3

�

2

z

2

� �

1

�

2

z

2

� w

2

� �

3

�

2

w

2

� �

1

�

2

w

2

since �

2

w

2

acts as conjugation and �

3

C

3

is cen tral in C

2

, and

w

2

w

1

� �

3

�

2

( w

2

w

1

) � �

1

�

2

( w

2

w

1

)

= w

2

w

1

� ( �

3

�

2

w

2

)

w

1

� �

1

( w

� 1

1

� �

2

w

2

� w

1

)

= w

2

w

1

� ( �

3

�

2

w

2

)

w

1

� (( �

1

w

1

)

� 1

)

�

2

( w

2

w

1

)

� ( �

1

�

2

w

2

)

w

1

� �

1

w

1

= ( �

1

w

1

)

� 1

� ( w

2

� �

3

�

2

w

2

� �

1

�

2

w

2

)

w

1

� �

1

w

1

= ( w

2

� �

3

�

2

w

2

� �

1

�

2

w

2

)

f

1

( w

1

)

since f

1

( w

1

) = w

1

� �

2

�

1

w

1

. So no w consider

�

3

�

2

( z

2

) = �

3

( � F

0

2

s (0) � �

0

1

)( z

2

)

= �

3

�

�

( s

2

s

0

d

2

x

2

; s

1

y

2

)

� 1

� ( s

1

s

0

d

2

x

2

; s

2

y

2

)

�

( d

0

x

2

;s

0

d

2

0

y

2

)

� ( s

0

x

2

; s

2

s

1

d

1

y

2

)

� 1

� ( s

1

x

2

; s

2

y

2

)

�

=

�

( s

1

d

2

x

2

; y

2

)

� 1

� (( s

0

d

2

x

2

; s

1

d

2

y

2

)

� 1

)

( s

0

d

0

d

2

x

2

;d

0

y

2

)

� ( s

1

d

2

x

2

; s

0

d

0

y

2

) � ( s

0

d

2

x

2

; y

2

)

�

( d

0

x

2

;s

0

d

2

0

y

2

)

�

�

( s

0

d

2

x

2

; y

2

)

� 1

� ( s

0

d

2

x

2

; s

1

d

0

y

2

)

� 1

� ( s

2

0

d

2

1

x

2

; y

2

)

( d

2

x

2

;s

0

d

2

0

y

2

)

� ( s

0

d

2

x

2

; s

1

d

1

y

2

)

�

( d

0

x

2

;s

0

d

2

0

y

2

)

�

�

( s

0

d

2

x

2

; s

1

d

1

y

2

)

� 1

�

( d

0

x

2

;s

0

d

2

0

y

2

)

� ( x

2

; s

2

0

d

2

0

y

2

) � ( s

0

d

1

x

2

; s

1

d

1

y

2

) � ( x

2

; s

1

d

1

y

2

)

� 1

� ( x

2

; s

1

d

1

y

2

) � ( x

2

; y

2

)

� 1

� ( s

0

d

0

x

2

; s

1

d

0

y

2

)

� 1

� ( s

1

d

2

x

2

; y

2

)

( d

0

x

2

;s

0

d

2

0

y

2

)

=

�

( s

1

d

2

x

2

; s

0

d

0

y

2

) � ( s

0

d

2

x

2

; s

1

d

0

y

2

)

� 1

� ( s

2

0

d

2

1

x

2

; y

2

)

( d

2

x

2

;s

0

d

2

0

y

2

)

�

( d

0

x

2

;s

0

d

2

0

y

2

)

� ( x

2

; s

2

0

d

2

0

y

2

)

� ( s

0

d

1

x

2

; s

1

d

1

y

2

) � ( x

2

; y

2

)

� 1

� ( s

0

d

0

x

2

; s

1

d

0

y

2

)

� 1

� (( s

0

d

2

x

2

; s

1

d

2

y

2

)

� 1

)

( s

0

d

0

d

2

x

2

;d

0

y

2

) � ( d

0

x

2

;s

0

d

2

0

y

2

)

on p erm uting the terms cyclically b y t w o places and cancelling. Using u � v

�

2

u

= v � u

t wice more, to mo v e the third term to the righ t one place and the last term to the left

one place, and comp osing with

z

2

� �

1

�

2

z

2

= z

2

� �

1

( d

0

z

� 1

2

� d

2

z

� 1

2

� d

1

z

2

)

= z

2

� ( s

0

d

0

x

2

; s

1

d

0

y

2

)

�

2

z

2

� ( s

0

d

2

x

2

; s

1

d

2

y

2

)

d

2

z

� 1

2

� d

1

z

2

� ( s

0

d

1

x

2

; s

1

d

1

y

2

)

� 1

= ( s

0

d

0

x

2

; s

1

d

0

y

2

) � ( s

0

d

2

x

2

; s

1

d

2

y

2

)

d

0

z

2

� z

2

� ( s

0

d

1

x

2

; s

1

d

1

y

2

)

� 1

lea v es

�

( s

1

d

2

x

2

; s

0

d

0

y

2

) � ( s

0

d

2

x

2

; s

1

d

0

y

2

)

� 1

�

( d

0

x

2

;s

0

d

2

0

y

2

)

� ( x

2

; s

2

0

d

2

0

y

2

) � ( s

2

0

d

2

1

x

2

; y

2

)

( d

1

x

2

;s

0

d

2

0

y

2

)

whic h is just f

2

z

2

.
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Th us w e ha v e a deriv ation � corresp onding to homotop y h : f ' id. By the w ork of

section 2.1.2, h ma y b e replaced b y a splitting homotop y , although it ma y b e c hec k ed

that the de�nition of � here is suc h that it already satis�es the necessary side conditions.

2

Before w e mo v e on to the next section, there are four more comm utativit y relations

that the ab o v e homotop y h satis�es with resp ect to a and b . Recall from [12] that the

tensor pro duct of crossed complexes is symmetric , where for crossed complexes C , D

the homomorphism s : C 
 D ! D 
 C is giv en on the generators b y

C 
 D

s

C ;D

-

D 
 C

c

p


 d

q

-

( d

q


 c

p

)

( � 1)

pq

for c

p

2 C

p

, d

q

2 D

q

.

Prop osition 2.3.6 F or simplicial sets K , L , M the fol lowing diagr ams c ommute

I 
 � ( K � L � M )

h

K ;L � M

-

� ( K � L � M )

I 
 � ( K � L ) 
 � M

id 
 a

?

h

K ;L


 id

-

� ( K � L ) 
 � M

?

a

I 
 � ( K � L � M )

h

K � L;M

-

� ( K � L � M )

I 
 � K 
 � ( L � M )

id 
 a

?

s 
 id

-

� K 
 I 
 � ( L � M )

id 
 h

L;M

-

� K 
 � ( L � M )

?

a

Pro of: Supp ose as usual that w

n

= ( x

n

; y

n

; z

n

) is a generator of � ( K � L � M ). Then

the results need only b e c hec k ed on the generators � 
 w

n

of I 
 � ( K � L � M ); the

comm utativit y for 0 
 w

n

follo ws b y h (0 
 � ) = a � b and prop ositions 2.2.5 and 2.2.13,

and for 1 
 w

n

is trivial. F or n = 0 the results are also clear. F or n = 1 w e ha v e

( h

K ;L � M

� a

K � L;M

)( � 
 w

n

) = a

K � L;M

( s

0

x

1

; s

1

y

1

; s

1

z

1

)

� 1

=

�

( s

0

x

1

; s

1

y

1

) 
 d

2

0

s

1

z

1

�

� 1

( (id 
 a ) � ( h 
 id)) ( � 
 w

n

) = ( h 
 id) ( � 
 ( d

1

( x

1

; y

1

) 
 z

1

� ( x

1

; y

1

) 
 d

0

z

1

))

= ( s

0

x

1

; s

1

y

1

)

� 1


 d

0

z

1
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neglecting the degenerate terms in s

1

z

1

, d

0

s

1

z

1

and h ( � 
 d

1

( x

1

; y

1

)). Similarly ,

( h

K � L;M

� a

K ;L � M

)( � 
 w

n

) = a

K ;L � M

( s

0

x

1

; s

0

y

1

; s

1

z

1

)

� 1

=

�

d

2

1

s

0

x

1


 ( s

0

y

1

; s

1

z

1

)

� 1

�

x

1


 d

0

( y

1

;z

1

)

((id 
 a ) � ( s 
 id) � (id 
 h )) ( � 
 w

n

)

= (( s 
 id) � (id 
 h ))

�

( � 
 d

1

x

1


 ( y

1

; z

1

))

1 
 x

1


 d

0

( y

1

;z

1

)

� � 
 x

1


 d

0

( y

1

; z

1

)

�

= (id 
 h )

�

( d

1

x

1


 � 
 ( y

1

; z

1

))

1 
 x

1


 d

0

( y

1

;z

1

)

� ( x

1


 � )

� 1


 d

0

( y

1

; z

1

)

�

=

�

d

1

x

1


 ( s

0

y

1

; s

1

z

1

)

� 1

�

x

1


 d

0

( y

1

;z

1

)

as required.

F or the case n � 2 w e can again represen t ev erything using a straigh tforw ard gen-

eralisation of the notion of simplicial op erators ab o v e. Recall that h w as de�ned via

�

n

= � �

0

n � 1

� F

0

n

s (0) F

n

=

X

0 � i � n

� 2 Sh u� ( i;n � i )

sg ( � )

�

s ( �

0

) d ( i + 1)

n � i

; s ( �

1

) d (0)

i

�

F or a simplicial op erator G of dimension ( p; q ), let G

(0)

and G

(1)

b e the formal sums

giv en b y the �rst and second comp onen ts of the terms in G , and write G = ( G

(0)

; G

(1)

)

where the summation here tak es place in parallel. Then the actions of h

K ;L � M

� a

K � L;M

and (id 
 a

K � L;M

) � ( h

K ;L


 id ) on � 
 w

n

ma y b e represen ted b y the formal expressions

n +1

X

j =0

�

d ( j + 1)

n +1 � j

�

(0)

n

; d ( j + 1)

n +1 � j

�

(1)

n

�


 d (0)

j

�

(1)

n

and

n

X

k =0

�

�

(0)

k

d ( k + 1)

n � k

; �

(1)

k

d ( k + 1)

n � k

�


 d (0)

k

F or n = 1 an argumen t as ab o v e sho ws that mo dulo degeneracies these are b oth equal

to � ( s

0

; s

1

) 
 d

0

. Supp ose inductiv ely that the result holds for n � 1:

n

X

j =0

d ( j + 1)

n � j

�

n � 1


 d (0)

j

�

(1)

n � 1

�

n � 1

X

k =0

�

k

d ( k + 1)

n � 1 � k


 d (0)

k

T aking the deriv ativ e of this expression, writing j , k for j � 1, k � 1, and m ultiplying

on the left b y id 
 d (0), giv es

n +1

X

j =1

d ( j + 1)

n +1 � j

�

0

n � 1


 d (0)

j

�

(1)

n � 1

0

�

n

X

k =1

�

0

k � 1

d ( k + 1)

n � k


 d (0)

k

Th us it remains to sho w that

n +1

X

j =0

d ( j + 1)

n +1 � j

F

0

n

s (0) 
 d (0)

j

F

(1)

n

0

s (0) �

n

X

k =0

F

0

k

s (0) d ( k + 1)

n � k


 d (0)

k
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The expression d (0)

j

F

(1)

n

0

s (0) is degenerate for j = 0, and if j � k + 1 consists of terms

of the form d (0)

j

s ( �

1

)

0

d (1)

i

s (0) for 0 � i � n , � 2 Sh u� ( i; n � i ). F or d (0)

j

s ( �

1

)

0

to

b e non-degenerate requires � satisfy � ( r ) � j � 2 for 0 � r � i � 1, and for eac h i < j

the restriction to j � 1 giv es a bijection b et w een suc h � and Sh u� ( i; j � 1 � i ). If G

n;j

is the expression obtained from F

n

when only these i and � are considered w e ha v e

d (0)

j

F

(1)

n

0

� d (0)

j

G

(1)

n;j

0

= d (0)

j

and d ( j + 1)

n +1 � j

G

0

n;j

= F

0

j � 1

d ( j + 1)

n +1 � j

Hence

d ( j + 1)

n +1 � j

F

0

n

s (0) 
 d (0)

j

F

(1)

n

0

s (0) � F

0

k

d ( k + 2)

n � k

s (0) 
 d (0)

k +1

s (0)

for k = j � 1 and the result follo ws.

F or the second result w e m ust sho w

n +1

X

j =0

d ( j + 1)

n +1 � j

�

(0)

n


 d (0)

j

�

n

�

n

X

j =0

( � 1)

j

d ( j + 1)

n � j


 �

n � j

d (0)

j

where the ( � 1)

j

comes from the symmetry . By the de�nition of �

n

w e ha v e

�

n

= � �

0

n � 1

� F

0

n

s (0) =

n

X

i =0

( � 1)

i +1

F

f i +1 g

n � i

s (0)

f i g

where the sup erscripts f r g indicate the r -fold deriv ed op erator. No w F

(0)

is fron tal, so

d ( j + 1)

n +1 � j

�

(0)

n

=

n

X

i =0

( � 1)

i

d ( j + 1)

n +1 � j

s ( i ) F

f i g

n � i

These terms are degenerate for i < j , and for i � j w e ha v e

d ( j + 1)

n +1 � j

s ( i ) F

f i g

n � i

= d ( j + 1)

n � j

and d (0)

j

F

f i +1 g

n � i

s ( i ) = F

f i � j +1 g

n � i

s ( i � j ) d (0)

j

Th us

d ( j + 1)

n +1 � j

�

(0)

n


 d (0)

j

�

n

�

n

X

i = j

( � 1)

i +1

d ( j + 1)

n � j


 F

f i � j +1 g

n � i

s ( i � j ) d (0)

j

= d ( j + 1)

n � j


 ( � 1)

j

0

@

n � j

X

i =0

( � 1)

i +1

F

f i +1 g

n � j � i

s ( i )

1

A

d (0)

j

= ( � 1)

j

d ( j + 1)

n � j


 �

n � j

d (0)

j

and w e ha v e the result. 2
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Prop osition 2.3.7 F or simplicial sets K , L , M the fol lowing diagr ams c ommute

I 
 � ( K � L ) 
 � M

h

K ;L


 id

-

� ( K � L ) 
 � M

I 
 � ( K � L � M )

id 
 b

?

h

K ;L � M

-

� ( K � L � M )

?

b

I 
 � K 
 � ( L � M )

s 
 id

-

� K 
 I 
 � ( L � M )

id 
 h

L;M

-

� K 
 � ( L � M )

I 
 � ( K � L � M )

id 
 b

?

h

K � L;M

-

� ( K � L � M )

?

b

Pro of: Supp ose v

p;q

and w

p;q

are generators in dimension p + q of � ( K � L ) 
 � M

and � K 
 � ( L � M ) as usual. Then the results hold for the generators � 
 v

p;q

and

� 
 w

p;q

for � = 0 ; 1 in I

0

b y prop ositions 2.2.11 and 2.2.13. Also the results are clear

for � 
 v

p;q

and � 
 w

p;q

if p or q are zero. Th us w e ma y assume these generators ha v e

dimension at least three and w ork in terms of simplicial op erators as b efore.

Let B

p;q

= ( B

(0)

p;q

; B

(1)

p;q

) b e the simplicial op erators represen ting the sh u�e homo-

morphism b in eac h dimension. Then for the �rst result w e sho w inductiv ely that

�

�

p + q

B

(0)

p;q

; �

(1)

p + q

B

(1)

p;q

�

�

�

B

(0)

p +1 ;q

�

p

; B

(1)

p +1 ;q

�

P artitioning the set of ( p; q )-sh u�es � according to whether zero is in the image of �

1

or �

0

, w e obtain the follo wing recursiv e form ula for B :

B

p;q

=

�

B

(0)

p � 1 ;q

0

; B

(1)

p � 1 ;q

0

s (0)

�

+ ( � 1)

p

�

B

(0)

p;q � 1

0

s (0) ; B

(1)

p;q � 1

0

�

T ogether with the inductiv e h yp othesis, this giv es

�

�

0

p + q � 1

B

(0)

p;q

; �

(1)

p + q � 1

0

B

(1)

p;q

�

=

�

�

0

p + q � 1

B

(0)

p � 1 ;q

0

; �

(1)

p + q � 1

0

B

(1)

p � 1 ;q

0

s (0)

�

+ ( � 1)

p

�

�

0

p + q � 1

B

(0)

p;q � 1

0

s (0) ; �

(1)

p + q � 1

0

B

(1)

p;q � 1

0

�

�

�

B

(0)

p;q

0

�

0

p � 1

; B

(1)

p;q

0

s (0)

�

+ ( � 1)

p

�

B

(0)

p +1 ;q � 1

0

�

0

p

s (0) ; B

(1)

p +1 ;q � 1

0

�

Also prop ositions 2.2.11 and 2.2.13 imply the follo wing comm utativit y relation b et w een

B and F :

�

F

p + q

B

(0)

p;q

; F

(1)

p + q

B

(1)

p;q

�

�

�

B

(0)

p;q

F

p

; B

(1)

p;q

�
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whic h since B is fron tal giv es

�

F

0

p + q

s (0) B

(0)

p;q

; F

(1)

p + q

0

s (0) B

(1)

p;q

�

�

�

B

(0)

p;q

0

F

0

p

s (0) ; B

(1)

p;q

0

s (0)

�

Com bining these results using � �

n

= �

0

n � 1

+ F

0

n

s (0), w e get

�

�

p + q

B

(0)

p;q

; �

(1)

p + q

B

(1)

p;q

�

�

�

B

(0)

p;q

0

�

p

; B

(1)

p;q

0

s (0)

�

+ ( � 1)

p +1

�

B

(0)

p +1 ;q � 1

0

�

0

p

s (0) ; B

(1)

p +1 ;q � 1

0

�

But �

0

p

s (0) = s (0)�

p

, so using the recursiv e sh u�e relation for B

p +1 ;q

giv es the required

result.

F or the second part, w e use similar argumen ts to sho w inductiv ely that

�

�

(0)

p + q

B

(0)

p;q

; �

p + q

B

(1)

p;q

�

� ( � 1)

p

�

B

(0)

p;q +1

; B

(1)

p;q +1

�

q

�

Using the recursiv e form ul� for � and B , and since b oth � and B are fron tal, this ma y

b e expanded in to

�

�

�

(0)

p + q � 1

0

B

(0)

p � 1 ;q

0

; �

0

p + q � 1

B

(1)

p � 1 ;q

0

s (0)

�

� ( � 1)

p

�

�

(0)

p + q � 1

0

B

(0)

p;q � 1

0

s (0) ; �

0

p + q � 1

B

(1)

p;q � 1

0

�

�

�

F

(0)

p + q

0

B

(0)

p;q

0

s (0) ; F

0

p + q

B

(1)

p;q

0

s (0)

�

�

( � 1)

p

�

B

(0)

p � 1 ;q +1

0

; B

(1)

p � 1 ;q +1

0

�

0

q

s (0)

�

�

�

B

(0)

p;q

0

s (0) ; B

(1)

p;q

0

�

0

q � 1

�

�

�

B

(0)

p;q

0

s (0) ; B

(1)

p;q

0

F

0

q

s (0)

�

whic h holds b y the inductiv e h yp othesis and prop ositions 2.2.11 and 2.2.13. 2

These t w o prop ositions 2.3.6 and 2.3.7 will b e used in the next section to sho w that

the Eilen b erg-Zilb er theorem extends to giv e a coheren t system of higher homotopies

I


 r


 � ( K

0

� : : : � K

r

)

-

� ( K

0

� : : : � K

r

)

b et w een the 2

r

endomorphisms of � ( K

0

� : : : � K

r

) de�ned b y v arious comp osites of a

and b .

2.3.2 Higher Homotopies and Coherence

F or simplicial sets K , L , M , there are homotopies b et w een

� ( K � L � M )

a

2

-

� K 
 � L 
 � M

b

2

-

� ( K � L � M )

and the iden tit y , induced either b y h

K � L;M

and h

K ;L

, or b y h

K ;L � M

and h

L;M

. These

homotopies are not the same, although they are themselv es homotopic via a double

homotopy

I 
 I 
 � ( K � L � M )

h

K ;L;M

-

� ( K � L � M )

More generally w e mak e the follo wing de�nition:
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De�nition 2.3.8 A n r -fold homotop y of cr osse d c omplexes is given by a cr osse d c om-

plex homomorphism

I


 r


 C

h

-

D

wher e C , D ar e cr osse d c omplexes and I


 r

is the r -fold tensor pr o duct of the cr osse d

c omplex I with itself.

Giv en a p -fold homotop y I


 p


 C

h

-

D and a q -fold homotop y I


 q


 E

k

-

F

w e will de�ne h � k to b e the ( p + q )-fold homotop y giv en b y

I


 ( p + q )


 C 
 E

h � k

-

D 
 F

I


 p


 I


 q


 C 
 E

�

=

?

id 
 s 
 id

-

I


 p


 C 
 I


 q


 E

6

h 
 k

where s is giv en b y the symmetry of the tensor pro duct. Also for 1 � i � p and

� 2 f 0 ; 1 g w e will write �

�

i

( h ) for the ( p � 1)-fold homotop y de�ned b y

I


 ( p � 1)


 C

�

�

i

( h )

-

D

@

@

@

@

@

f

�

i


 id

R �

�

�

�

�

h

�

I


 p


 C

where f

�

i

is the natural monomorphism giv en on generators b y

I


 ( p � 1)

-

I


 p

x

1


 x

2


 � � � 
 x

p � 1

-

x

1


 � � � 
 x

i � 1


 � 
 x

i


 � � � 
 x

p � 1

W e will often use the notation �

�

i

for �

0

i

and �

+

i

for �

1

i

.

Note that 0-fold homotopies are giv en b y homomorphisms, and a 1-fold homotop y

h is th us just an ordinary homotop y h : �

�

1

( h ) ' �

+

1

( h ) as in section 2.1.1.

F or con v enience in later c hapters w e will mak e a c hange in the con v en tions of prop o-

sition 2.3.1, and write h

K ;L

for the homotop y id ' a � b giv en b y the r everse of the

homotop y denoted h

K ;L

in that section. W e will also use the notation a

( i )

and b

( i )

for

the homomorphisms de�ned b y a and b at the i th factor of a pro duct

� ( K

0

� : : : � K

r

)

a

( i )

-

�

b

( i )

� ( K

0

� : : : � K

i � 1

) 
 � ( K

i

� : : : � K

r

)

and will write h

( i )

for the homotop y id ' a

( i )

� b

( i )

.
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Theorem 2.3.9 Supp ose that K

i

ar e simplicial sets for 0 � i � r . Then ther e is an

r -fold homotopy

I


 r


 � ( K

0

� : : : � K

r

)

h

K

0

;K

1

;::: ;K

r

-

� ( K

0

� : : : � K

r

)

These homotopies ar e natur al in the K

i

, and satisfy the cubic al b oundary r elations

�

�

i

( h

K

0

;::: ;K

r

) = h

K

0

;K

1

;::: ; ( K

i � 1

� K

i

) ;::: ;K

r

for r � 1

�

+

i

( h

K

0

;::: ;K

r

) = (id 
 a

( i )

) � ( h

K

0

;::: ;K

i � 1

� h

K

i

;::: ;K

r

) � b

( i )

for r � 1

I


 ( r � 1)


 � ( K

0

� ::: � K

r

)

id 
 a

( i )

-

I


 ( r � 1)


 � ( K

0

� ::: � K

i � 1

) 
 � ( K

i

� ::: � K

r

)

� ( K

0

� ::: � K

r

)

�

+

i

( h

K

0

;::: ;K

r

)

?

�

b

( i )

� ( K

0

� ::: � K

i � 1

) 
 � ( K

i

� ::: � K

r

)

?

h

K

0

;::: ;K

i � 1

� h

K

i

;::: ;K

r

to gether with the r elations

h

K

0

= id

� K

0

(id 
 b

( i )

) � �

�

i

( h

K

0

;::: ;K

r

) = (id 
 b

( i )

) � �

+

i

( h

K

0

;::: ;K

r

)

�

�

i

( h

K

0

;::: ;K

r

) � a

( i )

= �

+

i

( h

K

0

;::: ;K

r

) � a

( i )

Pro of: Supp ose K

0

; K

1

; : : : ; K

r

are simplicial sets and write K

j

i

for the pro duct

K

i

� K

i +1

� : : : � K

j

for 0 � i � j � r . Then the r -fold homotopies h

K

0

;::: ;K

r

ma y b e

de�ned inductiv ely b y

h

K

0

;K

1

;::: ;K

r

= (id

I


 h

K

1

0

;K

2

;::: ;K

r

) � h

K

0

;K

r

1

where h

K

0

= id

K

0

and h

K

0

;K

1

is as de�ned earlier. Th us h

K

0

;K

1

;::: ;K

r

is the comp osite of

the maps

I


 i


 � ( K

0

� : : : � K

r

)

id

I


 ( i � 1)


 h

( i )

-

I


 ( i � 1)


 � ( K

0

� : : : � K

r

)

for i = r ; r � 1 ; : : : ; 1.

T o pro v e that the r -fold homotopies h satisfy the appropriate b oundary relations,

w e need a lemma.

Lemma 2.3.10 The maps a , b , h as ab ove satisfy

h

K

i

0

;K

i +1

;::: ;K

r

� a

( i )

= (id

I


 ( r � i )


 a

( i )

) � ( s 
 id

� K

r

i

) � (id

� K

i � 1

0


 h

K

i

;::: ;K

r

)

h

K

0

;::: ;K

i � 2

;K

r

i � 1

� a

( i )

= (id

I


 ( i � 1)


 a

( i )

) � ( h

K

0

;::: ;K

i � 1


 id

� K

r

i

)

and

(id

I


 ( r � i )


 b

( i )

) � h

K

i

0

;K

i +1

;::: ;K

r

= ( s 
 id

� K

r

i

) � (id

� K

i � 1

0


 h

K

i

;::: ;K

r

) � b

( i )

(id

I


 ( i � 1)


 b

( i )

) � h

K

0

;::: ;K

i � 2

;K

r

i � 1

= ( h

K

0

;::: ;K

i � 1


 id

� K

r

i

) � b

( i )

60



Pro of: W e pro v e the �rst result of these four; the others are similar. Assume induc-

tiv ely that the result holds with K

i

and K

i +1

replaced b y their pro duct

h

K

i +1

0

;K

i +2

;::: ;K

r

� a

( i )

= (id

I


 ( r � i � 1)


 a

( i )

) � ( s 
 id

� K

r

i

) � (id

� K

i � 1

0


 h

K

i +1

i

;K

i +2

;::: ;K

r

)

and consider the diagram

I


 ( r � i )


 � K

r

0

id 
 h

K

i +1

0

;K

i +2

;::: ;K

r

-

I 
 � K

r

0

h

( i +1)

-

� K

r

0

I


 ( r � i )


 � K

i � 1

0


 � K

r

i

id 
 a

( i )

?

I 
 � K

i � 1

0


I


 ( r � i � 1)


 � K

r

i

id 
 s 
 id

?

id 
 h

K

i +1

i

;K

i +2

;::: ;K

r

-

I 
 � K

i � 1

0


 � K

r

i

id 
 a

( i )

?

� K

i � 1

0


I


 ( r � i )


 � K

r

i

s 
 id

?

id 
 h

K

i +1

i

;K

i +2

;::: ;K

r

-

� K

i � 1

0


I 
 � K

r

i

s 
 id

?

id 
 h

( i +1)

-

� K

i � 1

0


 � K

r

i

?

a

( i )

This comm utes b y the inductiv e h yp othesis, b y naturalit y of s and b y prop osition 2.3.6.

Since the horizon tal comp osites are just the inductiv e de�nitions of h

K

i

0

;K

i +1

;::: ;K

r

and

id 
 h

K

i

;::: ;K

r

w e ha v e the required result. 2

Returning to the pro of of the prop osition, w e can write

h

K

0

;::: ;K

r

= (id

I


 i


 h

K

i

0

;K

i +1

;::: ;K

r

) � (id

I


 ( i � 1)


 h

( i )

) � h

K

0

;::: ;K

i � 2

;K

r

i � 1

Since �

�

1

h

( i )

= id and �

+

1

h

( i )

= a

( i )

� b

( i )

this giv es

�

�

i

h

K

0

;::: ;K

r

= (id

I


 ( i � 1)


 h

K

i

0

;K

i +1

;::: ;K

r

) � h

K

0

;::: ;K

i � 2

;K

r

i � 1

�

+

i

h

K

0

;::: ;K

r

=

�

id

I


 ( i � 1)


 ( h

K

i

0

;K

i +1

;::: ;K

r

� a

( i )

� b

( i )

)

�

� h

K

0

;::: ;K

i � 2

;K

r

i � 1

= (id 
 a

( i )

) � (id 
 s 
 id) � (id 
 h

K

i

;::: ;K

r

) � ( h

K

0

;::: ;K

i � 1


 id) � b

( i )

b y �rst and fourth parts of the lemma, and the �

�

i

b oundary relations follo w. The �nal

t w o relations hold b y the second and third parts of the lemma since b

( i )

� a

( i )

= id. 2

The follo wing additional prop erties of the r -fold homotopies h are easy consequences

of the relations giv en in the theorem.
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Prop osition 2.3.11 Given simplicial sets K

i

with c orr esp onding higher homotopies h

as ab ove, the fol lowing e quations hold

�

+

i

( h

K

0

;::: ;K

r

) = id 
 a

( i )

� id 
 b

( i )

� �

+

i

( h

K

0

;::: ;K

r

)

= �

+

i

( h

K

0

;::: ;K

r

) � a

( i )

� b

( i )

id 
 b

( i )

� h

K

0

;::: ;K

i � 1

� K

i

;::: ;K

r

= h

K

0

;::: ;K

i � 1

� h

K

i

;::: ;K

r

� b

( i )

h

K

0

;::: ;K

i � 1

� K

i

;::: ;K

r

� a

( i )

= id 
 a

( i )

� h

K

0

;::: ;K

i � 1

� h

K

i

;::: ;K

r

Supp ose that h

K

0

;K

1

;::: ;K

r

is an r -fold homotop y of the theorem. Then for eac h � =

( �

1

; �

2

; : : : ; �

r

), �

i

2 f 0 ; 1 g , there is an endomorphism h

�

K

0

;K

1

;::: ;K

r

of � ( K

0

� : : : � K

r

)

giv en b y restricting the homotop y to the corner � of the r -cub e I


 r

. That is,

h

�

K

0

;K

1

;::: ;K

r

( x ) = h

K

0

;K

1

;::: ;K

r

( �

1


 � � � 
 �

r


 x )

W e sa y that the v arious r -fold homotopies h of the theorem pro vide a c oher ent system

of homotopies b et w een the homomorphisms h

�

.

F or simplicial sets L

0

; L

1

; : : : ; L

k

the diagonal appro ximation and sh u�e maps giv e

homomorphisms

� ( L

0

� L

1

� : : : � L

k

)

a

k

-

�

b

k

� L

0


 � L

1


 : : : 
 � L

k

whic h are w ell de�ned b y the asso ciativit y of a and b . Th us for � = ( �

1

; �

2

; : : : ; �

r

) as

b efore w e ha v e homomorphisms a

�

and b

�

� ( K

0

� K

1

� : : : � K

r

)

a

�

-

�

b

�

�

0

@

i

1

� 1

Y

i = i

0

K

i

1

A


 �

0

@

i

2

� 1

Y

i = i

1

K

i

1

A


 : : : 
 �

0

@

i

k +1

� 1

Y

i = i

k

K

i

1

A

where i

1

< i

2

< : : : < i

k

are those i suc h that �

i

= 1, and i

0

= 0, i

k +1

= r + 1. In

particular, a

�

= b

�

= id if �

i

= 0 for 1 � i � r .

By using the b oundary relations whic h the h satisfy , w e can sho w that the homo-

morphisms a

�

and b

�

giv e an explicit description of the endomorphisms h

�

.

Prop osition 2.3.12 F or h an r -fold homotopy and � 2 f 0 ; 1 g

r

as ab ove, the endo-

morphism given by h

�

is pr e cisely the c omp osite a

�

� b

�

. Thus the r -fold homotopies

h pr ovide a system of c oher ent homotopies b etwe en the various c omp osites a

k

� b

k

for

0 � k � r .

These results will b e used in c hapter four to mak e precise the statemen t that `up to

homotop y' there is an enric hed natural adjunction b et w een simplicial enric hmen ts of �

and N .
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Chapter 3

Homotop y Colimits and Small

Resolutions

3.0 In tro duction

In this c hapter w e giv e a de�nition of homotop y colimits of diagrams of crossed com-

plexes. It is pro v ed that there is a strong deformation retraction

ho colim

Crs

( F � � ) ' � (ho colim

S

F )

for F a small diagram of simplicial sets and ho colim

S

F its homotop y colimit as de�ned

in [4]. W e discuss an alternativ e de�nition of homotop y colimit in SimpSet , written

ho colim

0

S

, suc h that there is a natural isomorphism

ho colim

0

S

( F � Ner)

�

=

Ner(ho colim

Cat

F )

for F a small diagram of categories and ho colim

Cat

the usual homotop y colimit in

Cat [38 ].

As a simple motiv ating example, these results are applied to a functor corresp onding

to a group action. This giv es a free crossed resolution for a semidirect pro duct of groups

whic h is a strong deformation retraction of the standard resolution, and whic h ma y b e

written as a t wisted tensor pro duct of standard resolutions.

The structure of this c hapter is as follo ws. In the �rst section w e set out the

motiv ation in terms of �nding small resolutions of semidirect pro ducts of groups.

In the second section, w e recall the Bous�eld-Kan de�nition of homotop y colimit in

SimpSet in terms of a co end and of the diagonal of a bisimplicial set 	. An alternativ e

(homotop y equiv alen t) de�nition is prop osed using the Artin-Mazur diagonal of the

transp ose 	

0

of 	, and it is sho wn that this b eha v es b etter with resp ect to homotop y

colimits in Cat as de�ned b y the Grothendiec k construction.

In the third section, w e prop ose a de�nition of homotop y colimits in the monoidal

closed category of crossed complexes, b oth in terms of a co end and of a total complex
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of a simplicial crossed complex. The main result that w e pro v e is that the fundamen tal

crossed complex functor preserv es homotop y colimits up to a strong deformation retrac-

tion. Finally w e apply this result to obtain a small crossed resolution of a semidirect

pro duct of groups in terms of a t wisted tensor pro duct.

3.1 Motiv ation: Small Crossed Resolutions

3.1.1 Standard crossed resolutions

Recall the follo wing:

De�nition 3.1.1 Supp ose C is a smal l c ate gory. Then the nerv e of C is the simplicial

set Ner( C ) given by strings of c omp osable arr ows in C :

Ner ( C )

n

= f [ x

0

; a

1

; x

1

; a

2

; x

2

; : : : ; a

n

; x

n

] : a

i

2 C ( x

i � 1

; x

i

) g

The de gener acy maps ar e given by inserting an identity arr ow:

s

i

[ x

0

; a

1

; x

1

; : : : ; a

n

; x

n

] = [ x

0

; a

1

; x

1

; : : : ; a

i

; x

i

; ex

i

; x

i

; a

i +1

; x

i +1

; : : : ; a

n

; x

n

]

The �rst and last b oundary maps ar e given by deleting the �rst and last arr ow r esp e c-

tively, and the others by c omp osing c onse cutive arr ows:

d

0

[ x

0

; a

1

; x

1

; : : : ; a

n

; x

n

] = [ x

1

; a

2

; x

2

; : : : ; a

n

; x

n

]

d

n

[ x

0

; a

1

; x

1

; : : : ; a

n

; x

n

] = [ x

0

; a

1

; x

1

; : : : ; a

n � 1

; x

n � 1

]

d

i

[ x

0

; a

1

; x

1

; : : : ; a

n

; x

n

] =

[ x

0

; a

1

; x

1

; : : : ; a

i � 1

; x

i � 1

; a

i

� a

i +1

; x

i +1

; a

i +2

; x

i +2

: : : ; a

n

; x

n

] for 1 � i < n

The n -simplices [ x

0

; a

1

; x

1

; a

2

; x

2

; : : : ; a

n

; x

n

] will often b e written as [ a

1

; a

2

; : : : ; a

n

],

or as [ ]

x

0

in the zero-dimensional case.

The functor Ner : Cat ! Simp has a left adjoin t c : Simp ! Cat termed

c ate gorisation . The category c( K ) has ob ject set K

0

and is generated b y arro ws a

1

for eac h one-simplex a

1

2 K

1

. Iden tit y arro ws are giv en b y degenerate one-simplices,

source and target maps b y the b oundary maps, and there are relations from the t w o-

simplicies. Altogether the relations are th us:

s

0

a

0

= ea

0

d

1

a

1

= sa

1

d

0

a

1

= ta

1

d

1

a

2

= d

2

a

2

� d

0

a

2

The bijection of hom-sets Cat (c( K ) ; C )

�

=

SimpSet ( K ; Ner( C )) is w ell kno wn, as is

the isomorphism of categories c (Ner( C ))

�

=

C .
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In the case where C is a group, the nerv e of C is said to giv e a simplicial set whic h

r esolves the group structure. This simplicial set has a single zero-simplex, and has

fundamen tal group the original group C and all higher homotop y groups trivial. T aking

the fundamen tal crossed complex of the nerv e th us giv es a crossed complex whose

homology is C in dimension one and trivial in higher dimensions. The fundamen tal

crossed complex of the nerv e has b een prop osed in [27, 11 ] as an algebraic resolution

of the group structure.

De�nition 3.1.2 The standard crossed resolution C ( G ) of a gr oup G is given by the

fundamental cr osse d c omplex of its nerve.

Group

C

-

Crs

@

@

@

@

@

@

Ner

R �

�

�

�

�

�

�

�

SimpSet

W e will also write C for the functor de�ned on the whole of Cat .

Using de�nition 1.3.1 w e ma y presen t the functor C in terms of generators and

relations.

Prop osition 3.1.3 Supp ose G is a gr oup. Then C ( G ) is the cr osse d c omplex of gr oups

gener ate d by elements [ g

1

; g

2

; : : : ; g

n

] 2 C ( G )

n

subje ct to the r elations

[ g

1

; g

2

; : : : ; g

n

] = e in C ( G )

n

if any g

i

is the identity

�

2

[ g

1

; g

2

] = [ g

2

]

� 1

� [ g

1

]

� 1

� [ g

1

g

2

]

�

3

[ g

1

; g

2

; g

3

] = [ g

2

; g

3

]

� 1

� [ g

1

; g

2

]

[ g

3

]

� [ g

1

g

2

; g

3

] � [ g

1

; g

2

g

3

]

� 1

�

n

[ g

1

; g

2

; : : : ; g

n

] = [ g

2

; : : : ; g

n

]

� 1

�

�

[ g

1

; : : : ; g

n � 1

]

[ g

n

]

�

( � 1)

n +1

�

n � 1

Y

i =1

[ g

1

; : : : ; g

i

g

i +1

; : : : ; g

n

]

( � 1)

i +1

for n � 4

Note that the only relations in v olv ed are those for b oundaries and degeneracies and

so C ( G ) can b e regarded as free in a certain sense. Th us the standard crossed resolution

of G is termed a fr e e aspheric al r esolution for G .

If G , H are groups, then w e ma y form the tensor pro duct of the crossed resolu-

tions C ( G ) and C ( H ). Com bining prop ositions 1.2.5 and 3.1.3, this has the follo wing

standard presen tation.

Prop osition 3.1.4 Supp ose G , H ar e gr oups. Then the tensor pr o duct C ( G ) 
 C ( H )

is the cr osse d c omplex of gr oups given by gener ators a

p


 b

q

in dimension n = p + q for

al l a

p

= [ g

1

; : : : ; g

p

] 2 Ner( G ) and b

q

= [ h

1

; : : : ; h

q

] 2 Ner( H ) , subje ct to the r elations:
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1. a

p


 b

q

= � , the identity element, if any of the g

i

or h

i

ar e identities

2. �

2

( a

2


 b

0

) = ([ g

2

] 
 [ ])

� 1

� ([ g

1

] 
 [ ])

� 1

� ([ g

1

g

2

] 
 [ ])

�

2

( a

0


 b

2

) = ([ ] 
 [ h

2

])

� 1

� ([ ] 
 [ h

1

])

� 1

� ([ ] 
 [ h

1

h

2

])

�

2

( a

1


 b

1

) = ([ ] 
 [ h

1

])

� 1

� ([ g

1

] 
 [ ])

� 1

� ([ ] 
 [ h

1

]) � ([ g

1

] 
 [ ])

�

3

( a

1


 b

2

) = ([ g

1

] 
 [ h

2

]) � ([ ] 
 [ h

1

; h

2

])

[ g

1

] 
 [ ]

� ([ g

1

] 
 [ h

1

h

2

])

� 1

� ([ ] 
 [ h

1

; h

2

])

� 1

� ([ g

1

] 
 [ h

1

])

[ ] 
 [ h

2

]

�

3

( a

2


 b

1

) = ([ g

2

] 
 [ h

1

])

� 1

� ([ g

1

; g

2

] 
 [ ])

[ ] 
 [ h

1

]

� ([ g

1

g

2

] 
 [ h

1

])

� ([ g

1

; g

2

] 
 [ ])

� 1

�

�

([ g

1

] 
 [ h

1

])

[ g

2

] 
 [ ]

�

� 1

�

p

( a

p


 b

0

) = �

h

( a

p


 b

0

) for p � 3

�

q

( a

0


 b

q

) = �

v

( a

0


 b

q

) for q � 3

�

p + q

( a

p


 b

q

) = �

h

( a

p


 b

q

) � ( �

v

( a

p


 b

q

))

( � 1)

p

otherwise

wher e the abbr eviations �

h

( a

p


 b

q

) and �

v

( a

p


 b

q

) stand for the fol lowing expr essions:

�

h

( a

p


 b

q

) = ([ g

2

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q

])

� 1

�

�

([ g

1

; : : : ; g

p � 1

] 
 [ h

1

; : : : ; h

q

])

[ g

p

] 
 [ ]

�

( � 1)

p +1

�

p � 1

Y

k =1

([ g

1

; : : : ; g

k

g

k +1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q

])

( � 1)

k +1

�

v

( a

p


 b

q

) = ([ g

1

; : : : ; g

p

] 
 [ h

2

; : : : ; h

q

])

� 1

�

�

([ g

1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q � 1

])

[ ] 
 [ h

q

]

�

( � 1)

q +1

�

q � 1

Y

k =1

([ g

1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

k

h

k +1

; : : : ; h

q

])

( � 1)

k +1

No w consider the standard resolution of the pro duct G � H of the t w o groups G ,

H . Since the nerv e functor comm utes with pro ducts w e ha v e

C ( G � H )

�

=

� (Ner G � Ner H )

Comparing this with C ( G ) 
 C ( H )

�

=

� (Ner G ) 
 � (Ner H ) w e �nd that w e ma y replace

the standard resolution of the pro duct b y the tensor pro duct of standard resolutions,

as follo ws.

Theorem 3.1.5 Supp ose G , H ar e gr oups with pr o duct G � H . Then the tensor pr o duct

C ( G ) 
 C ( H ) de�nes a fr e e aspheric al r esolution for G � H .

Pro of: F rom the presen tation of C ( G ) 
 C ( H ) ab o v e it can b e seen that there are

no relations except those giv en b y the b oundary maps and degeneracies, and so w e

ha v e freeness. W e also kno w from theorem 2.3.1 that C ( G � H ) and C ( G ) 
 C ( H ) are

homotop y equiv alen t. But the former is the standard aspherical resolution for G � H ,

and so the latter is also an aspherical resolution since homotop y equiv alence implies

equiv alence in homology . 2
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3.1.2 Semidirect pro ducts and homotop y colimits in Cat

In the previous section it w as sho wn that a resolution for a pro duct of groups ma y

b e obtained from the tensor pro duct of the resolutions. The imp ortan t p oin t to note

is that the resulting free crossed complex is smal ler than the standard resolution of

the pro duct group, and that the Eilen b erg-Zilb er theorem giv es a strong deformation

retraction of the larger on to the smaller. Consider no w the case where the group H

acts on the group G , and let E b e the semidirect pro duct of G b y H . W e w ould lik e

to use the semidirect pro duct decomp osition to �nd a free aspherical crossed resolution

for E whic h is smaller than the standard resolution C ( E ).

An action of a group H on a group G is a function H � G

-

G , written

( h; g )

-

g

h

, satisfying

g

e

H

= g ; g

h

1

h

2

= ( g

h

1

)

h

2

; e

G

h

= e

G

; ( g

1

g

2

)

h

= g

1

h

g

2

h

Note that this is consisten t with de�nition 1.1.3.

The function H � G

-

G is not a group homomorphism since w e do not ha v e

( g

1

g

2

)

h

1

h

2

= g

1

h

1

g

2

h

2

. Ho w ev er regarding the groups G and H as categories w e ha v e

the follo wing equiv alen t form ulation:

Prop osition 3.1.6 A n action of a gr oup H on a gr oup G is given by a functor � fr om

H to Cat such that � ( e

H

) = G .

Pro of: The corresp ondence is giv en b y g

h

= ( � h )( g ). The �rst t w o axioms for a

group action giv en ab o v e corresp ond to the functorialit y of � , the other t w o to the

functorialit y of � ( h ) for eac h arro w h of H . 2

The next construction w e need is due to Grothendiec k.

De�nition 3.1.7 Supp ose I is a smal l c ate gory and F a functor fr om I to Cat . Then

the Grothendiec k construction on F , written

R

I

F , is the c ate gory with obje cts the p airs

( i; x ) with i 2 Ob( I ) and x 2 Ob( F i ) and arr ows ( f ; a ) : ( i

0

; x

0

) ! ( i

1

; x

1

) for al l

f 2 I ( i

0

; i

1

) and a 2 Arr( F i

1

) with sour c e ( F f )( x

0

) and tar get x

1

. The c omp osite of

the arr ows

( i

0

; x

0

)

( f

1

; a

1

)

-

( i

1

; x

1

)

( f

2

; a

2

)

-

( i

2

; x

2

)

is de�ne d by ( f

1

� f

2

; ( F f

2

)( a

1

) � a

2

) .

Note that the Grothendiec k construction comes equipp ed with a canonical pro jec-

tion (`op�bration') functor p :

R

I

F ! I de�ned b y ( i; x ) 7! i and ( f ; a ) 7! f .

Consider again the case of a functor � : H ! Cat : e

H

7! G corresp onding to

a group action as ab o v e. The Grothendiec k construction

R

H

� on this functor is the
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category with a single ob ject ( e

H

; e

G

) and set of arro ws ( h; g ) for all h 2 H and g 2 G .

Comp osition of arro ws is giv en b y

( h

1

; g

1

)( h

2

; g

2

) = ( h

1

h

2

; g

h

2

1

g

2

)

Th us w e ha v e

Prop osition 3.1.8 The Gr othendie ck c onstruction applie d to a functor � : H ! Cat

c orr esp onding to a gr oup action of H on G gives the usual semidir e ct pr o duct E of G

by H . The c anonic al pr oje ction p c orr esp onds to the epimorphism E ! H , ( h; g ) 7! h ,

which gives the usual split short exact se quenc e of gr oups

1 ! G ! E ! H ! 1

The follo wing de�nition is due to Thomason [38].

De�nition 3.1.9 Supp ose that F : I ! Cat is any diagr am of c ate gories and func-

tors. Then the homotopy c olimit of F , ho colim ( F ) , is de�ne d by the Gr othendie ck

c onstruction on F .

In particular supp ose � : H ! Cat : e

H

7! G is a functor corresp onding to a

group action. Then E = ho colim ( � ) is the semidirect pro duct of G b y H . When

considering the e�ect under the functor C : Cat ! Crs w e will see that there is a

de�nition of ho colim in Crs suc h that ho colim ( � � C ) is a strong deformation retract

of C (ho colim( � )). That is, using the semidirect pro duct decomp osition w e ha v e an

aspherical resolution for E whic h is smaller than the standard resolution. It will turn

out that the small resolution has a presen tation with the same generators (but di�eren t

b oundary relations) as that for C ( G ) 
 C ( H ). F or this reason the new resolution of the

semidirect pro duct ma y b e considered as a p erturb ation of the small resolution for the

direct pro duct, and will lead to a de�nition of a twiste d tensor pr o duct C ( G ) 


�

C ( H ).

Also the small resolution for the semidirect pro duct will b e free in our usual sense.

3.2 Simplicial Homotop y Colimits

3.2.1 In tro duction to co ends

In this section w e giv e a brief review of the de�nitions and calculus of certain limits

and colimits termed ends and c o-ends resp ectiv ely . A basic reference for this section

is [32].

De�nition 3.2.1 Supp ose C is an arbitr ary c omplete c ate gory, I a smal l c ate gory, and

F a functor I

op

� I ! C . Then the end of F over I , written

R

i

F ( i; i ) is given by the

fol lowing e qualiser in C

Z

i

F ( i; i )

-

Y

i 2 Ob( I )

F ( i; i )

a

-

b

-

Y

f 2 I ( i

i

;i

2

)

F ( i

1

; i

2

)
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wher e a and b ar e those arr ows de�ne d c omp onentwise by

a � �

f

= �

i

1

� F ( i

1

; f ) and b � �

f

= �

i

2

� F ( f ; i

2

)

Often C will b e an `algebraically-de�ned' category , and in this case, w orking with

elemen ts, w e can de�ne the end as follo ws. Let A b e the ob ject of C formed from the

Ob( I )-indexed pro duct of the ob jects F ( i; i ), and write the elemen ts of A as sequences

( x

i

)

i 2 Ob( I )

. F or f an arro w of I ( j; k ) w e write f

i

�

: F ( i; j ) ! F ( i; k ) for the morphism

F ( i; f ), and f

�

i

: F ( k ; i ) ! F ( j; i ) for the morphism F ( f ; i ). Then

R

i

F ( i; i ) is the

sub ob ject of A consisting of those sequences satisfying the relation f

j

�

( x

j

) = f

�

k

( x

k

) in

F ( j; k ) for all arro ws f : j ! k in I .

F ( j; j )

F ( k ; k )

f

�

k

-

F ( j; k )

?

f

j

�

Example 3.2.2 If F , G are functors from I to C , then there is a functor

I

op

� I

-

Set

( i; j )

-

C ( F ( i ) ; G ( j ))

de�ned b y the hom-sets, and the end

Z

i

C ( F ( i ) ; G ( i )) is just the set of natural trans-

formations from F to G .

Dually , there is:

De�nition 3.2.3 Supp ose C is an arbitr ary c o c omplete c ate gory, I a smal l c ate gory,

and F a functor I

op

� I ! C . Then the co end of F over I , written

R

i

F ( i; i ) is given

by the fol lowing c o e qualiser in C

a

f 2 I ( i

i

;i

2

)

F ( i

2

; i

1

)

a

-

b

-

a

i 2 Ob( I )

F ( i; i )

-

Z

i

F ( i; i )

wher e a and b ar e those arr ows de�ne d c omp onentwise by

�

f

� a = F ( i

2

; f ) � �

i

2

and �

f

� b = F ( f ; i

1

) � �

i

1

In suitable categories C w e can de�ne co ends more explicitly in terms of generators

and relations. Let A b e the Ob( I )-indexed free pro duct of the ob jects F ( i; i ) in C . Then
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R

i

F ( i; i ) is the quotien t ob ject of A giv en b y imp osing the relations f

k

�

( x ) = f

�

j

( x ) for

eac h f : j ! k in I and x in F ( k ; j ).

F ( k ; j )

f

k

�

-

F ( k ; k )

F ( j; j )

f

�

j

?

Since ends and co ends ma y b e view ed in terms of limits and colimits, they are

preserv ed b y the appropriate adjoin t functors and b y hom-set functors. Supp ose F , G

are functors from I

op

� I to C , D resp ectiv ely , that L : C ! D is a functor with righ t

adjoin t R , and that C is an ob ject of C . Then the follo wing natural isomorphisms hold

when the appropriate ends and co ends exist:

R

�

Z

i

G ( i; i )

�

�

=

Z

i

R ( G ( i; i ))

L

�

Z

i

F ( i; i )

�

�

=

Z

i

L ( F ( i; i ))

C

�

C ;

Z

i

F ( i; i )

�

�

=

Z

i

C ( C ; F ( i; i ))

C

�

Z

i

F ( i; i ) ; C

�

�

=

Z

i

C ( F ( i; i ) ; C )

Ends and co ends also ha v e nice prop erties with resp ect to natural transformations.

Giv en functors F ; G : I

op

� I ! C and a natural transformation � : F ) G there are

univ ersal morphisms in C

Z

i

F ( i; i )

R

i

�

i;i

-

Z

i

G ( i; i )

Z

i

F ( i; i )

R

i

�

i;i

-

Z

i

G ( i; i )

pro viding the appropriate ends and co ends exist. F urthermore this pro cess is functorial

in that it tak es iden tit y and comp osite natural transformations to the corresp onding

iden tit y and comp osite morphisms.

3.2.2 Homotop y colimits of simplicial sets : : :

In this section w e recall the de�nition of homotop y colimits in SimpSet from [4].

Supp ose I is a small category . Recall that for an y ob ject i of I the co comma category

i=I is that category with ob jects giv en b y the arro ws f : i ! j in I for all ob jects j of

I , and arro ws from f

1

: i ! j

1

to f

2

: i ! j

2

giv en b y arro ws a : j

1

! j

2

of I suc h that

70



the triangle

i

	�

�

�

�

�

f

1

@

@

@

@

@

f

2

R

j

1

a

-

j

2

comm utes. Comp osition in i=I is de�ned b y that in I . No w an arro w g : i

1

! i

2

induces

a functor g =I : i

2

=I ! i

1

=I b y precomp osition. Th us the co comma construction de�nes

a con tra v arian t functor ( � =I ) : I

op

! Cat .

Supp ose w e ha v e a small diagram of simplicial sets giv en b y a functor F : I !

SimpSet . Consider the functor Ner ( � =I ) � F de�ned b y

I

op

� I

Ner( � =I ) � F

-

SimpSet � SimpSet

�

-

SimpSet

De�nition 3.2.4 The homotop y colimit of a diagr am F : I ! SimpSet is given by

the c o end of Ner( � =I ) � F over I :

ho colim( F )

�

=

Z

i

Ner ( i=I ) � F ( i )

F or F a functor as ab o v e, let 	( F ) b e the bisimplicial set with ( p; q )-simplices giv en

b y pairs ( a; b ) where a = [ i

0

; f

1

; i

1

; : : : ; f

p

; i

p

] 2 Ner( I )

p

and b 2 F ( i

0

)

q

. The v ertical

face and degeneracy maps are de�ned b y those of the simplicial sets F ( i

0

) and the

horizon tal face and degeneracy maps b y those of Ner( I ), except that d

h

0

is de�ned b y

( a; b ) 7! ( d

0

a; b

f

1

)

where w e are writing b

f

1

for ( F ( f

1

))( b ). That this do es de�ne a bisimplicial set is clear;

d

h

0

d

h

0

= d

h

0

d

h

1

follo ws from the functorialit y of F , and the v ertical face and degeneracy

functions comm ute with d

h

0

since eac h F ( f

1

) is a morphism of simplicial sets.

Prop osition 3.2.5 Supp ose F is a functor I ! SimpSet as ab ove. Then ther e is a

natur al isomorphism

	( F )

�

=

Z

i

Ner( i=I ) �

(2)

F ( i )

b etwe en the bisimplicial set 	( F ) and the c o end of

I

op

� I

Ner( � =I ) � F

-

SimpSet � SimpSet

�

(2)

-

BiSimpSet

Pro of: Elemen ts of Ner( i=I )

p

ma y b e written as pairs ( f

0

; a ) for f

0

: i ! i

0

an arro w

of I and a = [ i

0

; f

1

; i

1

; : : : ; f

p

; i

p

] in Ner ( I )

p

, and the face and degeneracy maps act b y

s

r

( f

0

; a ) = ( f

0

; s

r

a ) ; d

r

( f

0

; a ) = ( f

0

; d

r

a ) ; ( r > 0) ; d

0

( f

0

; a ) = ( f

0

� f

1

; d

0

a )
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Let A b e the disjoin t union of the Ner( i=I ) �

(2)

F ( i ). Then elemen ts of A

p;q

are giv en

b y triples ( f

0

; a; b ) for f

0

, a as ab o v e and b 2 F ( i )

q

, and the relation f

j

�

( x ) � f

�

k

( x )

b ecomes

( f

0

; a; ( F f )( b )) � ( f � f

0

; a; b )

Eac h ( f

0

; a; b ) is th us related to a unique elemen t of the form ( e; a; b

0

) with e the

iden tit y arro w at i

0

and b

0

2 F ( i

0

)

q

, giv en b y ( F ( f

0

))( b ). The faces and degeneracies of

an elemen t of the form ( e; a; b ) are again of this form, except for the zeroth horizon tal

face for whic h w e ha v e

d

h

0

( e; a; b ) = ( f

1

; d

0

a; b ) � ( e; d

0

a; ( F ( f

1

))( b ))

Th us the quotien t of A b y � is naturally isomorphic to 	( F ), and w e ha v e the result.

2

Corollary 3.2.6 The homotopy c olimit of a diagr am F as ab ove is natur al ly isomor-

phic to the diagonal of the bisimplicial set 	( F ) .

Pro of: The functor Diag : BiSimpSet ! SimpSet has a righ t adjoin t, whic h tak es

a simplicial set K to the bisimplicial set X with X

p;q

= SimpSet ( 4

p

� 4

q

; K ). Th us

Diag comm utes with co ends and w e ha v e

Z

i

Ner ( i=I ) � F ( i )

�

=

Z

i

Diag

�

Ner ( i=I ) �

(2)

F ( i )

�

�

=

Diag

�

Z

i

Ner( i=I ) �

(2)

F ( i )

�

that is, ho colim( F )

�

=

Diag 	( F ). 2

3.2.3 : : : using the Artin-Mazur diagonal

In this section w e will in tro duce an alternativ e de�nition of homotop y colimits in

SimpSet whic h has sligh tly nicer prop erties with resp ect to the nerv e functor from

Cat .

W e considered in section 2.2.1 the Artin-Mazur diagonal BiSimpSet

r

-

SimpSet .

Zisman has sho wn [16 , lo c. cit. ] that the comparison map Diag( X )

-

r ( X ) giv en b y

x

n;n

-

�

( d

h

1

)

n

x

n;n

; ( d

h

2

)

n � 1

d

v

0

x

n;n

; : : : ; ( d

h

i +1

)

n � i

( d

v

0

)

i

x

n;n

; : : : ; ( d

v

0

)

n

x

n;n

�

induces a w eak homotop y equiv alence b et w een Diag and r . F or the bisimplicial sets

whic h arose in the previous section, w e ha v e the follo wing stronger result.

Prop osition 3.2.7 Given a functor F : I ! SimpSet , the simplicial sets Diag 	( F )

and r 	( F ) ar e natur al ly isomorphic.
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Pro of: Elemen ts of r 	( F )

n

are giv en b y those ( n + 1)-tuples of pairs ( a

k

; b

k

)

0 � k � n

with a

k

2 Ner( I )

k

and b

k

2 F ( d

k

1

a

k

)

n � k

, and satisfying d

v

0

( a

k

; b

k

) = d

h

k +1

( a

k +1

; b

k +1

) in

	( F ).

W riting a

k

= [ f

k ; 1

; f

k ; 2

; : : : ; f

k ;k

] the conditions ( a

k

; d

0

b

k

) = ( d

k +1

a

k +1

; b

k +1

) that the

elemen ts m ust satisfy b ecome f

j;k

= f

n;k

and b

k

= d

k

0

b

0

. Th us an n -simplex of r 	( F )

is completely determined b y the n -simplices a

n

= [ f

1

; f

2

; : : : ; f

n

] and b

0

2 F ( sf

1

)

n

.

Con v ersely an y pair ( a; b ) with b 2 F ( d

n

1

a )

n

giv es an n -simplex ( d

n � k

k +1

a; d

k

0

b )

0 � k � n

of

r 	( F ). Under this corresp ondence the face and degeneracy maps in r 	( F ) b ecome

d

0

( a; b ) = ( d

0

a; d

0

b

f

1

), d

i

( a; b ) = ( d

i

a; d

i

b ) for i � 1, and s

i

( a; b ) = ( s

i

a; s

i

b ).

But this is precisely a description of the elemen ts and the face and degeneracy maps

of Diag 	( F )

n

. 2

Corollary 3.2.8 The homotopy c olimit of a diagr am F as ab ove is natur al ly isomor-

phic to the A rtin-Mazur diagonal of the bisimplicial set 	( F ) .

W e note that this isomorphism ma y b e though t of as an extension of the result that

Diag ( K �

(2)

L )

�

=

K � L

�

=

r ( K �

(2)

L ) to a result for a t wisted cartesian pro duct.

The existence of the extended result is mainly due to the fact that the t wisting only

app ears in d

h

0

whic h do es not o ccur in the relation d

v

0

x

k

= d

h

k +1

x

k +1

used to de�ne the

Artin-Mazur diagonal.

Supp ose instead of the bisimplicial set 	( F ) w e consider its transp ose 	

0

( F ) ob-

tained b y in terc hanging the r^ oles of horizon tal and v ertical. Clearly 	

0

( F ) and 	( F )

are w eakly homotop y equiv alen t. Also 	

0

( F ) ma y b e de�ned as the co end of the com-

p osite of F ( � ) �

(2)

Ner ( � =I ) and the symmetry functor I

op

� I ! I � I

op

. Note that

although Diag 	( F )

�

=

Diag 	

0

( F ), it is not in general true that Diag 	

0

( F )

�

=

r 	

0

( F )

since no w the t wisting of d

v

0

in teracts with the de�nition of r .

W e mak e the follo wing alternativ e de�nition of homotop y colimits in SimpSet .

De�nition 3.2.9 F or F a diagr am I ! SimpSet , ho colim

0

( F ) is the simplicial set

given by r 	

0

( F ) .

Prop osition 3.2.10 F or F a functor I ! SimpSet , ther e is a natur al c omp arison

map �

0

fr om Diag 	

0

( F ) to r 	

0

( F ) de�ne d by

( b; a ) 7!

�

( d

n

1

b; a ) ; ( d

n � 1

2

b

f

1

; [ f

2

; : : : ; f

n

]) ; ( d

n � 2

3

b

f

1

f

2

; [ f

3

; : : : ; f

n

]) ; : : : ;

( d

n � k

k +1

b

f

1

f

2

��� f

k

; [ f

k +1

; f

k +2

; : : : ; f

n

]) ; : : : ; ( b

f

1

f

2

��� f

n

; [ ]

tf

n

)

�

wher e a = [ f

1

; f

2

; : : : ; f

n

] 2 Ner ( I )

n

and b 2 F ( sf

1

)

n

, and we write b

f

for ( F ( f ))( b ) .

If F ( f ) is an isomorphism for e ach arr ow f of I (in p articular, if I is a gr oup oid) the

c omp arison map b e c omes an isomorphism.
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Pro of: Since the t wisted face d

v

0

is not used in the de�nition of the faces or degeneracies

of r , it is a routine c hec k that �

0

is a simplicial map. Supp ose ( b

k

; a

k

)

0 � k � n

is an

arbitrary n -simplex of r 	

0

( F ) with a

k

= [ f

k ; 1

; f

k ; 2

; : : : ; f

k ;n � k

] and b

k

2 F ( sf

k ; 1

)

k

.

Then the condition d

v

0

( b

k

; a

k

) = d

h

k +1

( b

k +1

; a

k +1

) ma y b e written b

k

f

k ; 1

= d

k +1

b

k +1

and

[ f

k ; 2

; : : : ; f

k ;n � k

] = [ f

k +1 ; 1

; : : : ; f

k +1 ;n � k � 1

]. Clearly these conditions are satis�ed b y

�

0

( b; a ). Also if eac h F ( f ) is in v ertible, then the elemen t ( b

k

; a

k

)

0 � k � n

is determined b y

b

n

and a

0

, and in particular �

0

has a 2-sided in v erse. 2

As a sp ecial case w e ha v e

Corollary 3.2.11 Supp ose that H

�

-

Cat is a functor c orr esp onding to a gr oup

action. Then ther e is a natur al isomorphism

ho colim( � � Ner )

�

=

ho colim

0

( � � Ner)

Thomason has sho wn in [38] that for an arbitrary diagram F : I ! Cat in Cat there

is a w eak homotop y equiv alence b et w een the nerv e of the Grothendiec k construction on

F and the homotop y colimit of the diagram F � Ner in SimpSet , and for this reason

the Grothendiec k construction is though t of as de�ning homotop y colimits in Cat . It

is in teresting that replacing ho colim b y ho colim

0

giv es a natural isomorphism rather

than a w eak equiv alence:

Theorem 3.2.12 Supp ose I is a smal l c ate gory and F an arbitr ary functor I ! Cat .

Then the nerve of the Gr othendie ck c onstruction on F and the A rtin-Mazur diagonal

of 	

0

( F � Ner) ar e isomorphic.

Ner

 

Z

I

F

!

�

=

r 	

0

( F � Ner)

Pro of: An n -simplex of r 	

0

( F � Ner ) is giv en b y an ( n + 1)-tuple of pairs ( b

k

; a

k

)

0 � k � n

where

a

k

= [ i

k ; 0

; f

k ; 1

; i

k ; 1

; : : : ; f

k ;n � k

; i

k ;n � k

] 2 Ner( I )

b

k

= [ x

k ; 0

; g

k ; 1

; x

k ; 1

; : : : ; g

k ;k

; x

k ;k

] 2 Ner( F ( i

k ; 0

))

and these data m ust satisfy the conditions

[ i

k ; 1

; f

k ; 2

; i

k ; 2

; : : : ; f

k ;n � k

; i

k ;n � k

] = [ i

k +1 ; 0

; f

k +1 ; 1

; i

k +1 ; 1

; : : : ; f

k +1 ;n � k � 1

; i

k +1 ;n � k � 1

]

[ x

f

k ; 1

k ; 0

; g

f

k ; 1

k ; 1

; x

f

k ; 1

k ; 1

; : : : ; g

f

k ; 1

k ;k

; x

f

k ; 1

k ;k

] = [ x

k +1 ; 0

; g

k +1 ; 1

; x

k +1 ; 1

; : : : ; g

k +1 ;k

; x

k +1 ;k

]

where as usual w e write the op eration of the functor F ( f ) as a righ t action x 7! x

f

,

g 7! g

f

. These conditions imply that the ( n + 1)-tuple is completely determined b y a

0

=

[ i

0 ; 0

; f

0 ; 1

; i

0 ; 1

; : : : ; f

0 ;n

; i

0 ;n

] and the elemen ts [ x

0 ; 0

; g

1 ; 1

; x

1 ; 1

; : : : ; g

n;n

; x

n;n

]. Con v ersely

an y data c = [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] in Ner( I ) and d = [ x

0

; g

1

; x

1

; : : : ; g

n

; x

n

] with x

k

2

Ob( F ( i

k

)) and g

k

2 ( F ( i

k

))( x

f

k

k � 1

; x

k

) determine an n -simplex of r 	

0

( F � Ner) b y

i

j;k

= i

j + k

f

j;k

= f

j + k

x

j;k

= x

j

f

j +1

��� f

k

g

j;k

= g

j

f

j +1

��� f

k

(3 : 1)
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and these pro cesses are in v erse. Note that if ho colim( F ) =

R

I

F is the category giv en

b y the Grothendiec k construction on F then an n -simplex of Ner (ho colim( F )) is giv en

b y a string

[( i

0

; x

0

) ; ( f

1

; g

1

) ; ( i

1

; x

1

) ; ( f

2

; g

2

) ; ( i

2

; g

2

) ; : : : ; ( f

n

; g

n

) ; ( i

n

; x

n

)]

where i

k

2 Ob( I ), f

k

2 I ( i

k � 1

; i

k

), x

k

is an ob ject of F ( i

k

), and g

k

is an arro w of ( F ( i

k

))

with source ( F f

k

)( x

k � 1

) and target x

k

. But this corresp onds precisely to the data ( c; d )

ab o v e, so (3.1) giv es a bijection

Ner(ho colim ( F ))

n

�

n

-

r 	

0

( F � Ner)

n

It is straigh tforw ard to c hec k that this de�nes a morphism of simplicial sets. 2

Th us if w e de�ne homotop y colimits in Cat b y the Grothendiec k construction and

in SimpSet b y ho colim

0

rather than ho colim, w e ha v e that the nerv e functor preserv es

homotop y colimits up to natural isomorphism, and Thomason's w eak equiv alence ma y

b e considered in the con text of that of Zisman b et w een Diag and r and also that

b et w een a bisimplicial set and its transp ose.

3.3 Homotop y Colimits of Crossed Complexes

3.3.1 Kan extensions and monoidal categories

W e recall here a few details of the theories of (left) Kan extensions and of closed

(symmetric) monoidal categories. These concepts will then b e used to try to form ulate

a general framew ork for the constructions of the rest of the c hapter.

The left Kan extension construction ma y b e considered in a similar w a y to that of

induced mo dules discussed in section 1.2.1. Supp ose I , C and D are categories, and Y

is a functor I

-

D . Comp osition with Y then giv es an induced functor

[ D ; C ]

Y

�

-

[ I ; C ]

I

	�

�

�

�

�

Y

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Y � G

R

D

G

-

C

b et w een the functor categories. In man y cases (for example if C is co complete) the

functor Y

�

will ha v e a left adjoin t, written Lan

Y

. F or a particular functor F from I to
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C , the functor Lan

Y

( F ) from D to C is termed the left Kan extension of F along Y .

[ I ; C ]

Lan

Y

-

[ D ; C ]

I

	�

�

�

�

�

Y

@

@

@

@

@

F

R

D

. . . . . . . . . . . . . . . . . . . . . . . . .

Lan

Y

( F )

-

C

The case w e will b e most in terested in is when D is itself giv en as the functor

category [ I

op

; Set ] and Y is the functor

I

Y

-

[ I

op

; Set ]

i

-

I ( � ; i )

de�ned b y the hom-sets and the comp osition in I . F or an y functor I

op

G

-

Set and

ob ject i of I the Y oneda lemma giv es a natural bijection b et w een elemen ts of the set

G ( i ) and natural transformations I ( � ; i ) = ) G , and taking G to b e the represen table

functor I ( � ; j ) sho ws that the functor Y is full and faithful. Th us I ma y b e regarded

as a full sub category of [ I

op

; Set ]. W e note the follo wing w ell-kno wn result that Kan

extensions along this em b edding ma y b e giv en b y a co end form ula.

Prop osition 3.3.1 Supp ose C is c o c omplete and F is a functor I

-

C . Then ther e is

a natur al isomorphism b etwe en the left Kan extension of F along the Y one da emb e dding

I

-

[ I

op

; Set ] and the functor

[ I

op

; Set ]

-

C

G

-

Z

i

F ( i ) � G ( i )

wher e C � S denotes the c opr o duct of c opies of C indexe d by the elements of the set S .

F urthermor e, Y � Lan

Y

( F )

�

=

F and Lan

Y

( F ) itself has a right adjoint given by

C

-

[ I

op

; Set ]

C

-

I ( F ( � ) ; C )

Pro of: F ollo ws from standard manipulations with the end calculus. See for exam-

ple [32, X : 4]. 2

In particular consider the em b edding of � in to SimpSet . An y functor �

-

C

then giv es a diagram of the follo wing form

�

	�

�

�

�

� @

@

@

@

@R

SimpSet

-

?

�

C
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Note that w e could ha v e giv en de�nition 1.3.1 in this w a y , since the presen tation there

sho ws that SimpSet

�

-

Crs is freely generated b y its v alues on the represen table

functors mo dulo their degeneracies and common faces. The categorisation and nerv e

functors discussed in section 3.1.1 also �t this pattern.

De�nition 3.3.2 A monoidal structure on a category C consists of

1. an ob ject O of C ,

2. a functor C � C




-

C ,

3. natural isomorphisms O 
 C

l

-

C and C 
 O

r

-

C for eac h ob ject C of C ,

4. a natural isomorphism C 
 ( D 
 E )

a

-

( C 
 D ) 
 E for eac h triple of ob jects

C ; D ; E of C .

These data are required to satisfy the follo wing comm utativ e diagrams

B 
 ( C 
 ( D 
 E ))

a

-

( B 
 C ) 
 ( D 
 E )

a

-

(( B 
 C ) 
 D ) 
 E

B 
 (( C 
 D ) 
 E )

id 
 a

?

a

-

( B 
 ( C 
 D )) 
 E

6

a 
 id

C 
 ( O 
 D )

a

-

( C 
 O ) 
 D

@

@

@

@

id 
 l

R 	�

�

�

�

r 
 id

C 
 D

De�nition 3.3.3 A symmetry for a monoidal structure ( C ; O ; 
 ; l ; r ; a ) is giv en b y a

natural isomorphism C 
 D

s

-

D 
 C for eac h pair of ob jects C ; D of C , satisfying

the follo wing comm utativ e diagrams

C 
 ( D 
 E )

a

-

( C 
 D ) 
 E

s

-

E 
 ( C 
 D )

a

-

( E 
 C ) 
 D

C 
 ( E 
 D )

id 
 s

?

a

-

( C 
 E ) 
 D

6

s 
 id

O 
 C

s

-

C 
 O

J

J

J

J

J

J

l

^ �

















r

C

C 
 D = = = = = = = = = C 
 D

J

J

J

J

J

J

s

^ 

















s

�

D 
 C
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The comm utativ e diagrams in de�nitions 3.3.2 and 3.3.3 are kno wn collectiv ely as

the MacLane-Kelly equations. It follo ws from a c oher enc e the or em [31 , 29] that an y

diagram made up of instances of l , r , s and a will comm ute.

Note that an y category with �nite pro ducts has a c artesian symmetric monoidal

structure, with 
 giv en b y the binary pro duct and O b y the terminal ob ject. The

isomorphisms l , r , s and a are giv en b y the univ ersal prop erties of the limits.

De�nition 3.3.4 A symmetric monoidal category ( C ; O ; 
 ; l ; r ; a; s ) is said to b e close d

if for eac h ob ject D of C the functor � 
 D has a righ t adjoin t, written [ D ; � ].

C ( C 
 D ; E )

�

=

C ( C ; [ D ; E ])

The counits of these adjuctions giv e an ev aluation map [ C ; D ] 
 C

ev

-

D , corre-

sp onding to id

[ C ;D ]

. Using this, [ � ; D ] can b e considered as con tra v arian tly functorial

in the �rst v ariable, where for f : C

-

C

0

the morphism [ f ; D ] corresp onds under the

adjunction to

[ C

0

; D ] 
 C

id 
 f

-

[ C

0

; D ] 
 C

0

ev

-

D

Also w e ha v e in ternal adjunction isomorphisms [ C 
 D ; E ]

-

�

[ C ; [ D ; E ]] corresp onding

to

[ C ; [ D ; E ]] 
 ( C 
 D )

a

-

([ C ; [ D ; E ]] 
 C ) 
 D

ev 
 id

-

[ D ; E ] 
 D

ev

-

E

([ C 
 D ; E ] 
 C ) 
 D

a

� 1

-

[ C 
 D ; E ] 
 ( C 
 D )

ev

-

E

and in ternal comp osition morphisms [ D ; E ] 
 [ C ; D ]

�

-

[ C ; E ] corresp onding to

([ D ; E ] 
 [ C ; D ]) 
 C

a

� 1

-

[ D ; E ] 
 ([ C ; D ] 
 C )

id 
 ev

-

[ D ; E ] 
 D

ev

-

E

Our main example of a monoidal closed category is Crs , the category of crossed

complexes of group oids. The tensor pro duct and in ternal hom w ere explicitly de�ned

for this category in [12] using a natural de�nition of a monoidal closed structure on the

equiv alen t category of `cubical' ! -group oids [9].

Other examples are giv en b y cartesian closed categories, for example Cat as dis-

cussed earlier. Also note that SimpSet is cartesian closed. In fact for an y small

category C and functors F ; G : C

-

Set the pro duct functor F � G can b e de�ned

p oin t wise using the cartesian pro duct of sets, and a functor [ F ; G ] : C

-

Set can b e

de�ned, using the Y oneda em b edding Y , b y mapping an ob ject C to the set of natural

transformations Nat( Y

C

� F ; G ). This giv es a cartesian closed structure on the functor

category [ C ; Set ], since

Nat ( E ; [ F ; G ])

�

=

Z

C

Set ( E C ; Nat ( Y

C

� F ; G ))

�

=

Z

C

Nat ( E C � Y

C

� F ; G )

�

=

Nat

 

Z

C

E C � Y

C

� F ; G

!

�

=

Nat( E � F ; G )
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W e can no w state our aim: to in v estigate the notion of homotop y colimits in co-

complete closed monoidal categories C for whic h there is a `go o d' functor

�

�

-

C

As ab o v e, � induces a pair of adjoin t functors

�

	�

�

�

�

� @

@

@

@

@

�

R

SimpSet

�

-

?

�

N

C

whic h can b e de�ned b y

� ( K ) =

Z

[ n ]

� ([ n ]) � K

n

and N( C )

n

= C ( � ([ n ]) ; C )

W e ha v e notions of homotop y and deformation retraction in C , de�ned b y the tensor

pro duct and the unit in terv al ob ject I giv en b y � ([1]), and w e can mak e precise the

w ord `go o d' ab o v e b y sa ying that � m ust satisfy an Eilen b erg-Zilb er theorem with

rep ect to these notions.

W e will concen trate on the case where C = Crs , the category of crossed complexes,

although w e b eliev e a more general theory pro ceeds similarly . The category of 1 -

categories is also b eliev ed to b e a suitable candidate, using the orien tals of Street [37]

and the monoidal biclosed structure of Steiner [34 ]. This category has b een sho wn b y

Golasi � nski [23 ] and b y Kaprano v and V o ev o dsky [28 ] to mo del all homotop y t yp es.

3.3.2 Homotop y colimits in Crs

W e no w prop ose a de�nition of homotop y colimits for diagrams of crossed complexes.

Consider �rst the functor

Crs � SimpSet

�

-

SimpCrs

whic h tak es a crossed complex C and a simplicial set K to the simplicial crossed complex

C � K with ( C � K )

p;q

= C

p

� K

q

, crossed complex structures giv en b y K

q

-indexed

copro ducts of C and simplicial structures b y C

p

-indexed copro ducts of K . Comp osing

with the simplicial total functor de�ned in section 1.3.3 giv es a functor

Crs � SimpSet




-

Crs

Ho w ev er the de�nitions of S-T ot and 
 giv en in c hapter 1 sho w that

S-T ot( C � K )

�

=

T ot( C 


(2)

� K )

�

=

C 
 � K

and w e use this as a sligh tly more explicit de�nition.
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De�nition 3.3.5 If C is a cr osse d c omplex and K a simplicial set, then their tensor

pr o duct C 
 K is given by the cr osse d c omplex C 
 � K .

Crs � SimpSet




-

Crs

@

@

@

@

@

@

id � �

R �

�

�

�

�

�




�

Crs � Crs

Supp ose I is a small category and w e ha v e a diagram of crossed complexes giv en b y

a functor I

F

-

Crs . Consider the functor Ner( � =I ) 
 F de�ned b y

I

op

� I

�

=

-

I � I

op

F � Ner( � =I )

-

Crs � SimpSet




-

Crs

W e can no w mak e the follo wing de�nition

De�nition 3.3.6 The homotop y colimit of a diagr am I

F

-

Crs of cr osse d c omplexes

and their homomorphisms is given by the c o end of F 
 Ner ( � =I ) over I:

ho colim( F )

�

=

Z

i

F ( i ) 
 Ner ( i=I )

This de�nition ma y also b e giv en as the total complex of a `t wisted' simplicial crossed

complex �( F ). In a manner similar to the de�nition of 	 (or rather 	

0

) in section 3.2.2,

w e let �( F ) b e the simplicial crossed complex with elemen ts in �( F )

p;q

giv en b y pairs

( c; a ) where a = [ i

0

; f

1

; i

1

; : : : ; f

q

; i

q

] 2 Ner( I )

q

and c 2 F ( i

0

)

p

. The (horizon tal) source,

target, iden tit y , comp osition, action and b oundary maps are de�ned b y those of the

crossed complexes F ( i ), and the (v ertical) face and degeneracy maps are de�ned b y

those of Ner ( I ), except for d

0

whic h repaces i

0

b y i

1

and so m ust also translate the �rst

comp onen t from F ( i

0

) to F ( i

1

):

( c; a )

d

0

-

( c

f

1

; d

0

a )

where w e write c

f

1

for ( F ( f

1

))( c ). Clearly this de�nes a simplicial crossed complex.

Analogously to (the transp ose of ) prop osition 3.2.5 w e ha v e

Prop osition 3.3.7 Supp ose F is a functor I ! Crs as ab ove. Then ther e is a natur al

isomorphism

�( F )

�

=

Z

i

F ( i ) � Ner( i=I )

b etwe en the simplicial cr osse d c omplex �( F ) and the c o end over I of

I

op

� I

�

=

-

I � I

op

F � Ner ( � =I )

-

Crs � SimpSet

�

-

SimpCrs
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Before w e can sho w that the total complex of the simplicial crossed complex �( F )

giv es the same thing as the de�nition of ho colim( F ) ab o v e w e need the follo wing result.

Prop osition 3.3.8 The simplicial total functor S-T ot has a right adjoint.

Pro of: First note that an y simplicial crossed complex C ma y b e written as a co end

C

�

=

Z

q

C

� ;q

� 4

q

of the represen table crossed complexes C

� ;q

� 4

q

, and that prop osition 1.3.5 sho ws

that the simplicial total functor is freely generated b y its v alues on the represen tables,

mo dulo degeneracies and common faces, and so

S-T ot( C )

�

=

Z

q

S-T ot( C

� ;q

� 4

q

)

�

=

Z

q

C

� ;q


 � ( 4

q

)

F or an y crossed complex D the functor � ( 4

�

) : �

-

SimpSet

�

-

Crs de�nes a

simplicial crossed complex [ � ( 4

�

) ; D ] : �

op

-

Crs , and this giv es a righ t adjoin t to

the simplicial total functor since

Crs (S-T ot( C ) ; D )

�

=

Crs

�

Z

q

C

� ;q


 � ( 4

q

) ; D

�

�

=

Z

q

Crs ( C

� ;q


 � ( 4

q

) ; D )

�

=

Z

q

Crs ( C

� ;q

; [ � ( 4

q

) ; D ])

�

=

SimpCrs ( C ; [ � ( 4

�

) ; D ])

using a v ersion in ternal to Crs of the result giv en in example 3.2.2. 2

Prop osition 3.3.9 The homotopy c olimit of a diagr am F of cr osse d c omplexes is nat-

ur al ly isomorphic to the total c omplex of the simplicial cr osse d c omplex �( F ) .

Pro of: By the ab o v e prop osition the simplicial total functor preserv es co ends, so

S-T ot �( F )

�

=

S-T ot

�

Z

i

F ( i ) � Ner( i=I )

�

�

=

Z

i

S-T ot ( F ( i ) � Ner( i=I ))

�

=

Z

i

F ( i ) 
 Ner( i=I )

�

=

ho colim( F )

as required. 2

F ollo wing prop osition 1.3.5, w e can th us giv e a presen tation of the homotop y colimit

of F in terms of generators and relations.

Prop osition 3.3.10 Supp ose F is a functor fr om a smal l c ate gory I to the c ate gory of

cr osse d c omplexes of gr oup oids. Then ho colim ( F ) is the cr osse d c omplex of gr oup oids

given by gener ators c

p


 a

q

2 ho colim( F )

n

for al l a

q

= [ i

0

; f

0

; i

1

; : : : ; f

q

; i

q

] 2 Ner( I )

q

and c

p

2 F ( i

0

)

p

with n = p + q , satisfying the fol lowing r elations
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1. c

p


 a

q

= e

t ( c

p


 a

q

)

if any f

k

is an identity arr ow

2. s ( c

1


 a

0

) = sc

1


 a

0

s ( c

0


 a

1

) = c

0


 [ ]

i

0

t ( c

0


 a

q

) = c

f

1

��� f

q

0


 [ ]

i

q

for q � 1

t ( c

p


 a

q

) = tc

f

1

��� f

q

p


 [ ]

i

q

for p � 1 ; q � 0

3. c

c

1

p


 a

q

= ( c

p


 a

q

)

c

f

1

��� f

q

1


 [ ]

i

q

for p � 2

4. ( c

0

1

� c

1

) 
 a

q

= c

1


 a

q

� ( c

0

1


 a

q

)

c

f

1

��� f

q

1


 [ ]

i

q

for q � 1

( c

p

� c

0

p

) 
 a

q

= c

p


 a

q

� c

0

p


 a

q

for q = 0 or p � 2

5. �

2

( c

0


 a

2

) = ( c

0


 [ f

2

])

� 1

� ( c

0


 [ f

1

])

� 1

� ( c

0


 [ f

1

f

2

])

�

2

( c

1


 a

1

) = ( tc

1


 [ f

1

])

� 1

� ( c

1


 [ ]

i

0

)

� 1

� ( sc

1


 [ f

1

]) � ( c

f

1

1


 [ ]

i

1

)

�

3

( c

1


 a

2

) = ( c

f

1

1


 [ f

2

]) � ( sc

1


 [ f

1

; f

2

])

c

f

1

f

2

1


 [ ]

i

2

� ( c

1


 [ f

1

f

2

])

� 1

� ( tc

1


 [ f

1

; f

2

])

� 1

� ( c

1


 [ f

1

])

tc

f

1

1


 [ f

2

]

�

p

( c

p


 a

0

) = �

h

( c

p


 a

0

) for p � 2

�

q

( c

0


 a

q

) = �

v

( c

0


 a

q

) for q � 3

�

p + q

( c

p


 a

q

) = �

h

( c

p


 a

q

) � ( �

v

( c

p


 a

q

))

( � 1)

p

otherwise

wher e the abbr eviations �

h

( c

p


 a

q

) and �

v

( c

p


 a

q

) stand for the fol lowing expr essions:

�

h

( c

1


 a

q

) = ( tc

1


 a

q

)

� 1

� ( sc

1


 a

q

)

c

f

1

��� f

q

1


 [ ]

i

q

�

h

( c

p


 a

q

) = �

p

c

p


 a

q

�

v

( c

p


 a

1

) = ( c

f

1

p


 [ ]

i

1

)

� 1

� ( c

p


 [ ]

i

0

)

tc

p


 a

1

�

v

( c

p


 a

q

) =

�

c

f

1

p


 [ f

2

; : : : ; f

q

]

�

� 1

�

�

( c

p


 [ f

1

; : : : ; f

q � 1

])

tc

f

1

��� f

q � 1

p


 [ f

q

]

�

( � 1)

q +1

�

q � 1

Y

k =1

( c

p


 [ f

1

; : : : ; f

k

f

k +1

; : : : ; f

q

])

( � 1)

k +1

and c

f

stands for ( F ( f ))( c ) as usual.

The remainder of this section will b e concerned with the follo wing result, the pro of

of whic h is essen tially the fact that a co end of a strong deformation retraction is also

a strong deformation retraction.

Theorem 3.3.11 The functor SimpSet

�

-

Crs pr eserves homotopy c olimits up to

str ong deformation r etr action.

Pro of: Giv en a functor I

F

-

SimpSet w e ha v e

ho colim ( F � � )

�

=

Z

i

� ( F ( i )) 
 � (Ner( i=I ))

� (ho colim ( F ))

�

=

�

�

Z

i

F ( i ) � Ner( i=I )

�

�

=

Z

i

� ( F ( i ) � Ner( i=I ))
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since � preserv es co ends.

Consider the functors

I � I

op

� ( F ( � ) � Ner( � =I ))

-

� ( F ( � )) 
 � (Ner( � =I ))

-

Crs

and note that there are natural transformations a , b b et w een these giv en b y the

Eilen b erg-Zilb er theorem

� ( F ( j ) � Ner ( k =I ))

a

j;k

-

�

b

j;k

� ( F ( j )) 
 � (Ner ( k =I ))

whic h satisfy b � a

�

=

id . T aking co ends o v er I th us giv es homomorphisms

Z

i

� ( F ( i ) � Ner( i=I ))

R

i

a

i;i

-

�

R

i

b

i;i

Z

i

� ( F ( i )) 
 � (Ner ( i=I ))

whic h satisfy

�

R

i

b

i;i

�

�

�

R

i

a

i;i

�

�

=

id. That is, w e ha v e

� (ho colim ( F ))

a

-

�

b

ho colim( F � � )

with b � a

�

=

id.

Similarly w e ha v e natural transformations

� ( F ( j ) � Ner ( k =I ))

0

j;k

-

1

j;k

-

I 
 � ( F ( j ) � Ner( k =I ))

h

j;k

-

� ( F ( j ) � Ner( k =I ))

satisfying 0 � h

�

=

a � b and 1 � h

�

=

id , and hence homomorphisms

Z

i

� ( F ( i ) � Ner( i=I ))

-

-

Z

i

I 
 � ( F ( i ) � Ner ( i=I ))

-

Z

i

� ( F ( i ) � Ner( i=I ))

satisfying the corresp onding relations. But I 
 � also preserv es co ends, so these ma y

b e written as

I 
 � (ho colim ( F ))

h

-

� ( ho colim ( F ))

with h : a � b ' id. 2

It is this result whic h justi�es our de�nition of homotop y colimits of diagrams of

crossed complexes.
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3.3.3 Twisted tensor pro ducts

W e no w apply the mac hinery of homotop y colimits in the category of crossed complexes

to the functor

H

�

-

Cat

Ner

-

SimpSet

�

-

Crs

where � : H

-

Cat : e

H

-

G is a functor corresp onding to a group action. W e kno w

b y corollary 3.2.11 and theorems 3.2.12 and 3.3.11 that the result is a stong deformation

retract of the standard resolution of the Grothendiec k construction on � , whic h is just

the semidirect pro duct of G b y H . Th us w e ha v e a small resolution of the semidirect

pro duct.

W e can giv e a presen tation of ho colim( � � Ner � � ) as follo ws:

Prop osition 3.3.12 Supp ose � is a functor c orr esp onding to an action of a gr oup G

on a gr oup H as ab ove. Then the homotopy c olimit of � � C : H

-

Crs is the

cr osse d c omplex of gr oups given by gener ators a

p


 b

q

in dimension n = p + q for al l

a

p

= [ g

1

; : : : ; g

p

] 2 Ner ( G ) and b

q

= [ h

1

; : : : ; h

q

] 2 Ner( H ) , subje ct to the r elations:

1. a

p


 b

q

= � , the identity element, if any of the g

i

or h

i

ar e identities

2. �

2

( a

2


 b

0

) = ([ g

2

] 
 [ ])

� 1

� ([ g

1

] 
 [ ])

� 1

� ([ g

1

g

2

] 
 [ ])

�

2

( a

0


 b

2

) = ([ ] 
 [ h

2

])

� 1

� ([ ] 
 [ h

1

])

� 1

� ([ ] 
 [ h

1

h

2

])

�

2

( a

1


 b

1

) = ([ ] 
 [ h

1

])

� 1

� ([ g

1

] 
 [ ])

� 1

� ([ ] 
 [ h

1

]) � ([ g

1

h

1

] 
 [ ])

�

3

( a

1


 b

2

) = ([ g

1

h

1

] 
 [ h

2

]) � ([ ] 
 [ h

1

; h

2

])

[ g

1

h

1

h

2

] 
 [ ]

� ([ g

1

] 
 [ h

1

h

2

])

� 1

� ([ ] 
 [ h

1

; h

2

])

� 1

� ([ g

1

] 
 [ h

1

])

[ ] 
 [ h

2

]

�

3

( a

2


 b

1

) = ([ g

2

] 
 [ h

1

])

� 1

� ([ g

1

; g

2

] 
 [ ])

[ ] 
 [ h

1

]

� ([ g

1

g

2

] 
 [ h

1

])

� ([ g

1

h

1

; g

2

h

1

] 
 [ ])

� 1

�

�

([ g

1

] 
 [ h

1

])

[ g

2

h

1

] 
 [ ]

�

� 1

�

p

( a

p


 b

0

) = �

h

( a

p


 b

0

) for p � 3

�

q

( a

0


 b

q

) = �

v

( a

0


 b

q

) for q � 3

�

p + q

( a

p


 b

q

) = �

h

( a

p


 b

q

) � ( �

v

( a

p


 b

q

))

( � 1)

p

otherwise

wher e the abbr eviations �

h

( c

p


 a

q

) and �

v

( c

p


 a

q

) stand for the fol lowing expr essions:

�

h

( a

p


 b

q

) = ([ g

2

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q

])

� 1

�

�

([ g

1

; : : : ; g

p � 1

] 
 [ h

1

; : : : ; h

q

])

[ g

p

h

1

::: h

q

] 
 [ ]

�

( � 1)

p +1

�

p � 1

Y

k =1

([ g

1

; : : : ; g

k

g

k +1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q

])

( � 1)

k +1

�

v

( a

p


 b

q

) =

�

[ g

1

h

1

; : : : ; g

p

h

1

] 
 [ h

2

; : : : ; h

q

]

�

� 1

�

�

([ g

1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

q � 1

])

[ ] 
 [ h

q

]

�

( � 1)

q +1

�

q � 1

Y

k =1

([ g

1

; : : : ; g

p

] 
 [ h

1

; : : : ; h

k

h

k +1

; : : : ; h

q

])

( � 1)

k +1
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By comparing this presen tation with that of prop osition 3.1.4 it can b e seen that

the small resolution of a semidirect pro duct of G b y H di�ers from the tensor pro duct

C ( G ) 
 C ( H ) only in actions on the terms in the b oundary relations, and that the

presen tation ab o v e reduces to the earlier one when the action is trivial. F or this reason

the crossed complex de�ned ab o v e will b e termed a t wisted tensor pro duct of C ( G ) b y

C ( H ) o v er the action, and written as C ( G ) 


�

C ( H ).

Also it can b e seen that our small resolution for the semidirect pro duct is again fr e e

in that it has no relations except for those giv en b y the degeneracies and the b oundary

form ulae.
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Chapter 4

Simplicial Enric hmen t for Crossed

Complexes

4.0 In tro duction

Muc h of the categorical mac hinery dev elop ed for homotop y theory is set in the con text

of simplicially enric hed categories. In this c hapter w e b egin an in v estigation of the

exten t to whic h suc h tec hniques apply to the category of crossed complexes. It is

sho wn that the monoidal closed structure induces a simplicially enric hed structure on

Crs , and that the nerv e functor

Crs

N

-

SimpSet

can then b e giv en a simplicial enric hmen t. The natural extension of the fundamen tal

crossed complex functor to the simplicial homs do es not resp ect the enric hed comp osi-

tion except up to homotop y , but using the results of section 2.3.2 it is sho wn that these

homotopies satisfy appropriate coherence conditions. The extension of the � /nerv e

adjunction to the simplicially enric hed con text is also in v estigated.

P ossible applications of the results found here include the abstract form ulation of

equiv arian t homotop y theory in Crs [7], and of homotop y colimits of homotop y coheren t

diagrams of crossed complexes analogous to the form ulation for simplicially tensored

categories in [3, 15 , 16 , 17].

The structure of this c hapter is as follo ws. In the �rst section, w e presen t a simplicial

enric hmen t of the category of crossed complexes. In the second section, the enric hmen t

of the nerv e functor is giv en. The fundamen tal crossed complex functor is then sho wn

to ha v e a simplicial ly c oher ent enrichment . In the third section, the adjunction b et w een

these functors is extended to a deformation retraction of simplicial homs

Crs

S

( � K ; C ) ' SimpSet

S

( K ; N C )

The rest of the section is dev oted to sho wing that this homotop y equiv alence is natural

in C and `coheren tly' natural in K .
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4.1 A simplicial enric hmen t for Crs

In this section w e sho w ho w the Eilen b erg-Zilb er theorem enables a simplicially-enric hed

structure to b e giv en to the category of crossed complexes.

First w e use the diagonal appro ximation map to de�ne a natural transformation 


t

from � (N( � ) � N( � )) to � 
 � as follo ws:

� (N C � N D )

a

-

� (N C ) 
 � (N D )

"

C


 "

D

-

C 
 D

where "

C

is the counit map � (N( C )) ! C corresp onding to id

N( C )

under the � a N

adjunction. Using the adjunction again, w e th us obtain a natural transformation

N C � N D




C ;D

-

N( C 
 D )

The natural transformation 
 has the follo wing more explicit description:

Prop osition 4.1.1 Supp ose � [ n ]

f

-

C , � [ n ]

g

-

D ar e elements of N( C )

n

, N( D )

n

r esp e ctively. Then the image of ( f ; g ) under 


C ;D

is given by the c omp osite

� [ n ]




C ;D

( f ; g )

-

C 
 D

� ([ n ] � [ n ])

� ( d )

?

a

-

� [ n ] 
 � [ n ]

6

f 
 g

Pro of: F or K a simplicial set, elemen ts of K

n

corresp ond to simplicial maps [ n ] ! K ,

and elemen ts of N � ( K )

n

corresp ond to homomorphisms � [ n ] ! � ( K ). The unit � of

the � a N adjunction ma y th us b e considered as giv en b y

K

�

K

-

N � ( K )

 

[ n ]

k

n

-

K

!

-

 

� [ n ]

� ( k

n

)

-

� ( K )

!

Since 
 is giv en b y 


t

under the adjunction, w e ha v e 


�

=

� � N


t

, that is

N C � N D




C ;D

-

N( C 
 D )

N � (N C � N D )

�

N C � N D

?

N( a )

-

N( � N C 
 � N D )

6

N( "

C


 "

D

)
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where a is the diagonal appro ximation map. Giv en an elemen t � = ( f ; g ) of (N C � N D )

n

corresp onding to a simplicial map

[ n ]

d

-

[ n ] � [ n ]

k

n

� l

n

-

N C � N D

w e ha v e the follo wing comm utativ e diagram b y the naturalit y of the diagonal appro xi-

mation

� (N C � N D )

�

�

�

�

�

� ( k

n

� l

n

)

� @

@

@

@

@

a

R

� [ n ]

� ( d )

-

� ([ n ] � [ n ]) � N C 
 � N D

"

C


 "

D

-

C 
 D

@

@

@

@

@

a

R �

�

�

�

�

� ( k

n

) 
 � ( l

n

)

�

� [ n ] 
 � [ n ]

The upp er path is the image of � under 


C ;D

= � � N( a ) � N( " 
 " ); the lo w er path

is the comp osite of � ( d ) � a with ( �

N C

� N "

C

)( f ) 
 ( �

N D

� N "

D

)( g ). But �

N

� N " is the

iden tit y , so the prop osition follo ws. 2

Giv en an y crossed complex homomorphism C 
 D

m

-

E the natural transformation


 de�nes a simplicial map from N C � N D to N E b y

N C � N D




C ;D

-

N( C 
 D )

N m

-

N E

Using the same argumen ts as ab o v e, it is clear that this construction agrees with that

considered in section 2.2.3.

Corollary 4.1.2 Supp ose � [ n ]

f

-

C , � [ n ]

g

-

D ar e elements of N( C )

n

, N( D )

n

r esp e ctively and m is a homomorphism fr om C 
 D to E as ab ove. Then the image of

( f ; g ) under 


C ;D

� N m is given by the c omp osite

� [ n ]

f � g

-

E

� [ n ] 
 � [ n ]

?

f 
 g

-

C 
 D

6

m

The natural transformation 
 also satis�es an asso ciativ e la w
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Prop osition 4.1.3 Given cr osse d c omplexes C , D , E , the fol lowing diagr am c ommutes

N C � N D � N E




C ;D

� id

-

N( C 
 D ) � N E

N C � N( D 
 E )

id � 


D ;E

?




C ;D 
 E

-

N( C 
 D 
 E )

?




C 
 D ;E

Pro of: By the naturalit y of a and using � 
 � " = 


t

= a � ( " 
 " ) w e ha v e the follo wing

comm utativ e diagram

� (N C � N D � N E )

a

-

� N C 
 � (N D � N E )

id 
 a

-

� N C 
 � N D 
 � N E

� (N C � N( D 
 E ))

� (id � 
)

?

a

-

� N C 
 � N( D 
 E )

id 
 � 


?

id 
 "

-

� N C 
 D 
 E

?

id 
 " 
 "

C 
 D 
 E

?

" 
 id 
 id

in whic h the lo w er path corresp onds to (id � 
) � 
 under the adjunction. There is a

similar diagram for (
 � id) � 
 and so the result follo ws b y the asso ciativit y of a and


 . 2

W e no w use these results together with the in ternal hom structure to de�ne a sim-

plicial enric hmen t of Crs .

There are natural homomorphisms

[ D ; E ] 
 [ C ; D ] 
 C

id 
 ev

-

[ D ; E ] 
 D

ev

-

E

where the ev aluation map ev

C ;D

is the counit map [ C ; D ] 
 C ! D corresp onding

to id

[ C ;D ]

under the tensor pro duct-in ternal hom adjunction in Crs . These giv e the

in ternal comp osition maps of the monoidal closed structure on Crs

[ D ; E ] 
 [ C ; D ]

�

Crs

-

[ C ; E ]

De�nition 4.1.4 F or cr osse d c omplexes C ; D the simplicial hom-set Crs

S

( C ; D ) is

de�ne d by

Crs

S

( C ; D ) = N[ C ; D ]
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and for cr osse d c omplexes C ; D ; E the enriche d c omp osition is de�ne d by

N[ D ; E ] � N[ C ; D ]

-

N[ C ; E ]

@

@

@

@

@

@




R �

�

�

�

�

�

N( �

Crs

)

�

N([ D ; E ] 
 [ C ; D ])

Note that this do es indeed de�ne a simplicial enric hmen t for Crs , since b oth 
 and

�

Crs

satisfy an asso ciativ e la w and 
 is a natural bijection in dimension zero.

A more explicit de�nition of the enric hed comp osition ma y b e giv en using the fol-

lo wing natural bijections of hom-sets

Crs

S

( C ; D )

n

�

=

Crs ( � [ n ] ; [ C ; D ])

�

=

Crs ( � [ n ] 
 C ; D )

Prop osition 4.1.5 Under the c orr esp ondenc e ab ove, the enriche d c omp osition in Crs

S

takes a p air of homomorphisms ( � [ n ] 
 D

y

� ! E ; � [ n ] 
 C

x

� ! D ) to the homomorphism

x � y given by the c omp osite

� [ n ] 
 C

�

C

-

� [ n ] 
 � [ n ] 
 C

id 
 x

-

� [ n ] 
 D

y

-

E

wher e � is the (or dinary) natur al tr ansformation whose c omp onents �

C

ar e de�ne d using

the diagonal appr oximation map a as fol lows:

� [ n ] 
 C

� ( d ) 
 id

-

� ([ n ] � [ n ]) 
 C

a 
 id

-

� [ n ] 
 � [ n ] 
 C

Pro of: Let x , y corresp ond to the homomorphisms � [ n ]

f

-

[ C ; D ], � [ n ]

g

-

[ D ; E ]

resp ectiv ely . Then x � y corresp onds to the homomorphism

� [ n ]

-

� [ n ] 
 � [ n ]

g 
 f

-

[ D ; E ] 
 [ C ; D ]

�

Crs

-

[ C ; E ]

b y corollary 4.1.2. Th us x � y ma y b e written as the upp er path around the follo wing

diagram.

� [ n ] 
 C

�

C

-

� [ n ] 
 � [ n ] 
 C

@

@

@

@

@

g 
 f 
 id

R

� [ n ] 
 [ C ; D ] 
 C

id 
 f 
 id

?

g 
 id 
 id

-

[ D ; E ] 
 [ C ; D ] 
 C

� [ n ] 
 D

id 
 ev

?

g 
 id

-

[ D ; E ] 
 D

?

id 
 ev

ev

-

E
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By the iden tities ( f 
 id

C

) � ev

C ;D

= x and ( g 
 id

E

) � ev

D ;E

= y , the lo w er path around

this diagram is �

C

� (id 
 x ) � y , and w e ha v e the result as required. 2

Note that for n = 1 this description of the enric hed comp osition is iden tical to the

description of horizon tal comp osition of homotopies giv en in section 2.1.1.

4.2 Enric hmen t of � and Nerv e

In this section w e discuss ho w the fundamen tal crossed complex and nerv e functors

b et w een SimpSet and Crs can b e extended to the corresp onding simplicially enric hed

categories. F or � this will not w ork `on the nose' but will in v olv e the coheren t systems

of higher homotopies of theorem 2.3.9.

Consider �rst the nerv e functor from crossed complexes to simplicial sets.

Prop osition 4.2.1 The nerve functor extends to a simplicial functor

Crs

S

N

S

-

SimpSet

S

Crs ( � [ n ] 
 C ; D )

N

n

-

SimpSet ([ n ] � N C ; N D )

wher e N

n

takes a homomorphism � [ n ] 
 C

f

-

D to the simplicial map

[ n ] � N C

�

[ n ] ;C

-

N( � [ n ] 
 C )

N( f )

-

N D

and � is the natur al tr ansformation with �

K ;C

given by

K � N C

�

-

N � ( K � N C )

N( a )

-

N( � K 
 � N C )

N(id 
 " )

-

N( � K 
 C )

Pro of: Clearly N

S

de�nes a simplicial map on eac h hom-ob ject. Also since a corre-

sp onds to the iden tit y if either comp onen t is of dimension zero, w e ha v e

�

[0] ;C

�

=

�

N C

� a � N( "

C

) = id

using the triangle iden tit y . Th us N

0

�

=

N . It remains to sho w that N

S

resp ects the

enric hed comp osition structures in Crs

S

and SimpSet

S

, and for this w e will need the

fact that � satis�es a t yp e of asso ciativit y condition.

Lemma 4.2.2 F or simplicial sets K ; L and cr osse d c omplexes C the fol lowing diagr am

c ommutes

K � L � N C

id � �

L;C

-

K � N( � L 
 C )

N( � ( K � L ) 
 C )

�

K � L;C

?

N( a 
 id )

-

N( � K 
 � L 
 C )

?

�

K ;� L 
 C
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Pro of: Consider (id � � ) � � . F rom the de�nition of � and naturalit y w e ha v e the

follo wing comm utativ e diagram:

K � L � N C

� � N( a )

-

N( � K 
 � ( L � N C ))

N( � K 
 � N � ( L � N C ))

N(id 
 � )

?

N(id 
 " )

-

N( � K 
 � ( L � N C ))

N( � K 
 � N( � L 
 � N C ))

?

N( � K 
 � L 
 � N C )

N(id 
 a )

?

K � N( � L 
 C )

id � �

?

� � N( a )

-

N( � K 
 � N( � L 
 C ))

?

N(id 
 " )

-

N( � K 
 � L 
 C )

N(id 
 id 
 " )

?

Th us (id � � ) � � = � � N( a ) � N( a 
 id) � N(id 
 id 
 " ) b y the triangle iden tit y and

the asso ciativit y of a , and the result follo ws b y the naturalit y of " . 2

Returning to the pro of of prop osition 4.2.1, supp ose w e ha v e homomorphisms

� [ n ] 
 C

f

-

D � [ n ] 
 D

g

-

E

Then the result N

n

( f � g ) = N

n

( f ) � N

n

( g ) ma y b e seen b y the comm utativit y of the

follo wing diagram

[ n ] � N C

d � id

-

[ n ] � [ n ] � N C

id � �

-

[ n ] � N( � [ n ] 
 C )

id � N( f )

-

[ n ] � N D

N( � [ n ] 
 C )

�

?

N( � d 
 id)

-

N( � ([ n ] � [ n ]) 
 C )

�

?

N( a 
 id)

-

N( � [ n ] 
 � [ n ] 
 C )

�

?

N(id 
 f )

-

N( � [ n ] 
 D )

�

?

N E

N( g )

?

and so N

S

de�nes a simplicial enric hmen t of the nerv e functor. 2

F or the fundamen tal crossed complex functor, SimpSet

�

-

Crs , the situation is

more complicated. W e can still extend � to a collection of simplicial maps on the hom
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ob jects

SimpSet

S

�

S

-

Crs

S

SimpSet ([ n ] � K ; L )

�

n

-

Crs ( � [ n ] 
 � K ; � L )

b y de�ning �

n

([ n ] � K

f

-

L ) to b e the homomorphism

� [ n ] 
 � K

b

-

� ([ n ] � K )

� f

-

� L

where b is giv en b y the sh u�e map, the homotop y in v erse to the diagonal appro ximation

a in the Eilen b erg-Zilb er theorem. Ho w ev er the maps �

n

do not resp ect the enric hed

comp osition structures. F or simplicial maps

[ n ] � K

f

-

L [ n ] � L

g

-

M

w e ha v e

�

n

( f � g ) = b � � ( d � id) � � (id � f ) � � ( g )

�

n

( f ) � �

n

( g ) = � d 
 id � a 
 id � id 
 ( b � � f ) � b � � g

� ([ n ] � [ n ]) 
 � K

�

�

�

�

�

�

�

�

�

�

�

�

� d 
 id

* H

H

H

H

H

H

H

H

H

H

H

H

a 
 id

j

� [ n ] 
 � K

� d 
 id

-

� ([ n ] � [ n ]) 
 � K

id

?

= )

�

b 
 id

� [ n ] 
 � [ n ] 
 � K

� ([ n ] � K )

b

?

� ( d � id )

-

� ([ n ] � [ n ] � K )

b

?

�

b

� [ n ] 
 � ([ n ] � K )

?

id 
 b

� M

�

� g

� ([ n ] � L )

� (id � f )

?

�

b

� [ n ] 
 � L

?

id 
 � f

The `squares' in this diagram comm ute b y the naturalit y and asso ciativit y of b ; the

double arro w in the upp er-righ t triangle is giv en b y the homotop y

I 
 � ([ n ] � [ n ])

h

[ n ] ; [ n ]

-

� ([ n ] � [ n ])
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from the iden tit y to a � b . W e th us ha v e a natural homotop y h ( f ; g ) : �

n

( f � g ) '

�

n

( f ) � �

n

( g ) giv en b y

I 
 � [ n ] 
 � K

� d 
 id

( h

[ n ] ; [ n ]


 id

� K

)

b � � (id � f � g )

-

� M

W e will sho w that these homotopies form a coheren t system, where the coherence

information is giv en b y the higher homotopies of the Eilen b erg-Zilb er theorem 2.3.9.

F or example giv en simplicial maps [ n ] � K

i � 1

f

i

-

K

i

for 1 � i � 3, w e can form the

comp osite homotopies

� ( f

1

� f

2

� f

3

) ' � ( f

1

) � � ( f

2

� f

3

) ' � ( f

1

) � � ( f

2

) � � ( f

3

)

and � ( f

1

� f

2

� f

3

) ' � ( f

1

� f

2

) � � ( f

3

) ' � ( f

1

) � � ( f

2

) � � ( f

3

)

These are not equal, although they are themselv es homotopic via a double homotop y

I 
 I 
 � [ n ] 
 � K

0

h ( f

1

; f

2

; f

3

)

-

� K

3

Let us generalise the notion of an r -fold homotop y to that of an ( r ; n )-homotop y ,

where an ( r ; n )-homotop y h is a crossed complex homomorphism

I


 r


 � [ n ] 
 C

h

-

D

where C , D are crossed complexes.

Clearly there are ( r � 1 ; n )-homotopies �

�

i

( h ) and ( r ; n � 1)-homotopies d

i

( h ) induced

from h b y considering the 2 r faces of the r -cub e and the n faces of the n -simplex. Also

giv en a ( p; n )-homotop y k

1

and a ( q ; n )-homotop y k

2

as follo ws

I


 p


 � [ n ] 
 C

k

1

-

D I


 q


 � [ n ] 
 D

k

2

-

E

then w e can de�ne a ( p + q ; n )-homotop y k

1

� k

2

b y the follo wing diagram

I


 ( p + q )


 � [ n ] 
 C

k

1

� k

2

-

E

I


 ( p + q )


 � ([ n ] � [ n ]) 
 C

id 
 � ( d ) 
 id

?

I


 q


 � [ n ] 
 D

6

k

2

I


 ( p + q )


 � [ n ] 
 � [ n ] 
 C

id 
 a 
 id

?

id 
 s 
 id

-

I


 q


 � [ n ] 
 I


 p


 � [ n ] 
 C

6

id 
 k

1
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Note that comp osition of t w o (0 ; n )-homotopies in this w a y agrees with the de�nition

of the enric hed comp osition of degree n maps in Crs

S

, since the symmetry of the tensor

pro duct acts as the iden tit y when one of the factors has dimension zero.

Using these notions, w e mak e the follo wing de�nition of what w e mean b y a simpli-

cially coheren t (or lax ) functor from SimpSet

S

to Crs

S

.

De�nition 4.2.3 A simplicially coheren t functor SimpSet

S

F

-

Crs

S

is given by the

fol lowing data:

� A cr osse d c omplex F ( K ) for e ach simplicial set K

� A n ( r � 1 ; n ) -homotopy

I


 ( r � 1)


 � [ n ] 
 F ( K

0

)

F

n

( f

1

; f

2

; : : : ; f

r

)

-

F ( K

r

)

for e ach n � 0 and e ach r -tuple f = ( f

1

; f

2

; : : : ; f

r

) , f

i

2 SimpSet

S

( K

i � 1

; K

i

)

n

.

such that the F

n

c ommute with the simplicial fac e and de gener acy op er ators, and the

fol lowing cubic al b oundary r elations hold:

@

�

i

( F

n

( f

1

; f

2

; : : : ; f

r

)) = F

n

( f

1

; f

2

; : : : ; ( f

r � i

� f

r � i +1

) ; : : : ; f

r

)

@

+

i

( F

n

( f

1

; f

2

; : : : ; f

r

)) = F

n

( f

1

; f

2

; : : : ; f

r � i

) � F

n

( f

r � i +1

; : : : ; f

r

)

wher e � her e me ans enriche d c omp osition and c omp osition of ( k ; n ) -homotopies r esp e c-

tively.

The simplicial ly c oher ent functor F is said to pr ovide a simplicially coheren t enric hmen t

of an or dinary functor SimpSet

G

-

Crs if the fol lowing c onditions hold:

� F ( K ) = G ( K ) for e ach simplicial set K

� every ( r � 1 ; 0) -homotopy F

0

( f

1

; f

2

; : : : ; f

r

) factors thr ough the c orr esp onding ho-

momorphism G ( f

1

� f

2

� � � � � f

r

)

I


 ( r � 1)


 � [0] 
 F ( K

0

)

F

0

( f

1

; f

2

; : : : ; f

r

)

-

F ( K

r

) = G ( K

r

)

I


 (0)


 � [0] 
 F ( K

0

)

0 
 id 
 id

?

�

=

-

F ( K

0

) = G ( K

0

)

6

G ( f

1

� f

2

� � � � � f

r

)

Supp ose f is an r -tuple ( f

1

; f

2

; : : : ; f

r

) of degree n maps and F is a simplicially

coheren t functor as ab o v e. Then the enric hed comp osition in SimpSet

S

and Crs

S

giv e

for eac h � = ( �

1

; �

2

; : : : ; �

r � 1

) 2 f 0 ; 1 g

r � 1

an elemen t F

�

( f ) of Crs

S

( F ( K

0

) ; F ( K

r

))

n

de�ned b y

F

n

( f

i

0

+1

� f

i

0

+2

� : : : � f

i

1

) � F

n

( f

i

1

+1

� : : : � f

i

2

) � : : : � F

n

( f

i

k

+1

� : : : � f

i

k +1

)
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where i

1

< i

2

< : : : < i

k

are those i suc h that �

r � i

= 1, and i

0

= 0, i

k +1

= r . Also

there is a (0 ; n )-homotop y F

0

�

( f ) giv en b y the ( r � 1 ; n )-homotop y F

n

( f

1

; f

2

; : : : ; f

r

) at

the corner of the ( r � 1)-cub e giv en b y � . The follo wing prop osition follo ws from the

cubical b oundary relations satis�ed b y F .

Prop osition 4.2.4 The de gr e e n map of Crs

S

c orr esp onding to F

0

�

( f ) is pr e cisely

F

�

( f ) . Thus, the ( r � 1 ; n ) -homotopies F

n

( f

1

; f

2

; : : : ; f

r

) given by a simplicial ly c oher ent

functor F for r � 2 r e c or d al l the c oher ent homotopy information b etwe en the various

enriche d c omp osites of its values on 1 -tuples.

W e no w use the coheren t system of homotopies of theorem 2.3.9 to de�ne a sim-

plicially coheren t enric hmen t of � whic h on 1-tuples agrees with the de�nition of �

S

ab o v e. W e write [ n ]

r

for the r -fold (cartesian) pro duct of the represen table simplicial

set [ n ] with itself, and h

r

for the r -fold homotop y obtained from theorem 2.3.9 b y

setting K

0

= K

1

= : : : = K

r

= [ n ].

Theorem 4.2.5 Ther e is a simplicial ly c oher ent enrichment � : SimpSet

S

-

Crs

S

of the fundamental cr osse d c omplex functor with �

n

( f

1

; f

2

; : : : ; f

r

) given by the fol lowing

c ommutative diagr am:

I


 ( r � 1)


 � [ n ] 
 � K

0

�

n

( f

1

; f

2

; : : : ; f

r

)

-

� K

r

I


 ( r � 1)


 � ([ n ]

r

) 
 � K

0

id 
 � ( d

r

) 
 id

?

h

r � 1


 id

-

� ([ n ]

r

) 
 � K

0

b

-

� ([ n ]

r

� K

0

)

6

� [ f ]

r

1

wher e d

r

: [ n ] ! [ n ]

r

is the r -fold diagonal and [ f ]

r

1

is the simplicial map given by

[ n ]

r

� K

0

id

r � 1

� f

1

-

[ n ]

r � 1

� K

1

. . . . . . . . .

-

[ n ]

2

� K

r � 2

id � f

r � 1

-

[ n ] � K

r � 1

f

r

-

K

r

Pro of: W e ha v e to sho w that the cubical b oundary relations of de�nition 4.2.3 hold

as a consequence of the relations on the n -fold homotopies h in theorem 2.3.9. First

consider the �

�

i

b oundaries, and let d

( i )

: [ n ]

r � 1

-

[ n ]

r

b e the map induced b y the

diagonal on the i th factor. By the relation �

�

i

h

[ n ] ;::: ; [ n ]

= h

[ n ] ;::: ; [ n ]

2

;::: ; [ n ]

and the naturalit y
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of h and b w e ha v e the follo wing comm utativ e diagram

I


 ( r � 2)


 � [ n ] 
 � K

0

I


 ( r � 2)


 � ([ n ]

r � 1

) 
 � K

0

id 
 � ( d

r � 1

) 
 id

?

h

r � 2


 id

-

� ([ n ]

r � 1

) 
 � K

0

b

-

� ([ n ]

r � 1

� K

0

)

I


 ( r � 2)


 � ([ n ]

r

) 
 � K

0

id 
 � ( d

( i )

) 
 id

?

�

�

i

( h

r � 1

) 
 id

-

� ([ n ]

r

� K

0

)

� ( d

( i )

) 
 id

?

b

-

� ([ n ]

r

� K

0

)

� ( d

( i )

� id )

?

� K

r

� [ f ]

r

1

?

The v ertical comp osite on the righ t of the ab o v e diagram ma y b e written as � [ g ]

r � 1

1

,

where g is the r � 1-tuple obtained from f b y replacing f

r � i

and f

r � i +1

b y their en-

ric hed comp osite. Th us the upp er path through the diagram giv es �

n

( f

1

; : : : ; f

r � i

�

f

r � i +1

; : : : ; f

r

). Also the lo w er path is �

�

i

�

n

( f

1

; : : : ; f

r

), since d

r � 1

� d

( i )

= d

r

, so w e

ha v e the required relation.

The relations for �

+

i

are sligh tly more complicated to sho w. Consider the diagram

in �gure 4.1, whic h comm utes b y naturalit y of a and s , b y the b oundary relation for

�

+

i

h , b y the de�nition of � , and b y asso ciativit y and naturalit y of b . By naturalit y

of 
 , the comp osite from the \top righ t" to the \b ottom left" of the diagram is just

the comp osite of id 
 id 
 �

n

( f

1

; : : : ; f

r � i

) with �

n

( f

r � i +1

; : : : ; f

r

). Th us the long path

around the diagram is �

n

( f

1

; : : : ; f

r � i

) � �

n

( f

r � i +1

; : : : ; f

r

). The short \v ertical" path is

�

+

i

�

n

( f

1

; : : : ; f

r

) and so the relation follo ws. 2

4.3 The coheren t adjunction � a N

The adjunction b et w een the nerv e and the fundamen tal crossed complex functors tak es

place at the lev el of unenric hed categories. In this section w e will see that when con-

sidering SimpSet and Crs as simplicially-enric hed categories the adjunction do es not

resp ect the enric hmen t precisely , but only up to a system of coheren t homotopies.

F or all simplicial sets K and crossed complexes C the ordinary adjunction giv es a

natural bijection of hom-sets

Crs ( � K ; C )

�

=

SimpSet ( K ; N C )
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I


 ( r � 2)


 � [ n ] 
 � K

0

I


 ( r � 2)


 � ([ n ]

2

) 
 � K

0

?

� ( d )

a

-

I


 ( r � 2)


 � [ n ] 
 � [ n ] 
 � K

0

s

-

I


 ( i � 1)


 � [ n ] 
 I


 ( r � i � 1)


 � [ n ] 
 � K

0

I


 ( r � 2)


 � ([ n ]

r

) 
 � K

0

?

� ( d

r � 1

)

a

-

I


 ( r � 2)


 � ([ n ]

i

) 
 � ([ n ]

r � i

) 
 � K

0

?

� ( d

i

) 
 � ( d

r � i

)

s

-

I


 ( i � 1)


 � ([ n ]

i

) 
 I


 ( r � i � 1)


 � ([ n ]

r � i

) 
 � K

0

?

� ( d

i

) 
 � ( d

r � i

)

	�

�

�

�

�

h

i � 1


 h

r � i � 1

� ([ n ]

r

) 
 � K

0

?

� ( �

+

i

h

r � 1

)

�

b

� ([ n ]

i

) 
 � ([ n ]

r � i

) 
 � K

0

?

h

i � 1

� h

r � i � 1

� ([ n ]

r

� K

0

)

?

b

�

b

� ([ n ]

i

) 
 � ([ n ]

r � i

� K

0

)

?

b

� ([ n ]

i

� K

r � i

)

?

� (id

[ n ]

i

� [ f ]

r � i

1

)

�

b

� ([ n ]

i

) 
 � K

r � i

?

id 
 � [ f ]

r � i

1

� K

r

?

� [ f ]

r
r � i +1

Figure
4.1:

The
�

+

i

relation
for

�
.
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It is quite easy b y using the diagonal appro ximation and sh u�e maps to extend this

to the simplicial hom ob jects. Recall that there are natural bijections of sets giving us

the follo wing represen tations of the enric hed homs

Crs

S

( � K ; C )

n

�

=

Crs ( � [ n ] ; [ � K ; C ])

�

=

Crs ( � [ n ] 
 � K ; C )

SimpSet

S

( K ; N C )

n

�

=

SimpSet ([ n ] � K ; N C )

�

=

Crs ( � ([ n ] � K ) ; C )

Prop osition 4.3.1 Given a cr osse d c omplex C and a simplicial set K ther e is a ho-

motopy e quivalenc e b etwe en the simplicial sets Crs

S

( � K ; C ) and SimpSet

S

( K ; N C )

which is a natur al bije ction in dimension zer o. Mor e over, the homotopy is a deforma-

tion r etr action.

Pro of: The simplicial maps a

�

and b

�

b et w een the enric hed homs are giv en in eac h

dimension b y

Crs

S

( � K ; C )

n

�

=

Crs ( � [ n ] 
 � K ; C )

a

�

n

-

�

b

�

n

Crs ( � ([ n ] � K ) ; C )

�

=

SimpSet

S

( K ; N C )

n

These are de�ned b y precomp osing the represen ting homomorphisms with the maps a

and b of the Eilen b erg-Zilb er theorem.

 

� [ n ] 
 � K

f

-

C

!

a

�

n

-

 

� ([ n ] � K )

a

-

� [ n ] 
 � K

f

-

C

!

 

� ([ n ] � K )

g

-

C

!

b

�

n

-

 

� [ n ] 
 � K

b

-

� ([ n ] � K )

g

-

C

!

Clearly the comp osite simplicial map a

�

� b

�

is the iden tit y on Crs

S

( � K ; C ), since b � a

is the iden tit y on eac h � [ n ] 
 � K . The simplicial homotop y b et w een b

�

� a

�

and the

iden tit y on SimpSet ( K ; N C )

[1] � SimpSet

S

( K ; N C )

H

-

SimpSet

S

( K ; N C )

is de�ned as follo ws. Supp ose ( x; f ) represen ts an elemen t of dimension n of the righ t

hand side, where x is a simplicial map [ n ] ! [1] and f is a homomorphism � ([ n ] � K ) !

C . Then H

n

( x; f ) is the homomorphism giv en b y

� ([ n ] � K )

-

C

� ([ n ] � [ n ] � K )

?

� ( d � id)

a

-

� [ n ] 
 � ([ n ] � K )

� ( x ) 
 id

-

� [1] 
 � ([ n ] � K )

h

-

� ([ n ] � K )

f

6

using the diagonal appro ximation again, together with the homotop y h of theorem 2.3.1.

2
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In the unenric hed setting, the natural bijection of an adjunction F a G ma y b e

de�ned in terms of the functors F and G and the unit and counit maps. W e will see in

the next prop osition that this is also true in our enric hed situation.

F or crossed complexes C , D and simplicial sets K , L w e will use the notation �

�

,

�

�

, "

�

and "

�

for the four simplicial maps

SimpSet

S

(N � K ; L )

�

�

-

SimpSet

S

( K ; L )

SimpSet

S

( K ; L )

�

�

-

SimpSet

S

( K ; N � L )

Crs

S

( C ; D )

"

�

-

Crs

S

( � N C ; D )

Crs

S

( C ; � N D )

"

�

-

Crs

S

( C ; D )

induced b y the unit � and the counit " on the enric hed homs. F or example, �

�

is the

map whic h in eac h dimension n is giv en b y

SimpSet

S

(N � K ; L )

n

�

�

n

-

SimpSet

S

( K ; L )

n

 

[ n ] � N � K

f

-

L

!

-

 

[ n ] � K

id � �

-

[ n ] � N � K

f

-

L

!

W e can no w state the prop osition.

Prop osition 4.3.2 The adjunction maps a

�

and b

�

ar e pr e cisely the simplicial maps

given by the c omp osites

Crs

S

( � K ; C )

N

S

-

SimpSet

S

(N � K ; N C )

�

�

-

SimpSet

S

( K ; N C )

and SimpSet

S

( K ; N C )

�

S

-

Crs

S

( � K ; � N C )

"

�

-

Crs

S

( � K ; C )

r esp e ctively.

Pro of: Supp ose � [ n ] 
 � K

f

-

C represen ts an elemen t of Crs

S

( � K ; C )

n

. Then from

prop osition 4.2.1 w e ha v e �

�

(N

S

( f )) = (id � � ) � �

[ n ] ;� K

� N( f ). But (id � � ) � �

[ n ] ;� K

=

� � N( a ) b y naturalit y and the triangle iden tit y:

[ n ] � K

�

-

N � ([ n ] � K )

N( a )

-

N( � [ n ] 
 � K ) = = = = = = N( � [ n ] 
 � K )

�

�

�

�

�

�

�

�

�

�

�

�

N(id 
 "

�

)

*

[ n ] � N � K

id � �

?

�

-

N � ([ n ] � N � K )

N( a )

-

N( � [ n ] 
 � N � K )

N(id 
 � � )

?

Th us �

�

(N

S

( f )) = � � N( a � f ), whic h is the simplicial map [ n ] � K

-

N C represen ting

a

�

( f ) as required.
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F or [ n ] � K

g

-

N C represen ting an elemen t of SimpSet

S

( K ; N C ), the homomor-

phism b

�

( g ) is giv en b y

� [ n ] 
 � K

b

-

� ([ n ] � K )

� g

-

� N C

"

-

C

Whic h is just �

n

( g ) � " . 2

Con v ersely w e can reconstruct the de�nitions of N

S

and �

S

from the adjunction

maps a

�

and b

�

.

Prop osition 4.3.3 The maps N

S

and �

S

ar e given pr e cisely by the c omp osite simplicial

maps

Crs

S

( C ; D )

"

�

-

Crs

S

( � N C ; D )

a

�

-

SimpSet

S

(N C ; N D )

and SimpSet

S

( K ; L )

�

�

-

SimpSet

S

( K ; N � L )

b

�

-

Crs

S

( � K ; � L )

r esp e ctively.

Pro of: F or � [ n ] 
 C

f

-

D represen ting an elemen t of Crs

S

( C ; D )

n

, the homo-

morphism � ([ n ] � N C )

a

�

"

�

f

-

D giv en b y a � (id 
 " ) � f corresp onds to the simplicial

map

[ n ] � N C

�

-

N � ([ n ] � N C )

N( a )

-

N( � [ n ] 
 � N C )

N(id 
 " )

-

N( � [ n ] 
 C )

N( f )

-

N D

whic h is N

S

( f ) as required.

F or [ n ] � K

g

-

L represen ting an elemen t of SimpSet

S

( K ; L )

n

, the simplicial map

[ n ] � K

g � �

-

N � L corresp onds to a homomorphism

� ([ n ] � K )

� g

-

� L

� �

-

� N � L

"

�

-

� L

whic h is just � ( g ) b y the triangle iden tit y . Th us b

�

( �

�

( g )) = b � � ( g ), whic h is precisely

�

S

( g ). 2

Since N

S

is a simplicially enric hed functor, w e ha v e for eac h simplicial set K a pair

of simplicially enric hed functors

Crs

S

Crs

S

( � K ; � )

-

SimpSet

S

( K ; N( � ))

-

SimpSet

S

The follo wing prop osition follo ws from the relation b et w een N

S

and a

�

.

Prop osition 4.3.4 L et K b e a simplicial set. Then a

�

de�nes a simplicial ly enriche d

natur al tr ansformation fr om Crs

S

( � K ; � ) to SimpSet

S

( K ; N( � )) .
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Pro of: The enric hed functorialit y of N

S

and the de�nition of �

�

giv e the follo wing

comm utativ e diagram.

Crs

S

( C ; D ) � Crs

S

( � K ; C )

�

-

Crs

S

( � K ; D )

SimpSet

S

(N C ; N D ) � SimpSet

S

(N � K ; N C )

N

S

� N

S

?

�

-

SimpSet (N � K ; N D )

?

N

S

SimpSet

S

(N C ; N D ) � SimpSet

S

( K ; N C )

id � �

�

?

�

-

SimpSet ( K ; N D )

?

�

�

By prop osition 4.3.2 the v ertical comp osites are N

S

� a

�

and a

�

, so w e ha v e a

�

( f � g ) =

a

�

f � N

S

g as required. 2

There is similar argumen t for b

�

and �

S

in the coheren t rather than the strict setting.

Prop osition 4.3.5 The maps

SimpSet

S

( K ; N C )

b

�

K ;C

-

Crs

S

( � K ; C )

of pr op osition 4.3.1 c an b e given the structur e of a c oher ent natur al tr ansformation in

K .

That is, given a cr osse d c omplex C , simplicial sets K

0

; K

1

; : : : ; K

r � 1

; K

r

= N C , and

maps f

i

2 SimpSet

S

( K

i � 1

; K

i

)

n

for 1 � i � r ther e is an ( r � 1 ; n ) -homotopy

I


 ( r � 1)


 � [ n ] 
 � K

0

b

�

n

( f

1

; : : : ; f

r

)

-

C

which for r = 1 agr e es with the de�nition of b

�

ab ove, and which satis�es the cubic al

b oundary r elations

@

�

i

( b

�

n

( f

1

; f

2

; : : : ; f

r

)) = b

�

n

( f

1

; f

2

; : : : ; ( f

r � i

� f

r � i +1

) ; : : : ; f

r

)

@

+

i

( b

�

n

( f

1

; f

2

; : : : ; f

r

)) = �

n

( f

1

; f

2

; : : : ; f

r � i

) � b

�

n

( f

r � i +1

; : : : ; f

r

)

Pro of: W e extend the relation b

�

= �

s

� "

�

of prop osition 4.3.3 and de�ne b

�

n

( f

1

; : : : ; f

r

)

to b e the ( r � 1 ; n )-homotop y

I


 ( r � 1)


 � [ n ] 
 � K

0

�

n

( f

1

; : : : ; f

r

)

-

� N C

"

-

C

using the simplicial coherence of �

S

giv en in theorem 4.2.5. The b oundary relations

follo w. 2
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Th us in particular for f 2 SimpSet ( K ; L ) and g 2 SimpSet ( L; N C ) of the same

degree w e ha v e a homotop y b et w een b

�

( f � g ) and �

S

f � b

�

g . In the general case the

2

r � 1

`corners' of the ab o v e homotopies giv e all the p ossible results of applying b

�

to f

r

b efore or after comp osing with the other f

i

.

The t w o cases left to deal with no w are the naturalit y (or otherwise) of a

�

in K

and b

�

in C . W e approac h these from the follo wing in termediate result, in whic h it is

necessary to use the `comm utativit y' of a and b as sho wn in prop osition 2.2.13.

Lemma 4.3.6 Given maps f 2 SimpSet

S

( K ; L )

n

and g 2 Crs

S

( � L; D )

n

, the maps

�

S

f � g and b

�

( f � a

�

g ) in Crs

S

( � K ; D )

n

ar e e qual.

Pro of: Supp ose f and g are giv en b y

[ n ] � K

f

-

L � [ n ] 
 � L

g

-

D

then �

s

� g and b

�

( f � a

�

g ) corresp ond to the t w o paths around the follo wing diagram

� [ n ] 
 � K

� d 
 id

-

� ([ n ] � [ n ]) 
 � K

a 
 id

-

� [ n ] 
 � [ n ] 
 � K

� ([ n ] � K )

b

?

� ( d � id)

-

� ([ n ] � [ n ] � K )

b

?

a

-

� [ n ] 
 � ([ n ] � K )

?

id 
 b

� ([ n ] � L )

� (id � f )

?

a

-

� [ n ] 
 � L

?

id 
 � f

� N D

� ( a

�

g )

?

"

-

D

?

g

The b ottom square of this diagram comm utes since b oth paths corresp ond to the map

[ n ] � L

-

N D represen ting a

�

g . The other squares comm ute b y naturalit y of a and

b and b y the comm utativit y relation b et w een a and b giv en in prop osition 2.2.13, and

so w e ha v e the result. 2

It follo ws from this that the maps b

�

are natural in C .

Prop osition 4.3.7 L et K b e a simplicial set. Then b

�

de�nes a simplicial ly enriche d

natur al tr ansformation fr om SimpSet

S

( K ; N( � )) to Crs

S

( � K ; � ) .
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Pro of: Supp ose w e ha v e crossed complexes C , D and maps x 2 SimpSet

S

( K ; N C )

n

,

y 2 Crs

S

( C ; D )

n

. Then taking L = N C and applying the lemma to the maps x and

"

�

( y ) giv es

�

S

x � "

�

y = b

�

( x � a

�

( "

�

y ))

It is clear from the de�nition of "

�

and "

�

that this ma y b e written as

"

�

( �

S

x ) � y = b

�

( x � a

�

( "

�

y ))

By prop ositions 4.3.2 and 4.3.3 this is

b

�

x � y = b

�

( x � N

S

y )

and so b

�

is natural in C as required. 2

No w supp ose C is a crossed complex and consider the maps

Crs

S

( � K ; C )

a

�

K ;C

-

SimpSet

S

( K ; N C )

for v arying K . Note that SimpSet

S

( K ; N C ) extends to a simplicially enric hed functor

in K , but that Crs

S

( � K ; C ) do es not since � giv es only a simplicially coheren t functor.

W e will sho w ho w ev er that a

�

ma y b e giv en a coheren t enric hed structure suc h that it

de�nes a kind of coheren tly natural enric hed transformation b et w een these functors.

Supp ose that K

i

, 1 � i � r , are simplicial sets and that f

i

2 SimpSet

S

( K

i � 1

; K

i

)

and g 2 Crs

S

( � K

r

; C ) are maps giv en b y

[ n ] � K

i � 1

f

i

-

K

i

� [ n ] 
 � K

r

g

-

C

Then w e de�ne a homomorphism a

�

n

( f

1

; : : : ; f

r

; g ) from I


 r


 � ([ n ] � K

0

) to C b y

I


 r


 � ([ n ] � K

0

)

-

I


 r


 � ([ n ]

r +1

� K

0

)

h

r ;n

2 ;K

0

-

� ([ n ]

r +1

� K

0

)

C

a

�

n

( f

1

; : : : ; f

r

; g )

?

�

g

� [ n ] 
 � K

r

�

id 
 � [ f ]

r

1

� [ n ] 
 � ([ n ]

r

� K

r

)

?

a

(1)

where [ f ]

r

1

is the simplicial map [ n ]

r

� K

0

-

K

r

de�ned b y the f

i

as in theorem 4.2.5,

and h

r ;n

k ;K

is the r -fold homotop y h

[ n ]

k

; [ n ] ;::: ; [ n ] ;K

as de�ned b y theorem 2.3.9. On taking

r = 0 w e note that a

�

n

( ; g ) reduces to a

�

n

( g ) as de�ned in prop osition 4.3.1.

By considering the b oundary relations satis�ed b y these maps w e will sho w that the

`corners' corresp ond to all the simplicial maps [ n ] � K

0

-

N C obtained b y applying

a

�

to g b efore or after comp osing with the f

i

. The �

�

i

b oundaries are quite clear:
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Prop osition 4.3.8 The homomorphisms a

�

n

( f

1

; : : : ; f

r

; g ) de�ne d ab ove satisfy

�

�

i

( a

�

n

( f

1

; : : : ; f

r

; g ) ) = a

�

n

( f

1

; : : : ; f

r � i

� f

r � i +1

; : : : ; f

r

; g ) for 1 � i � r � 1

�

�

r

( a

�

n

( f

1

; f

2

; : : : ; f

r

; g ) ) = f

1

� a

�

n

( f

2

; : : : ; f

r

; g )

wher e the se c ond e quation is shorthand for the c ommutativity of

I


 ( r � 1)


 � ([ n ] � K

0

)

�

�

r

a

�

n

( f

1

; : : : ; f

r

; g )

-

C

I


 ( r � 1)


 � ([ n ] � [ n ] � K

0

)

id 
 � ( d � id)

?

id 
 � (id � f

1

)

-

I


 ( r � 1)


 � ([ n ] � K

1

)

6

a

�

n

( f

2

; : : : ; f

r

; g )

Pro of: The pro of is analogous to that for the �

�

i

in prop osition 4.2.5. F or 1 � i � r � 1,

w e use the naturalit y of h with the diagonal d

( i +1)

: [ n ]

r

-

[ n ]

r +1

and get the follo wing

diagram

I


 ( r � 1)


 � ([ n ] � K

0

)

I


 ( r � 1)


 � ([ n ]

r

� K

0

)

id 
 � ( d

r

� id)

?

h

r � 1 ;n

2 ;K

0

-

� ([ n ]

r

� K

0

)

a

(1)

-

� [ n ] 
 � ([ n ]

r � 1

� K

0

)

I


 ( r � 1)


 � ([ n ]

r +1

� K

0

)

id 
 � ( d

( i +1)

� id)

?

�

�

i

h

r ;n

2 ;K

0

-

� ([ n ]

r +1

� K

0

)

� ( d

( i +1)

� id)

?

a

(1)

-

� [ n ] 
 � ([ n ]

r

� K

0

)

?

id 
 � ( d

( i )

� id)

C

�

g

� [ n ] � � K

r

?

id 
 � [ f ]

r

1

The righ t hand v ertical comp osite ma y b e written as id 
 � [ f

0

]

r � 1

1

where f

0

is the ( r � 1)-

tuple obtained from f b y replacing f

r � i

and f

r � i +1

b y their enric hed comp osite. Th us

the �

�

i

relation is giv en b y the t w o paths around the diagram.

F or i = r , w e ha v e a similar argumen t for the map [ n ] � K

0

f

1

-

K

1

, and w e get the
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diagram

I


 ( r � 1)


 � ([ n ] � K

0

)

I


 ( r � 1)


 � ([ n ]

2

� K

0

)

?

-

I


 ( r � 1)


 � ([ n ]

r +1

� K

0

)

�

�

r

h

r ;n

2 ;K

0

-

� ([ n ] � K

0

)

a

(1)

-

� [ n ] 
 � ([ n ]

r

� K

0

)

I


 ( r � 1)


 � ([ n ] � K

1

)

?

-

I


 ( r � 1)


 � ([ n ]

r

� K

1

)

?

h

r � 1 ;n

2 ;K

1

-

� ([ n ]

r

� K

1

)

?

a

(1)

-

� [ n ] � � ([ n ]

r � 1

� K

1

)

?

C

�

g

� [ n ] 
 � K

r

id 
 � [ f ]

r

2

?

The t w o paths around this diagram giv e precisely the �

�

r

relation required. 2

Before discussing the �

+

i

relations w e need to extend our notation. Supp ose w e are

giv en f

i

2 SimpSet

S

( K

i � 1

; K

i

)

n

for 1 � i � p and that Z is a ( q ; n )-homotop y

I


 q


 � [ n ] 
 � K

p

Z

-

C

Then w e de�ne the homomorphism a

�

n

( f

1

; : : : ; f

p

; Z ) from I


 ( q + p )


 � ([ n ] � K

0

) to C

b y

I


 ( q + p )


 � ([ n ] � K

0

)

-

I


 ( q + p )


 � ([ n ]

p +1

� K

0

)

id 
 h

p;n

2 ;K

0

-

I


 q


 � ([ n ]

p +1

� K

0

)

C

a

�

n

( f

1

; : : : ; f

p

; Z )

?

�

Z

I


 q


 � [ n ] 
 � K

p

�

id 
 � [ f ]

p

1

I


 q


 � [ n ] 
 � ([ n ]

p

� K

0

)

?

id 
 a

(1)

Note that for q = 0, Z = g this reduces to the previous de�nition. In the next

prop osition w e use the coherence of �

S

and tak e Z to b e comp osite of the ( i � 1 ; n )-

homotop y giv en b y

I


 ( i � 1)


 � [ n ] 
 � K

r � i

�

n

( f

r � i +1

; : : : ; f

r

)

-

� K

r

with the (0 ; n )-homotop y giv en b y � [ n ] 
 � K

r

g

-

C .

Prop osition 4.3.9 F or maps f

i

and g as ab ove, the homomorphisms a

�

n

( f

1

; : : : ; f

r

; g )

satisfy

�

+

i

( a

�

n

( f

1

; : : : ; f

r

); g ) = a

�

n

( f

1

; : : : ; f

r � i

; �

n

( f

r � i +1

; : : : ; f

r

) � g )
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Pro of: F or 1 � i � r , h

r ;n

2 ;K

0

ma y b e written as the comp osite

I


 r


 � ([ n ]

r +1

� K

0

)

id 
 h

r � i;n

i +2 ;K

0

-

I


 i


 � ([ n ]

r +1

� K

0

)

h

i;n

2 ; [ n ]

r � i

� K

0

-

� ([ n ]

r +1

� K

0

)

Th us �

+

i

h

r ;n

2 ;K

0

= id 
 h

r � i;n

i +2 ;K

0

� �

+

i

h

i;n

2 ; [ n ]

r � i

� K

0

, and this second term ma y in turn b e

written as the comp osite

(id 
 a

( i +1)

) � ( h

[ n ]

2

; [ n ] ;::: ; [ n ]


 id) � b

Consider no w the diagram in �gure 4.2. The triangular region comm utes b y the ab o v e

discussion, and the rectangles comm ute b y naturalit y and b y the comm utativit y rela-

tions b et w een a and b and b et w een a and h . The lo w er path around the diagram is just

�

+

i

( a

�

n

( f

1

; : : : ; f

r

); g ). After a further application of naturalit y with [ f ]

r � i

1

, the upp er

path around the diagram can b e seen to b e a

�

n

( f

1

; : : : ; f

r � i

; �

n

( f

r � i +1

; : : : ; f

r

) � g ) and

w e ha v e the result. 2

W e can summarise the �ndings of this section as follo ws

Theorem 4.3.10 F or simplicial sets K and cr osse d c omplexes C the str ong deforma-

tion r etr action

Crs

S

( �

S

K ; C ) ' SimpSet

S

( K ; N

S

C )

is natur al in C and c oher ently natur al in K .
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I


 ( r � 1)


 � ([ n ] � K

0

)

I


 ( r � 1)


 � ([ n ]

r � i +1

� K

0

)

id 
 � ( d

r � i +1

� id)

?

(id 
 h

r � i;n

2 ;K

0

) � (id 
 a

(1)

)

-

I


 ( i � 1)


 � [ n ] 
 � ([ n ]

r � i

� K

0

)

I


 ( i � 1)


 � [ n ]

2


 � ([ n ]

r � i

� K

0

)

?

id 
 � d 
 id

(id 
 a 
 id) � ( s 
 id)

-

� [ n ] 
I


 ( i � 1)


 � [ n ] 
 � ([ n ]

r � i

� K

0

)

I


 ( r � 1)


 � ([ n ]

r +1

� K

0

)

id 
 � ( d

i +1

� id)

?

(id 
 h

r � i;n

i +2 ;K

0

) � (id 
 a

( i +1)

)

-

I


 ( i � 1)


 � ([ n ]

i +1

) 
 � ([ n ]

r � i

� K

0

)

?

id 
 � ( d

i +1

� id) 
 id

(id 
 a

(1)

) � ( s 
 id )

-

� [ n ] 
I


 ( i � 1)


 � ([ n ]

i

) 
 � ([ n ]

r � i

� K

0

)

?

id 
 � ( d

i +1

) 
 id

Z

Z

Z

Z

Z

Z

Z

Z

Z

Z

Z

Z

Z

Z

�

+

i

h

r ;n

2 ;K

0

~

� ([ n ]

i +1

) 
 � ([ n ]

r � i

� K

0

)

?

h

[ n ]

2

; [ n ] ;::: ; [ n ]


 id

a

(1)


 id

-

� [ n ] 
 � ([ n ]

i

) 
 � ([ n ]

r � i

� K

0

)

?

id 
 h

[ n ] ;::: ; [ n ]


 id

� ([ n ]

i +1

� [ n ]

r � i

� K

0

)

?

b

a

(1)

-

� [ n ] 
 � ([ n ]

i

� [ n ]

r � i

� K

0

)

?

id 
 b

� [ n ] 
 � ([ n ]

i

� K

r � i

)

?

id 
 � (id � [ f ]

r � i

1

)

� [ n ] 
 � K

r

?

id 
 � [ f ]

r
r � i +1

C

?

g

Figure
4.2:

The
�

+

i

relation
for

a

�

.
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Chapter 5

Homotop y Colimits and Coheren t

Diagrams

5.0 In tro duction

The idea of considering `lax' functors where the functorialit y only holds up to higher

dimensional equiv alences (satisfying appropriate asso ciativit y/coherence relations) is

already w ell kno wn in the categories Cat [2], SimpSet [15 ] and T op [39 ], and homotop y

limits and colimits for diagrams of this t yp e ha v e b een de�ned in [35, 38 , 16 , 17, 39].

In this c hapter w e consider a de�nition of homotop y coheren t diagrams in the category

of crossed complexes and giv e a ten tativ e de�nition of the homotop y colimit of suc h a

diagram. W e also sho w ho w suc h a theory relates to crossed resolutions of extensions

of groups.

The structure of this c hapter is as follo ws. In the �rst section w e recall the de�nition

of homotop y colimits of lax functors in Cat , and sho w that a group extension

1

-

G

-

E

-

H

-

1

corresp onds to a lax functor H ! Cat suc h that e

H

7! G . In the second section,

w e recall the de�nition of homotop y coheren t diagrams in SimpSet and in tro duce a

de�nition of homotop y coheren t diagrams in Crs . It is sho wn ho w a lax functor in

Cat induces a coheren t functor in SimpSet whic h in turn giv es a coheren t functor

in Crs . In the third section w e recall the de�nition of homotop y colimits of coheren t

diagrams of simplicial sets, and discuss ho w this carries o v er to the category of crossed

complexes. W e end with some ideas for further dev elopmen t of this w ork.

5.1 Group Extensions and Lax F unctors in Cat

In the c hapter 3 it w as seen ho w an in v estigation of small mo dels for crossed resolutions

of split extensions of groups leads to a de�nition of homotop y colimits of functors in to

crossed complexes, and results in a t wisted tensor pro duct. In this c hapter w e will
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discuss a p ossible de�nition of homotop y colimits of lax functors in to crossed complexes.

In this section w e pro vide a simple motiv ational example b y explaining ho w an y (not

necessarily split) extension of groups corresp onds to a lax functor.

De�nition 5.1.1 A lax functor I

F

-

Cat is given by

1. a c ate gory F ( i ) for e ach obje ct i of I ,

2. a functor F ( i )

F ( f )

-

F ( j ) for e ach arr ow i

f

-

j of I , such that F ( f ) is the identity

functor if f is an identity arr ow,

3. a natur al tr ansformation F ( f � g ) = = =

F ( f ;g )

) F ( f ) � F ( g ) for e ach p air of c omp osable

arr ows ( f ; g ) of I , such that F ( f ; g ) is the identity natur al tr ansformation if either

of f , g ar e identity arr ows, and such that for any triple ( f ; g ; h ) of c omp osable

arr ows the asso ciative law holds:

F ( f g ; h )

a

� ( F ( h )) ( F ( f ; g )

a

) = F ( f ; g h )

a

� F ( g ; h )

( F ( f )) ( a )

for a 2 Ob( F ( sf ))

Note that there is a more general de�nition of a lax functor (see for example [2]) whic h

only requires that F preserv e the iden tit y arro ws up to a natural transformation, whic h

m ust satisfy appropriate left and righ t iden tit y relations. Also note that the asso ciativ e

la w can b e describ ed as the equalit y of the follo wing diagrams

F i

F ( f g h )

-

F l

B

B

B

B

B

B

B

B

B

F f

N

@

@

@

@

@

@

@

@

@

F ( f g )

R

F j

•

w

w

w

w

w

F g

-

F k

•

w

w

w

w

w

w

w

w

w

�

�

�

�

�

�

�

�

�

F h

�

=

F i

F ( f g h )

-

F l

�

�

�

�

�

�

�

�

�

F h

�

�

�

�

�

�

�

�

�

�

F ( g h )

�

F j

B

B

B

B

B

B

B

B

B

F f

N

•

w

w

w

w

w

w

w

w

w

F g

-

F k

•

w

w

w

w

w

whic h ma y also b e read as asserting the comm utativit y of (the faces of ) the ob vious

tetrahedron.

Supp ose w e ha v e a short exact sequence of groups

1

-

G

i

-

E

p

-

H

-

1

Since p is on to w e can c ho ose a function j : H

-

E suc h that j � p is the iden tit y on H ,

and then b y exactness w e ha v e a function q : E

-

G whic h tak es x 2 E to the unique

g 2 G satisfying i ( g ) = x � ( j ( px ))

� 1

2 k er ( p ). It is an old and w ell-kno wn result [25]
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that whereas split extensions of groups are c haracterised b y a group action, a general

group extension is c haracterised b y the pair of functions

H � G

k

1

-

G H � H

k

2

-

G

( h; g )

-

g

h

( h

1

; h

2

)

-

f h

1

; h

2

g

giv en b y

j h � i ( g

h

) = ig � j h and j ( h

1

h

2

) � i ( f h

1

; h

2

g ) = j h

1

� j h

2

In the follo wing prop osition w e sho w ho w k

1

and k

2

translate in to the language of lax

functors.

Prop osition 5.1.2 Given a gr oup extension E of G by H as ab ove the assignments

1. � ( e

H

) = G ,

2. � ( h ) =

�

g 7! g

h

�

,

3. � ( h

1

; h

2

)

e

G

= f h

1

; h

2

g

de�ne a lax functor H

�

-

Cat .

Pro of: F or eac h (arro w) h 2 H and g

1

; g

2

2 G w e ha v e

( j h )

� 1

� i ( g

1

g

2

) � j h = ( j h )

� 1

� ig

1

� j h � ( j h )

� 1

� ig

2

� j h

and so ( g

1

g

2

)

h

= g

1

h

� g

2

h

. Th us � ( h ) de�nes an endofunctor of G . Consider the

follo wing diagram in E :

�

( g

h

1

)

h

2

-

�

I@

@

@

@

@

@

@

h

2

�

�

�

�

�

�

�

h

2

�

�

g

h

1

-

�

�

h

1

6

g

-

�

6

h

1

	�

�

�

�

�

�

�

h

1

h

2

@

@

@

@

@

@

@

h

1

h

2

R

�

f h

1

; h

2

g

6

g

h

1

h

2

-

�

6

f h

1

; h

2

g
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where w e ha v e omitted the i ( � ) or j ( � ) on eac h arro w for legibilit y . The diagram

comm utes in E b y de�nition of g

h

and f h

1

; h

2

g , and so its p erimeter comm utes in G

b y injectivit y of i . Th us � ( h

1

; h

2

) de�nes a natural transformation b et w een � ( h

1

h

2

)

and � ( h

1

) � � ( h

2

). Similarly the required asso ciativit y of this natural transformation

is sho wn b y the comm utativit y in G of the p erimeter of the follo wing diagram in E :

�

f h

1

; h

2

g

h

3

-

�

I@

@

@

@

@

@

@

h

3

�

�

�

�

�

�

�

h

3

�

�

f h

1

; h

2

g

-

�

�

h

1

h

2

6

h

1

-

�

6

h

2

	�

�

�

�

�

�

�

h

1

h

2

h

3

@

@

@

@

@

@

@

h

2

h

3

R

�

f h

1

h

2

; h

3

g

6

f h

1

; h

2

h

3

g

-

�

6

f h

2

; h

3

g

2

In the case that the extension splits, j ma y b e c hosen to b e a homomorphism and

so k

2

is trivial and � reduces to an ordinary functor. Th us the ab o v e result includes

that of prop osition 3.1.6.

It is w ell kno wn that the Grothendiec k construction ma y also b e applied to lax

functors.

De�nition 5.1.3 Supp ose I is a smal l c ate gory and F is a lax functor fr om I to Cat .

Then the Gr othendie ck c onstruction on F is the c ate gory

R

I

F with obje cts the p airs

( i; x ) with i 2 Ob( I ) and x 2 Ob( F i ) and arr ows ( f ; a ) : ( i

0

; x

0

) ! ( i

1

; x

1

) for al l

f 2 I ( i

0

; i

1

) and a 2 Arr( F i

1

) with sour c e ( F f )( x

0

) and tar get x

1

. The c omp osite of

the arr ows

( i

0

; x

0

)

( f

1

; a

1

)

-

( i

1

; x

1

)

( f

2

; a

2

)

-

( i

2

; x

2

)

is de�ne d by ( f

1

� f

2

; F ( f

1

; f

2

)

x

0

� ( F f

2

)( a

1

) � a

2

) .

F ollo wing [38 ] w e can no w de�ne homotop y colimits of lax functors in Cat .
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De�nition 5.1.4 If F : I

-

Cat is a lax functor, the homotopy c olimit of F is the

c ate gory given by the Gr othendie ck c onstruction on F .

No w return to the case where � : H ! Cat : e

H

7! G is a lax functor giv en b y

a group extension E as ab o v e. Then the Grothendiec k construction on � has a single

ob ject ( e

H

; e

G

), arro ws ( h; g ) for all h 2 H and g 2 G , with comp osition of arro ws

giv en b y

( h

1

; g

1

)( h

2

; g

2

) = ( h

1

h

2

; f h

1

; h

2

g g

h

2

1

g

2

)

This category is isomorphic to E via ( h; g ) 7! j ( h ) � i ( g ). Th us the homotop y colimit

of � giv es bac k the extension.

Our aim for the rest of this c hapter will b e as follo ws. Firstly , w e w an t a suitable

notion of coheren t functors in Crs suc h that comp osing with the standard crossed

resolution functor C tak es a lax functor in Cat to a coheren t functor in Crs , and

secondly w e w an t to de�ne homotop y colimits of coheren t functors in Crs . W e susp ect

(although w e do not pro v e) that lax/coheren t homotop y colimits are preserv ed (up to

homotop y) b y C , and so w e should b e able to replace the standard resolution of an

arbitrary group extension E b y the homotop y colimit in Crs of the comp osite of C

with the lax functor � corresp onding to the extension.

The `in termediate' case of coheren t diagrams and homotop y colimits in SimpSet

will also b e discussed.

5.2 Coheren t F unctors in SimpSet and Crs

In this section w e de�ne notions of lax or homotop y coheren t functors from small

categories in to the categories of simplicial sets and crossed complexes of group oids.

Both of these will b ear some resem blence to the notion of lax functors in to the category

of top ological spaces giv en b y V ogt in [39].

The simplicial case is based on [15 ]. First w e note that the represen table simplicial

set �

1

has a simplicial m ultiplication structure � : �

1

� �

1

! �

1

. Supp ose x , y are

n -simplices of �

1

giv en b y monotonic functions [ n ] ! [1]. Then w e de�ne their pro duct

xy to b e the n -simplex giv en b y the monotonic function

( xy ) : k 7! max( x ( k ) ; y ( k ))

W e can extend this to maps b et w een the n -fold cartesian pro ducts of �

1

[1]

n

�

n

r

-

[1]

n � 1

where �

n

r

= id

[1]

r � 1

� � � id

[1]

n � r � 1

for 1 � r � n � 1, and w e also write �

n

0

and �

n

n

for

the pro jections on to all but the �rst and last factor resp ectiv ely .
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Also w e ha v e simplicial maps

[1]

n � 1

�

�

r

-

�

+

r

-

[1]

n

for 1 � r � n induced b y the t w o inclusions �

0

! �

1

.

De�nition 5.2.1 L et I b e a smal l c ate gory. A simplicially coheren t functor F fr om I

to the c ate gory of simplicial sets is given by the fol lowing data

� a simplicial set F ( i ) for e ach obje ct i of I

� a simplicial map

F ( i

0

) � [1]

n � 1

F

[ f

k

]

n

k =1

-

F ( i

n

)

for e ach n -simplex [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] of the nerve of I

such that the fol lowing de gener acy and b oundary r elations ar e satis�e d:

F

s

0

([ ]

i

0

)

= id

F ( i

0

)

F

s

r

([ f

k

]

n

1

)

=

�

id

F ( i

0

)

� �

n

r

�

� F

[ f

k

]

n

1

for 0 � i � n

�

id

F ( i

0

)

� �

�

r

�

� F

[ f

k

]

n

1

= F

d

r

([ f

k

]

n

1

)

for 1 � r � n � 1

�

id

F ( i

0

)

� �

+

r

�

� F

[ f

k

]

n

1

=

�

F

[ f

k

]

r

1

� id

[1]

n � r � 1

�

� F

[ f

k

]

n

r +1

for 1 � r � n � 1

A simplicially coheren t functor in fact corresp onds to a simplicially enric hed functor

from a certain simplicial resolution S ( I ) of I to the category SimpSet regarded as b eing

enric hed o v er itself. The simplicially enric hed category S ( I ) w as in tro duced in [18 ], and

is de�ned as a comonadic resolution with resp ect to the free/forget adjoin t pair b et w een

Cat and the category of graphs with distinguished iden tit y lo ops. The degeneracy and

�

�

r

relations ab o v e can b e seen as arising from the de�nition of S ( I ) and the �

+

r

relations

as corresp onding to the enric hed functorialit y of S ( I ) ! SimpSet . See [15] for more

details.

The follo wing result is standard.

Prop osition 5.2.2 Given two c ate gories A , B , the nerve of the functor c ate gory [ A; B ]

is natur al ly isomorphic to the simplicial hom-obje ct [Ner A; Ner B ] .

Pro of: Since the categorisation functor is b oth a one-sided in v erse and an adjoin t to

the nerv e, w e ha v e

Cat ( C ; D )

�

=

Cat ( c (Ner C ) ; D )

�

=

SimpSet (Ner C ; Ner D )
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Th us there are isomorphisms

Cat ([ n ] � A; B )

�

=

SimpSet (Ner ([ n ] � A ) ; Ner B )

�

=

SimpSet (�

n

� Ner A; Ner B )

whic h are natural in [ n ], so the result follo ws. 2

No w supp ose I

G

-

Cat is a lax functor as in de�nition 5.1.1. Then applying the

nerv e functor giv es us a simplicial set Ner ( Gi ) for eac h ob ject i of I and a simplicial

map Ner( Gi ) ! Ner( Gj ) for eac h arro w i ! j of I . Also the natural transformation

G ( f

1

; f

2

) for eac h pair of arro ws of I corresp onds b y the ab o v e prop osition to a simplicial

map

Ner( Gi

0

) � �

1

-

Ner ( Gi

2

)

In fact this data uniquely sp eci�es a simplicially coheren t functor (cf. [36]):

Prop osition 5.2.3 L et I b e a smal l c ate gory and I

G

-

Cat a lax functor as ab ove.

Then ther e is a unique simplicial ly c oher ent functor

I

G � Ner

-

SimpSet

such that ( G � Ner )( i ) = Ner ( Gi ) for e ach obje ct i of I , and for n = 1 and n = 2 the

simplicial maps ( G � Ner )

[ f

k

]

n

1

ar e de�ne d by the G ( f

1

) and G ( f

1

; f

2

) as ab ove.

Pro of: Supp ose I

F

-

SimpSet is a simplicially coheren t functor suc h that F ( i ) =

Ner ( Gi ) for i 2 Ob( I ). Then

SimpSet ( F ( i

0

) � [1]

n � 1

; F ( i

n

))

�

=

SimpSet ([1]

n � 1

; [Ner( Gi

0

) ; Ner( Gi

n

)])

�

=

Cat ( c ([1]

n � 1

) ; [ Gi

0

; Gi

n

])

The category c ([1]

n � 1

) has ob ject set f 0 ; 1 g

n � 1

and is generated b y the arro ws

f �

( �;r ;� )

-

� : 0 � r � n � 1 ; �

j

= �

j

for j 6= r ; �

r

= 0 ; �

r

= 1 g

sub ject to the relations giv en b y comm utativ e diagrams of the form

�

( � ; r ; � )

-

�




( � ; r

0

; 
 )

?

( 
 ; r ; � )

-

�

?

( � ; r

0

; � )
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Th us sp ecifying the simplicial maps F

[ f

k

]

n

1

is equiv alen t to sp ecifying them on the v er-

tices and edges of the ( n � 1)-cub e | that is, to sp ecifying functors and natural trans-

formations

Gi

0

G ( � ; [ f

k

]

n

1

)

-

Gi

n

G ( � ; [ f

k

]

n

1

) = = = = = = = = = = = = =

G ( � ; r ; � ; [ f

k

]

n

1

)

) G ( � ; [ f

k

]

n

1

)

satisfying the appropriate comm utativit y , degeneracy and b oundary relations. The

b oundary relations here sho w that the data (and the degeneracy relations) for n � 3

are giv en b y those for n = 1 ; 2. Th us the uniqueness part of the prop osition holds. F or

existence it only remains to note that the comm utativit y , degeneracy and b oundary

relations required for n = 1 ; 2 follo w from the asso ciativit y , iden tit y and source and

target relations of de�nition 5.1.1. 2

W e no w turn to coheren t diagrams in the category of crossed complexes of group oids.

W e �rst de�ne a m ultiplication structure on the crossed complex I whic h is giv en on

the usual generators b y

I 
 I

�

-

I

� 
 �

-

8

>

>

>

<

>

>

>

:

max ( � ; � ) if � ; � 2 I

0

� if f � ; � g = f 0 ; � g

e

1

2 I

1

if f � ; � g = f �; 1 g

e

1

2 I

2

if � = � = �

Using � (or the pro jection homomorphisms for r = 0 or n ) w e obtain

I


 n

�

n

r

-

I


 ( n � 1)

for 0 � r � n .

Note that the homomorphisms � can b e de�ned from the sh u�e map b and the

simplicial m ultiplication structure ab o v e, via

I 
 I

�

=

� �

1


 � �

1

b

-

� (�

1

� �

1

)

� (�)

-

� (�

1

)

�

=

I

Also w e ha v e the usual `co-face' homomorphisms

I


 ( n � 1)

�

�

r

-

�

+

r

-

I


 n

for 1 � r � n .

Using these, w e can de�ne what w e mean b y a coheren t diagram in Crs .

De�nition 5.2.4 L et I b e a smal l c ate gory. A coheren t functor I

F

-

Crs is given by

the fol lowing data
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� a cr osse d c omplex of gr oup oids F ( i ) for e ach obje ct i of I

� a cr osse d c omplex homomorphism

F ( i

0

) 
 I


 ( n � 1)

F

[ f

k

]

n

k =1

-

F ( i

n

)

for e ach n -simplex [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] of the nerve of I

such that the fol lowing de gener acy and b oundary r elations ar e satis�e d:

F

s

0

([ ]

i

0

)

= id

F ( i

0

)

F

s

r

([ f

k

]

n

1

)

=

�

id

F ( i

0

)


 �

n

r

�

� F

[ f

k

]

n

1

for 0 � r � n

�

id

F ( i

0

)


 �

�

r

�

� F

[ f

k

]

n

1

= F

d

r

([ f

k

]

n

1

)

for 1 � r � n � 1

�

id

F ( i

0

)


 �

+

r

�

� F

[ f

k

]

n

1

=

�

F

[ f

k

]

r

1


 id

[1]

n � r � 1

�

� F

[ f

k

]

n

r +1

for 1 � r � n � 1

Using the sh u�e homomorphism b from c hapter 2, the follo wing prop osition sho ws

that the fundamen tal crossed complex functor tak es a simplicially coheren t functor to

a coheren t diagram in Crs .

I

G

-

SimpSet

�

-

Crs

Prop osition 5.2.5 Supp ose I

G

-

SimpSet is a simplicial ly c oher ent functor as in

de�nition 5.2.1. Then ther e is a c oher ent functor G � � into Crs with ( G � � )( i ) = � ( Gi )

for e ach obje ct i of I and with the homomorphisms ( G � � )

[ f

k

]

n

1

for [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] 2

Ner ( I )

n

given by

� ( Gi

0

) 
 I


 ( n � 1)

b

n � 1

-

� ( Gi

0

� [1]

n � 1

)

� ( F

[ f

k

]

n

1

)

-

� ( Gi

n

)

Pro of: The sh u�e map b resp ects the ab o v e structure on (tensor) pro ducts of I and

�

1

, and w e ha v e the follo wing comm utativ e diagrams:

� ( Gi

0

) 
 I


 n

b

n

-

� ( Gi

0

� [1]

n

) � ( Gi

0

) 
 I


 ( n � 2)

b

n � 2

-

� ( Gi

0

� [1]

n � 2

)

� ( Gi

0

) 
 I


 ( n � 1)

id 
 �

n

r

?

b

n � 1

-

� ( Gi

0

� [1]

n � 1

)

?

� (id � �

n

r

)

� ( Gi

0

) 
 I


 ( n � 1)

id 
 �

�

r

? ?

id 
 �

+

r

b

n � 1

-

� ( Gi

0

� [1]

n � 1

)

� (id � �

�

r

)

? ?

� (id � �

+

r

)

The required degeneracy and b oundary relations for G � � th us follo w from those for

G . 2

This justi�es our de�nition of coheren t functors in to Crs .
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5.3 Homotop y Colimits for Coheren t F unctors

In c hapter 3 w e ga v e suitable algebraic mo dels for the homotop y colimits of functors F

from a small category I to the category of crossed complexes. Mo dels had generators

a

p


 b

q

in dimension p + q , for a

p

an elemen t of an ob ject in the image of F and

b

q

a q -simplex of the nerv e of I , and the b oundaries of these generators w ere giv en

b y elemen ts of the form � a

p


 b

q

, a

p

f

1


 d

0

b

q

and a

p


 d

i

b

q

. In this c hapter w e will

see that this description ma y b e extended to giv e mo dels for homotop y colimits of

coheren t functors as describ ed in the previous section. The e�ect on the mo dels of

replacing strict functors b y homotop y coheren t ones will b e that the shap e � 
 � �

q

for the generators will b ecome � 
 I


 q

, eac h elemen t b

q

of the nerv e no w indexing a

q -dimensional cub e rather than a q -simplex. Similarly , instead of ha ving just a t wisted

d

0

face, the generators will no w ha v e the �

+

i

faces of the cub e `t wisted' to v arying

degrees b y the higher coherence data. (Note ho w ev er that if the coherence data is all

trivial, i.e. the functor is strict, then a standard em b edding of simplices in to cub es with

degenerate �

+

i

faces sho ws that our mo del for the homotop y colimit will b e isomorphic

to that of c hapter 3).

W e will discuss the simplicial case �rst. Supp ose w e ha v e a simplicially coheren t

functor

I

F

-

SimpSet

giv en b y simplicial sets F i for i 2 Ob( I ) together with simplicial maps

F i

0

� [1]

n � 1

[ f

k

]

n

1

-

F i

n

for [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] 2 Ner( i )

n

.

De�nition 5.3.1 The homotopy c olimit ho colim( F ) of a simplicial ly c oher ent functor

F is given by the Ner ( I ) -indexe d c opr o duct of simplicial sets

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

F i

0

� [1]

n

(whose elements we wil l write as

( a; ( x

1

; : : : ; x

n

); [ f

k

]

n

1

)

for a 2 F i

0

; x

k

2 �

1

), quotiente d by the r elations

�

a; ( x

1

; : : : ; x

n

); s

r

([ f

k

]

n � 1

1

)

�

=

�

a; �

n

r

( x

1

; : : : ; x

n

); [ f

k

]

n � 1

1

�

�

a; �

�

r

( x

1

; : : : ; x

n

); [ f

k

]

n +1

1

�

=

�

a; ( x

1

; : : : ; x

n

); d

r

([ f

k

]

n +1

1

)

�

�

a; �

+

r

( x

1

; : : : ; x

n

); [ f

k

]

n +1

1

�

=

�

F

[ f

k

]

r

1

( a; x

1

; : : : ; x

r � 1

) ; ( x

r

; : : : ; x

n

); [ f

k

]

n +1

r +1

�
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Note that this is essen tially the de�nition of homotop y colimits of homotop y coheren t

functors in T op -enric hed categories giv en b y V ogt in [39 ], whic h has b een presen ted

for simplicially enric hed categories, in a m uc h more categorical framew ork, b y Cordier

in [16].

F or the crossed complex case w e do not ha v e a simplicially enric hed structure ex-

cept up to higher homotopies, as made precise in c hapter 4, and so the indexed-limit

mac hinery of [16, 3, 24] do es not giv e a de�nition for homotop y colimits of coheren t

functors in Crs . In the rest of this c hapter w e will suggest a `bare-hands' de�nition,

and lea v e the necessary generalisation of the w ork of Cordier et al. as a sub ject whic h

requires further in v estigation.

Supp ose w e ha v e a coheren t functor

I

F

-

Crs

giv en b y crossed complexes F i for i 2 Ob( I ) together with homomorphisms

F i

0


 I


 ( n � 1)

[ f

k

]

n

1

-

F i

n

for [ i

0

; f

1

; i

1

; : : : ; f

n

; i

n

] 2 Ner( i )

n

.

De�nition 5.3.2 The homotopy c olimit ho colim( F ) of a c oher ent diagr am F of cr osse d

c omplexes is given by the Ner( I ) -indexe d c opr o duct

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

F i

0


 I


 n

(whose elements we wil l write as

( a 
 x

1


 � � � 
 x

n

; [ f

k

]

n

1

)

for a 2 F i

0

; x

k

2 I ), quotiente d by the r elations

�

a 
 x

1


 � � � 
 x

n

; s

r

([ f

k

]

n � 1

1

)

�

=

�

a 
 �

n

r

( x

1


 � � � 
 x

n

); [ f

k

]

n � 1

1

�

�

a 
 �

�

r

( x

1


 � � � 
 x

n

); [ f

k

]

n +1

1

�

=

�

a 
 x

1


 � � � 
 x

n

; d

r

([ f

k

]

n +1

1

)

�

�

a 
 �

+

r

( x

1


 � � � 
 x

n

); [ f

k

]

n +1

1

�

=

�

F

[ f

k

]

r

1

( a 
 x

1


 � � � 
 x

r � 1

) 
 x

r


 � � � 
 x

n

; [ f

k

]

n +1

r +1

�

Recall that a group extension

1

-

G

-

E

-

H

-

1

corresp onds b y prop osition 5.1.2 (and b y the Grothendiec k construction) to a lax func-

tor � , and hence giv es a coheren t functor

F = � � Ner � � : H

-

Crs
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whic h tak es the unique ob ject e

H

of the category H to the crossed complex C ( G ). The

reader is in vited to consider the t w o diagrams used in the pro of of prop osition 5.1.2 as

cub es depicting elemen ts in dimension three of the crossed complex ho colim( F ). Since

n -tuples of elemen ts of G and H index n -simplices and n -cub es resp ectiv ely in the

homotop y colimit, the diagrams can b e though t of as represen ting generators giv en b y

[ g ] 
 [ h

1

; h

2

] and [] 
 [ h

1

; h

2

; h

3

]

together with their b oundary relations. Th us although w e ha v e not pro v ed that C ( E )

and ho colim ( F ) are homotop y equiv alen t, the latter certainly con tains all the com-

p osition and asso ciativit y information in E and w e ha v e some justi�cation for calling

ho colim( F ) a small resolution of E and thinking of it as a t wisted tensor pro duct of

C ( G ) b y C ( H ).

W e end b y giving a comparison map b et w een the homotop y colimits of coheren t

diagrams of simplicial sets and of crossed complexes. W e susp ect that the fundamen-

tal crossed complex functor preserv es these homotop y colimits (up to equiv alence in

homology , at least) although this is only a conjecture at the presen t time.

Prop osition 5.3.3 Supp ose I

F

-

SimpSet is a simplicial ly c oher ent functor, with

F � � the c orr esp onding c oher ent functor into Crs given by pr op osition 5.2.5. Then

ther e is a natur al c omp arison map

ho colim ( F � � )

-

� (ho colim F )

Pro of: Consider the sh u�e homomorphisms

� ( F i

0

) 
 I


 n

b

n

-

� ( F i

0

� [1]

n

)

for i

0

an ob ject of I . Since � preserv es copro ducts, w e get a homomorphism

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

� ( F i

0

) 
 I


 n

�

-

�

0

@

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

F i

0

� [1]

n

1

A

T o sho w that this de�nes a comparison map b et w een the homotop y colimits, w e

m ust pro v e that � resp ects the degeneracy and b oundary relations. In fact w e sho w

that � maps eac h side of eac h relation on ho colim( F � � ) to the corresp onding side of

a corresp onding relation on � (ho colim F ). F or the degeneracy and �

�

r

relations, and

for the left hand side of the �

+

r

relation, this follo ws from the comm utativit y of the

follo wing diagrams:

� ( F i

0

) 
 I


 n

b

n

-

� ( F i

0

� [1]

n

) � ( F i

0

) 
 I


 n

b

n

-

� ( F i

0

� [1]

n

)

� ( F i

0

) 
 I


 ( n � 1)

id 
 �

n

r

?

b

n � 1

-

� ( F i

0

� [1]

n � 1

)

?

� (id � �

n

r

)

� ( F i

0

) 
 I


 ( n +1)

id 
 �

�

r

? ?

id 
 �

+

r

b

n +1

-

� ( F i

0

� [1]

n +1

)

� (id � �

�

r

)

? ?

� (id � �

+

r

)
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F or the righ t hand side of the �

+

r

relation w e ha v e the follo wing diagram

� ( F i

0

) 
 I


 n

b

n

-

� ( F i

0

� [1]

n

)

� ( F i

r

) 
 I


 ( n � r +1)

( F � � )

[ f

k

]

r

1


 id

?

b

n � r +1

-

� ( F i

r

� [1]

n � r +1

)

?

� ( F

[ f

k

]

r

1

� id)

whic h comm utes b y de�nition of ( F � � )

[ f

k

]

r

1

as b

r � 1

� � ( F

[ f

k

]

r

1

). 2

In the rev erse direction, w e ha v e the diagonal appro ximation maps

� ( F i

0

� [1]

n

)

a

n

-

� ( F i

0

) 
 I


 n

and so w e get a homomorphism

�

0

@

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

F i

0

� [1]

n

1

A

'

-

a

n

a

[ i

0

;f

1

;i

1

;::: ;f

n

;i

n

]

� ( F i

0

) 
 I


 n

Ho w ev er this do es not de�ne a homomorphism b et w een � (ho colim F ) and ho colim ( F � � )

since the diagram

� ( F i

0

� [1]

n

)

a

n

-

� ( F i

0

) 
 I


 n

� ( F i

0

� [1]

r � 1

) 
 I


 ( n � r +1)

?

b

r � 1


 id

� ( F i

r

� [1]

n � r +1

)

� ( F

[ f

k

]

r

1

� id )

?

a

n � r +1

-

� ( F i

r

) 
 I


 ( n � r +1)

?

� ( F

[ f

k

]

r

1

) 
 id

do es not comm ute and so ' do es not resp ect the �

+

r

relations. Ho w ev er the diagram

do es comm ute up to the system of higher homotopies b et w een the comp osites a

k

� b

k

,

and it w ould b e in teresting if the results of section 2.3.2 and c hapter 4 could b e used

here.

5.4 Conclusions

In this thesis w e ha v e presen ted some new w a ys in whic h the algebraic structure of

crossed complexes of group oids can b e used for mo delling v arious situations in top ology .
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W e ha v e seen that a v ersion of the Eilen b erg-Zilb er theorem for crossed complexes

holds in a v ery similar w a y to the classical theorem for c hain complexes, and ha v e

dev elop ed the notions of a double crossed complex and of crossed complex mo dels for

homotop y colimits. As an example of their use in non-ab elian homological algebra

w e ha v e explained ho w the crossed resolution of a group whic h arises as a pro duct, a

semidirect pro duct or an extension ma y b e replaced b y a smaller mo del whic h do es

not ha v e the `diagonal cells'. One of the basic aims has b een to w ork out some of

the consequences of using tensor pro ducts instead of cartesian pro ducts wherev er the

Eilen b erg-Zilb er theorem mak es this p ossible.

In this section w e w ould lik e to giv e a few ideas, some of quite a sp eculativ e nature,

for p ossible future dev elopmen ts of the w ork of this thesis. These p ossible dev elopmen ts

are in t w o directions, whic h w e ma y call the abstract dev elopmen t and the top ological

application.

Beginning with the applications, w e w ould �rst lik e to extend the Eilen b erg-Zilb er

theorem to a crossed complex v ersion of the t wisted Eilen b erg-Zilb er theorem, as pro v ed

for c hain complexes in [5]. This could then b e used to dev elop a non-ab elian homological

p erturbation theory as men tioned in c hapter 2, leading to sp eci�c calculations.

Secondly w e w ould lik e to b e able to �nd a small crossed complex mo del of the total

space E of a Kan �bration of simplicial sets

F

-

E

-

B

The mo del should ha v e the form of a t wisted tensor pro duct of � F b y � B , and ma y

arise as an application of the t wisted Eilen b erg-Zilb er theorem or b y dev elopmen t of

the theory w e ha v e seen for small resolutions of an extension of groups.

Also w e w ould lik e to in v estigate further the r^ ole in algebraic top ology whic h migh t

b e pla y ed b y crossed di�eren tial graded algebras.

The general aim here is to carry o v er m uc h of the w ork whic h is regarded as `main-

stream' for c hain complexes (and whic h seems to b e regarded as only p ossible b y making

all spaces simply-connected and all groups ab elian) to crossed complexes. The category

of crossed complexes shares a lot of the formal prop erties of that of c hain complexes,

suc h as the monoidal closed structure, and ma y b e seen as a quotien t of the category

of simplicial group oids [19]. Th us on the one hand crossed complexes pro vide �ner

information on homotop y t yp es than do c hain complexes, including the action of the

fundamen tal group oid, but on the other hand they ma y b e regarded as simply one step

to w ards a go o d algebraic structure whic h mo dels al l homotop y t yp es.

F rom the abstract p oin t of view, w e b eliev e that the material presen ted in c hapters

4 and 5, together with section 2.3.2, should admit a more categorical treatmen t. F or

example, the extension of the Eilen b erg-Zilb er homotop y h

K ;L

to the system of coheren t
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homotopies h

K

1

;::: ;K

n

in theorem 2.3.9 has the same form as the extension of a lax functor

to a simplicially coheren t functor in prop osition 5.2.3, except that the latter is carried

out in the con text of m uc h more `high-tec h' mac hinery . Similarly w e feel that there is

more underlying the result of theorem 4.3.10 than the pages preceeding it mak e clear.

Cordier and others in [3, 16 , 17 ] de�ne homotop y colimits for homotop y coheren t

functors in the setting of simplicially tensored enric hed categories. That is, they assume

that they are w orking with a simplicially enric hed category C together with an enric hed

functor

SimpSet � C




-

C

suc h that there is a natural isomorphism of simplicial homs

[ K 
 C ; D ]

�

=

[ K ; [ C ; D ]]

for eac h simplicial set K and ob jects C , D of C . They can then de�ne homotop y

colimits of homotop y coheren t functors b y a simplicially-enric hed co end

ho colim

 

S ( I )

F

-

C

!

=

Z

i

Diag ( Y ( i )) 
 F ( i )

where Y ( i ) is the follo wing bisimplicial set de�ned using the enric hed homs of the

simplicial resolution S ( I ) of I :

Y ( i )

n; �

=

a

i

0

;::: ;i

n

[ i; i

0

] � : : : � [ i

n � 1

; i

n

]

No w supp ose instead that C is a monoidal closed category and � is a functor from

SimpSet to C whic h has a righ t adjoin t Ner and whic h satis�es an Eilen b erg-Zilb er

t yp e theorem. Then w e ma y de�ne an ordinary functor 
 b y

K 
 C = � K 
 C

With resp ect to the simplicially enric hed structure on C de�ned b y applying Ner to

the in ternal hom, neither � or 
 b ecome enric hed functors except up to some form of

homotop y coherence, and so w e do not get an enric hed functor 
 . F urthermore the iso-

morphism of simplicial homs ab o v e is only a coheren tly-natural homotop y equiv alence.

Ho w ev er since w e are trying to de�ne homotopy colimits, it is nice to imagine that

there is an extension of the theory suc h that homotop y colimits of coheren t functors

in to C ma y b e de�ned in terms of some form of homotop y coheren t co end of homotop y

coheren t functors.
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